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Abstract

This tutorial is devoted to the notion of Max-Min Fairness (MMF), as-
sociated optimization problems, and their applications to multi-commodity
flow networks. We first introduce a theoretical background for the MMF
problem and discuss its relation to lexicographic optimization. We next
present resolution algorithms for the MMF optimization, and then give
some applications to telecommunication networks, more particularly to
routing, load-balancing, and network design.

1 Introduction

In this tutorial on Max-Min Fairness (MMF) we focus on applications MMF
to multi-commodity flow networks. Generally speaking, MMF is applicable in
numerous areas where it is desirable to achieve an equitable distribution of
certain resources shared by competing demands and is therefore closely related
to max-min or min-max optimization problems, widely studied in literature.
With respect to applications of MMF to telecommunication networks, a lot of
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work related to rate adaptation and congestion control in TCP (Transmission
Control Protocol) networks (see [6, 10, 12, 24, 31, 33] etc.), has already been
done. Still, it is our conviction that not enough has been done to understand the
relations of MMF with routing and network design. Hence, we first introduce the
theoretical background of the MMF notion and its relations with lexicographic
optimization, and then, after a brief description of the state of art on MMF,
we present in a greater detail its applications to routing, load-balancing, and
network design in telecommunication networks.

1.1 A MMF routing problem

Probably the best known problem in communication network traffic engineering
related to the notion of max-min fairness is the routing problem studied by,
among others, Bertsekas and Gallager in Section 6.4.2 of their book ”Data
Networks” [4]. The problem, referred to as MMF/SRP (MMF Simple Routing
Problem) in the sequel, deals with fair bandwidth allocation among connections
in a packet network with given link capacities.

The problem is as follows. Consider a network composed of V nodes, E links
with given capacities ce (e = 1, 2, ..., E), and a set of D connections (demands).
Each connection d (d = 1, 2, ..., D) is assigned a predefined path Pd between
its end nodes; δed is a binary coefficient indicating whether link e belongs to
path Pd (δed = 1) or not (δed = 0) (i.e., whether or not e ∈ Pd). Now let
xd denote the bandwidth allocated to path Pd and x = (x1, x2, ..., xD) ∈ RD

be the corresponding allocation vector. We are interested in finding a feasible
allocation vector x (the set of all feasible allocation vectors will be denoted by
X) which is fair.

Certainly, vector x is feasible if x ≥ 0 and

D∑
d=1

δedxd ≤ ce, e = 1, 2, ..., E (1)

(constraint (1) is called the capacity constraint and assures that for any link
e its load does not exceed its capacity). Yet, it is not at all obvious, how to
define a fair flow allocation vector x. We think, however, that the reader will
have no doubts that the solution x0 given by the following algorithm will be
fair according to the common sense.

Algorithm 1 (MMF/SRP)

Input: Number of links E and connections D, coincidence coefficients (δed :
e = 1, 2, ..., E, d = 1, 2, ..., D).
Output: Fair solution x0 ∈ X.

• Step 1: Set x0 = 0 and k = 0 (k is the iteration counter).

• Step 2: Put k := k + 1. Set τ = min { ce/
∑D

d=1 δed : e = 1, 2, ..., E }
and put ce := ce − τ × (

∑D
d=1 δed) for e = 1, 2, ..., E. Put x0

d := x0
d + τ

for d = 1, 2, ..., D. Remove all saturated links (i.e., all links with ce = 0).
Together with each removed link e, remove all connections d for which
their paths Pd use the removed link (i.e., all d with δed = 1). Denote the
set of the removed connections by Dk.
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• Step 3: If there are no connections left then stop, otherwise go to Step 2.

The above algorithm starts from the zero allocation and uniformly increases the
individual allocations until one (or more) links gets saturated. Then the con-
nections that cannot be improved are removed from the network, link capacities
modified (decreased), and the process continues for the remaining connections.
Thus, after the first execution of Step 2, the current vector x0 allocates simul-
taneously as much bandwidth as possible to all connections. Then, the con-
nections for which it is not possible to further increase the allocated bandwidth
are removed, and the process continued because in general it is still possible to
increase the bandwidth for a subset of connections (for those which do not use
saturated links). In the final solution the set D1 of the most ”handicapped” con-
nections (i.e., connections which can get the least bandwidth) will be assigned
the maximum they can get, then the set D2 of the next most handicapped con-
nections will get the maximum, and so on. Note that the value of counter k
returns the number of times Step 2 is executed, and that there are exactly k
distinct values in the final vector x0.

In fact, Bertsekas and Gallager introduce MMF/SRP in a quite different way.
They define an allocation vector x0 ∈ X to be max-min fair if it is not possible to
increase the allocated bandwidth x0

d of any connection d (connections are called
sessions in [4]) only at the expense of connections whose allocated bandwidths
are greater than x0

d, i.e., such an increase is possible only if some connections
with the allocated bandwidth less or equal to x0

d are decreased. More precisely,
an allocation vector x0 is said to be max-min fair in X if x0 ∈ X and it fulfills
the following property.

Property 1. For any allocation vector x ∈ X and for any connection d such
that xd > x0

d there exists a connection d′ such that xd′ < x0
d′ ≤ x0

d.

MMF/SRP has several important properties which are directly implied by the
construction of x0 in Algorithm 1. Below we list three of them.

• The optimal solution x0 is unique.

• Property 1.

• For each connection d there exists a saturated (bottleneck) link e on path
Pd (i.e., e ∈ Pd and ce =

∑D
d=1 δedx

0
d) such that x0

d is as at least as large
as the bandwidth allocated to any other connection using link e. Note
that this means that the number of times Step 2 is executed is at most E,
i.e., k ≤ E.

In the sequel we will introduce a general MMF optimization problem which will
generalize MMF/SRP, and present algorithms for its various versions, including
convex and non-convex formulations. We will give in Chapter 3 an example il-
lustrating how the such algorithms, including MMF/SRP, are applied to routing
in networks. We will also present more network applications and some numerical
results.

1.2 General formulations of the MMF optimization prob-
lem

There are several ways for formally introducing the idea of max-min fairness.
Here we choose to do this through the use of the notion of lexicographical order
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of ordered outcome vectors, i.e., the way followed in [28, 40, 42] and others.
Consider a vector of real-valued functions defined on an arbitrary set X ⊆ Rn

of real n-vectors x = (x1, x2, ..., xn):

f(x) = (f1(x), f2(x), ..., fm(x)) where fj : X → R, j = 1, 2, ...,m. (2)

Vector f will be referred to as a vector of outcomes, objectives, or criteria.

Definition 1. Vector y ∈ Rm is called lexicographically greater than vector z ∈
Rm, y � z, if there exists j ∈ {1, ...,m} such that yi = zi, for all i ∈ {1, ..., j−1}
and yj > zj. If y � z or y = z then we write y � z.

Definition 2. The lexicographical maximization problem (LXM/P) for given
X and f is denoted by

lexmax x∈X f(x), (3)

and consists in finding a vector x0 for which f(x0) is lexicographically maximal
over X. This means that for every vector x ∈ X, f(x0) is lexicographically
greater than or equal to f(x): ∀ x ∈ X, f(x0) � f(x).

A natural way of solving LXM/P is to first maximize f1(x) over X, then, de-
noting the maximum value of f1(x) with f0

1 , maximizing f2(x) for all vectors
x ∈ X such that f1(x) ≥ f0

1 , and so on. The resolution algorithm for LXM/P
is as follows.

Algorithm 2 (General algorithm for LXM/P)

Input: Optimization space X and criