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Abstract

This communicationproposesto re-considerthe localization
problem(i.e. theconfigurationestimation)of a moving caras
thestateestimationof a discrete-timenon-linearprocess.The
useof set-theoreticconceptsfor stateestimationis presented
underthe form of the computationof the direct and reverse
imagesof asetby a functionusinginterval analysis.

One simplification of the computationof the direct imageis
shown for a classof non-linearsystemsandenablesto reduce
thecomputationalcomplexity of thealgorithm.Theconsidered
applicationbelongsto this classandthe methodis appliedto
experimentaldata.

1 Introduction

Thiscommunicationpresentsanapplicationof set-membership
estimationto the stateestimationof discrete-timenon-linear
systems. The method follows the approachintroducedby
[1],[2] and introducesa technicalimprovementto reduceits
computationalcomplexity. A realworld non-linearapplication
illustratestheproposedmethod:thedynamiclocalizationof a
carequippedwith GPSandangularencodersusedby theABS.

By virtue of a new way to formulate classicalcomputation
problems,set-membershipestimationgivesnew insightsand
new answersto old questions.

Basically, set-membershipestimationfindsthesolutionof sys-
temsof inequalitiesby definingthesetof all possiblesolutions.

A state-observationproblemis naturally formulatedasa sys-
tem of inequalitieswhen the measurementnoise is defined
by a boundederror model:
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the exact solutionis impossiblein the general case,approxi-
matesolutionshave beendefined.Themostpopularonesare
calledellipsoidalalgorithmsthatcomputeanouterellipsoidal
envelopof thesolution.Thiskind of methodsintroducedby [3]
for parameteridentificationhave furtherbeendevelopedunder
the form of an algorithm structurallycomparableto Kalman
filtering [4] for the stateestimationof linear stationnarysys-

tems. For non-linearsystems,theuseof interval computation
andtopologicalconceptsled to thedefinitionof the SIV IA al-
gorithm [5]. Basically, this algorithm brackets the solution
of a non-linearsystemof inequalitiesincludedinsidean ini-
tial searchorthotopicdomainbetweentwo subpavings(a sub-
paving is a finite union of boxes inside the searchdomain).
Thesolutionfoundby thisway is guaranteedandbothits exis-
tenceandits accuracy dependsupontheconvenientdefinition
of an inclusionfunction. We claim that this guaranteehasthe
sameimportancethatexistenceandunicity resultsin theclas-
sical stateestimationtheory [6]. Existenceof the solution is
answeredby theguaranteeto find (andcompute)any possible
solution insidea searchdomainchosenby the user. Unicity
is not requireda priori andthis hasbeenshown asan advan-
tagefor stateestimationproblemssuchasmobile localization
of mobilerobotsinsideindoorenvironments.

This paperis organizedasfollows: thefirst sectionintroduces
thepracticalproblemof localizationasthestateestimationof
a non-linearprocess.With this aim in mind,section3 presents
first theprincipleof set-membershipestimationappliedto the
recursivestateestimation.Computationalaspectsarethencon-
sideredanda strategy to decreasethe complexity is proposed
for a particularclassof systems.The consideredapplication
belongsto thiscase.Experimentalresultsobtainedby thisway
areshown in the last sectionandcomparedwith thoseof Ex-
tendedKalman Filtering that is the classicalmethodusedin
this case.

2 Practical problem statement

Let usconsiderthe localisationproblemof a usualcar with 4
wheels(Fig. 1) in a 2D world. Localisationconsistsof esti-
matingtheconfiguration���� ��� � ����� T wherethecharacteristic
point C is the centreof the rearaxle of a vehicle. Thechoice
of thereferenceframeis partof thedefinitionof thetaskto be
performed.Theonediscussedin thiswork is thenavigationon
a roadnetwork, thenthereferenceframeusedin this caseis a
local (x,y) tangentialplanto theearthsurface(FrenchLambert
I conicprojection).Thissystemof coordinatesis theprojection
in thelocal frameof theWGS84conventionalreferenceframe
usedby theGPS.

Thephysicalsensorsconsideredin this paperarethe two rear
ABS encodersandanatural8-channelGPSreceiver. Themea-



surementsthey providearetheelementaryrotation �������! "�#���$�#�&%
of eachwheelandtheGPSlocation �'�(� � % .
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Figure1: 4 wheelsmodel

2.1 Odometry: evolution model

Thecommonmodelsusedfor vehiclecontrolandobservation
areso-calledcart or bicycle models. In the bicycle case,the
two front (resp. rear)wheelsarerepresentedby a singlefic-
tive wheelwhereasthecartmodelconsidersonly themotions
of the rearwheels.Thebicycle modelimplicitly assumesthat
the yaw rate of the vehicle is measuredby a specificsensor,
eitherby a gyrometerfixedto thebodyor by anangleencoder
tied to the driving-wheeltogetherwith the knowledgeof the
velocity. Wepreferthenusethecartmodelsincetheodometric
data �-,� �! �(,� �#� % is accessibleonmostmoderncars:noadditional
sensorsareneeded.

This model is obtainedby assumingthat the axis of the rear-
wheelsis fixed with respectto the body of the car and that
thewheelsarerolling without slipping. As a consequence,the
speedof their centeris perpendicularto their commonaxle. It
yieldsthefollowing differentialrelations:.//0 //1 ,� � 243#57698��,� � 243#8!:<;=�,� � >?3<�-,� ��� � ,� �� %�@A��B�CD%2 � >?3<�-,� �! FE ,� �#� %�@�B (1)

Since,for computationalreasons,stateestimationwill beper-
formedin discretetime we proposeto considerthe following
model (2) that is arguedon the fact that the trajectoryof the
characteristicpoint C is locally circular[7].
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with X � G � >Y3Z�Q��� �� E ��� �#� %�@�BR G � >Y3Z�Q��� �#� � ��� �� %�@A��BA3 C�%
where > is theradiusof thewheelsand C thehalf-track.

Note that in both models(1) and(2), the odometricmeasure-
mentsareconsideredasinputs. The stateis the configuration� ��� � �!���\[ to beestimated.

2.2 Observation model

The GPS measuresdirectly the position ( � G � � G ) of the car,
neverthelessthebasicaccuracy is not good(around10 meters
sinceMay 1, 2000). As the measurementerrorsare tempo-
rally correlated,the accuracy of the displacement( ]Y�-^�_�`G ��-^�_�`G � �4^(_�`GbaPK , ] � ^(_�`G � � ^�_�`G � � ^(_�`GbaHK ) is much better
(around15 centimeters).

Consideringthe evolution model (2), the relation between
the displacementmeasurement( ]Y� ^�_(`G �J] � ^(_�`G ), the state
( ��� � �!� ) andtheinputs( � G � R G ) is:X ]c�-^�_�`G � ��GT57698&�Q�$G � R G�@$B�%] � ^(_�`G � � G 8�:d;P�Q� G � R G @$B�% (3)

Finally, theobservationequationwewill considerin thesequel
is:

e GJf .//0 //1 � ^�_�`G � � G� ^�_(`G � � G]Y�4^(_�`G � ��G�5&6�8U�'��G � R G$@$B�%] � ^�_�`G � ��G�8�:<;��'��G � R G$@�B�% (4)

Onecannoticethatboththeevolution equationandtheobser-
vation equationare non linear. The usualway to attackthis
problemconsiststo deny it by usinglocal linearization.In the
sequel,weproposeto show how theuseof set-membershipes-
timatorsmakesit possibleto avoid any approximationof the
discrete-timenon-linearmodel(2) and(4).

3 Theory and practice of Set-Membership state
Estimation

Set-membershipestimationconsistsof finding, in the state
space,the domainthat is compatiblewith both the measure-
mentsand a given statespacemodel of the system. This
methodologyhasfirst beenintroducedwithin the framework
of BoundedError Estimation[3],[8] appliedto linearsystems.
In sucha case,the inaccuracy of the observation is modeled
by defining,aroundeachscalarmeasurement,aboundedinter-
val insidewhich thetruevaluecertainlylies. Theresultof this
estimationis expressedby an ellipsoid that certainlycontains
thetruevalueof theestimatedparameters.This is a character-
istic of Set-membershipestimationthatno additionalcriterion



(probabilityor other)is introducedandthatall pointsinsidethe
feasiblestatespacedomainareequallycandidateto bethetrue
value.In therealmof linearstationnarysystems,this technique
hasled to a stateestimationalgorithmthat is a realalternative
to Kalmanfiltering [4].

The generalcaseof non-linearsystemshasbeenrevisited us-
ing intervalarithmetic. Interval arithmetichasfirst beenintro-
duced[9] to model the inaccuracy of computercomputations
resultingfrom thefinite lengthof thebinary representationof
numbers.Further, it hasbeenusedfor globaloptimization[10]
andparameterestimation[5]. The essentialresultof this last
researchis a set inversionalgorithm SIV IA1 devotedto com-
putethesolution g of a generalnonlinearsystem(5).hhhhhh gi� � ��jJk �mlon j � �qpr�'�M% � �p is a computableapplicationfrom srt into sru ,

thetest
�b�mlonv�

is computable.
(5)

This algorithmhasbeenusedfruitfully in modelidentification
or robustcontroldesign.Following this researchaxis,Kieffer
et al. [1] have recentlyextendedthis techniqueto the recur-
sive solutionof stateestimation.Theprincipleof thesolution
consists,like for theclassicalKalmanfiltering, to alternatethe
evolutionandobservationstages.

3.1 Principle of set-membership estimation

For pedagogicalpurpose,we proposeto introducethecharac-
teristicsof set-membershipestimationby an academicexam-
ple. It will show how work theestimationandevolutionstages
andhow their resultsareexpressed.

Considerthelinearmodel(6) where� G l srw and x G is a mea-
suredscalarinputand e G is theobservation.X � KOy GJI(K � � KOy G ESz � w y G� w y GJI(KL� � w y G E|{ xPGe G}��~-3 �MKOy G (6)

Thenoiseof thesensoris modeledin boundederror form and
we proposeto consideralso the calibrationerror on the gain~m��� . � e � ~-3 �MK �N�v� (7)� ~ � ~�� � @U~�� ���9� (8)

With thisobservationmodel,agivenvalueof thestate� G l srw
yields a measuremente G l s whosevalue is indeterminate
insideaknown interval2� Gc��s .

Conversely, a scalarmeasurement��G issuedby the sensoris
interpretedasa feasibleinterval ��G���s thatcorrespondsto a

1Sivia : SetInversionVia Interval Analysis
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feasibledomain ª G �«sTw thatcertainlycontainsthetruestate� G .
The evolution stageconsistsof finding the domain ¬ GJI(K that
canbereachedat time  E � usingtheevolutionmodel(6) and
knowing thedomain®mG at time  andtheinput domain ¯�G .
Considerfor instancean interval ¯�G��°� x G � xMGU� anda gener-
alizedinterval: ®¤G±� � �MGo�²� �MKOy GU� w y Gb�\[�j��MKOy G l � � KOy G � �HKJy GU�
and � w y G l � � w y G � � w y G&� � .

Usingtheevolution model(6), onegetsthedomain ¬ GJI(K dis-
playedon Fig. 2.
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Figure2: Evolutionof ® G in ¬ GJI(K usingtheprocessmodel

The observation stageconsistsof finding the intersection®¤G
betweenthe currentestimateddomain ¬}G in the statespace
andthedomain ª G compatiblewith themeasuremente G .
In our example,thedomain ª G is a band.Its intersectionwith
thedomain ¬ G givesthetrapezium® G (SeeFig. 3)
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Figure3: Estimationof ® G using ¬ G andthemeasurement

This techniqueis easilyextendableto the non-linearobserva-
tion equation:let imaginenow thattheprevioussensordoesn’t
give thesignof themeasurementthen,wehave e � � ~M3 � � .
The inversionof this equationgivesnow two bands. The in-
tersectionwith the prediction ¬ G can give two disconnected
domains.

In this case, the method deals successfullywith the non-
uniquenessof the solution: two domainsaren’t discernable
sincethey producethe sameoutput. This academicexample
shows briefly a phenomenonthathasbeenencounteredin the
realproblemof absoluterobotlocalization[2],[11].
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Figure4: Observationstageusing e � � ~M3 � �
As a conclusion,considernow the generalnon-linear pro-
cess(9), set-membershipstateestimationalternatestwo stages
(evolutionandobservation).Theresultof eachstageis a (pos-
sibly disconnected)set. Two operationsarenecessaryto per-
form this: thecomputationof theimageof asetin theevolution
stageandthecomputationof the inverse-imageof a setin the
observationstage.X � GJI(K � pr�'� G �!x G %e G � ½(�'� G % (9)

3.2 computational aspects

A techniqueto representdomainsof any form consiststo
bracket thembetweentwo setscalledsubpavingsthat are fi-
nite unionsof boxes,wherea box ¾ is a generalizedinterval¾���srt¿jT¾À� � � l sTtÁjPÂMÃT� � 3b3&3�Ä¿�(�-Å l � � Å � �-Å'� � .
The outer subpaving enclosesthe true domainand the inner
subpaving when it is not empty, guaranteesthat the true do-
mainexists. In thesequel,we shallusethe interval arithmetic
andinclusionfonctions p9Æ Ç of usualfunctions p . An inclusion
functionmakesa correspondancebetweenany generalizedin-
terval (box) È andanotherbox É that containsthe exact im-
agepr�QÈÊ% . In thesequel,inclusionfunctionwill bedesignedas
convergent,i.e. Ë<:dÌ¨ÍTÎdÏ�ÐQÑ�ÒPÓc�Ôp9Æ ÇÕ��ÈÊ%�%§�Ö� with Ó�×NsrtÙØÚs ;Óc�'Û�%��«8�ÜAÝFÞTß$à y á ß$à �<� � Øâ}ã �<� .
Paradoxically, computingthe inverseimageof a set is easier
thancomputingthedirectimage.

3.2.1 Inverse problem

It is dealtwith usingtheSIV IA algorithmtheprincipleof which
will beshown by referenceto thefigure5. It givesanexterior
andaninterior subpaving of thestatespacewith a givenpreci-
sion.

Let a function ½ä×�®åØ æç�è½(�'®Ù% and a domain
n

, we
searchtodeterminatethedomaing of theantecedentsof points
includedin

n
.

Usinginclusionfunctionforall box in X, it is possibleto eval-
uateanincludingbox ½PÆ ÇÔ�Q®é%ëê�½(�'®Ù% .
If this domainis includedin

n
(for instanceY3 on Fig. 5), the

initial box (hereX3) is put in the list of the inner subpaving,

X1
ì X0

Y1
í

X2

X3
ì

Y2
í Y3

Y:
í

measurementîX
ì

:Unknown

h

Figure5: Sivia algorithm

andif pr�Q®é% doesnot intersects
n

(for instanceX1), thenit is
classedin the outersubpaving. In the last case(X2), the box
is divisedinto two partsunlessits largerdimensionis smaller
thanagivenprecisionthreshold.

3.2.2 Direct problem

After thepreviousobservationstage(or aftertheinitialization),
thefeasiblestatespacedomainis bracketedbetweentwo sub-
pavings(thatarelist of boxes).Let ususeagaininclusionfunc-
tions; it is possibleto computean outerenvelopof eachbox.
Someproblemsariseat this level. The first one is the over-
valuationof the solution when onecomputesthe imageof a
largebox: on Fig. 6 the direct imageof the largerbox on the
left is the dottedrectangleon the right, that is not a tight en-
closureof the true domain(parallelogram). The secondone
arisesfrom cuttingtheinitial box into smallerboxes:thenum-
berof small boxesis increasedexponentiallywith the dimen-
sionof thenumberof variable.Thelastoneis still acomplexity
problemandstemsfrom the overlappingof the imagesof the
smallerboxesby theinclusionfunction.
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Figure6: Evolutionstagewith cuttingin all directions

fx2ð
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Figure7: Evolutionstagewith cuttingin thepertinentdirection

To reducethecomplexity, we try to optimizethecuttingstage.
For that, remarkon Fig. 6 andFig. 7 that it is unnecessaryto



cut theinitial box in thedirectionof variablesthatappearonly
oncein theevolutionequation( � K in theEq.6).

Thispropertycanbeprovedeasily:

Let p suchthat � Å appearsonly in pUñ��'�-% andonly oncein pbñ��'�M%
( pNÆ Ç ñ �'�M% is a minimal including function [12] for the variable� Å ).
Let ò¨�ôóõö � � K � � K �...� � t � � t �

÷ùøú bea box.

Let uscut this box in the �-Å direction:Û Å �û� � Å �T� Å �ü ý7þ ÿ
����

� � � Å � � Å �ü ýOþ ÿ
����

then:

p9Æ Ç"�!� � � �'%Á� óö 3&3&3p9Æ Ç ñ ��� � � �'%3&3&3
÷ú p9Æ ÇÔ��� � � �'%Á� óö 3b3&3pNÆ Ç ñ ��� � � �\%3b3&3

÷ú
if 	���
 , p9Æ Ç G �!� � � �'%¿� p9Æ Ç G ��� � � �\% because�4Å is not an argu-
mentof p G .
if ¨��
 , pNÆ Ç G ��� � � �\% � p9Æ Ç G �!� � � �'%�� p9Æ Ç G �!� �A�'% becausepNÆ Ç GJfMñ is
aminimalfunctionfor � Å .
Finally: p9Æ ÇÔ��� � � �\% � p9Æ Ç"�!� � � �'%Á�qpNÆ ÇÕ�!� �A�'%
Thecuttingin the �4Å directionis thereforeunnecessary.

This remarkis of paramountimportantin theconsideredappli-
cationsincethevariables� and

�
appearonly oncein theevo-

lution equation(2). Thenumberof variablesthatmustbecut is
only 3 ( ��G�����G9� R G ) whereasit wasinitially 5 ( �MGN� � G����$GN����G9� R G ).
4 Application to the accurate localization prob-

lem

In this paragraph,thecar localisationproblemexposedin sec-
tion 2 is solvedusingaSet-MembershipEstimator(SME).Ex-
perimentalresultsobtainedwith a laboratory-cararecompared
with theusualExtendedKalmanFilter (EKF) estimationtech-
nique. The measurementsof the ABS encodersandthe ones
of the GPSwerestoredwhile the car wasmoving. The sam-
pling frequency was

�� e andthe maximumspeedof the car
was

� ��N��@$½ . Theestimationswerecomputedafterwards.The
”real” trajectory(Fig. 8) wasobtainedby fusingtheGPSdata
with the dataof a fixed receiver (kinematicdifferential GPS
with phasetreatment).ThisDGPSreferencedtrajectoryis used
to comparethe resultsof eachmethod. Its precisionis in the
orderof two meters.

TheEKF wastunedwith theusualassumptions:themeasure-
menterrorsarezero-meanand temporallyuncorrelated.The
secondassumptionis violatedheresincethe GPSerrorshave
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Figure8: Experimental2.1km long trajectory

a correlationtime approximatelyequalto two hours(for a first
orderAuto-Regressive model). Pleaserecall that this assump-
tion is not necessaryfor theSME.

Moreover, becauseof the non-negligible thinnessof the tires,
theinstantaneousvalueof thehalf-track” C ” is notwell-known.
This phenomenonis easyto take into accountwith the SME
formalism,asit hasbeenshown for the sensitivity ” ~ ” in the
section3.1. As the EKF needsa scalarvalue, this sourceof
disturbanceis neglected.

At eachsamplingtime, theEKF computesanestimationof the
statetogetherwith the correspondingcovariancematrix. On
the other hand,the SME determinesinterval boundsof each
componentof the state. In order to comparethe resultsof
the two estimationprocesses,we proposeto considerthe 3� -
bounds(99

�
confidencebounds)of theEKF.
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Figure9: Confidenceboundsof thex estimations

Figures9 and10 reporttheerrors of thetwo estimatorsasre-
gardingthe x and y components.The SME estimationsare
plottedwith thick lines. Thethin linescorrespondto theEKF.
This resultsshown that the real valueof the statevectorgoes
out sometimesof the 3� -boundof the EKF (whenzerois not



insidetheEKF generatedinterval). Thisphenomenonindicates
afailureof thealgorithmbasedon theEKF. Ontheotherhand,
theSME interval estimationis alwaysconsistentwith the real
value.Moreover, onecannoticethat therealvalueis rarelyat
thecentreof theinterval estimation.
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Figure10: Confidenceboundsof they estimations

5 Conclusion

This communicationhasshown how set-membershipconcepts
andtechniquesgivesan intuitive andefficient solutionfor the
stateestimationof non-linearsystems.The simplicity of the
solutionis particularlyremarkableif oneremindsthatstatees-
timationof non-linearsystemsis consideredasa difficult sub-
ject. The strengthof sucha solutionis reinforcedby the fact
thatinterval analysismakesit possibleto build algorithmsthat
yieldsguaranteedsolutionsundertheform of aninclusionbe-
tweentwo subpavings. The correspondingdrawback of this
approachis thecomputationalcomplexity thatis exponentialin
thenumberof coupledvariables.Thetechnicalremarkpointed
out in thiscommunicationenablesto reducethecomputational
complexity for someparticularstructuresof non-linearsystems
amongwhich the practical car localizationproblemthat we
haveconsidered.In theapplicationto realworld data,we have
shown thattheestimatedstatedomainswerealwaysconsistent
with theexperimentaldata,thattheestimatedheadingwasless
noisythanthatgivenby thealgorithmsperformedby commer-
cial GPS.
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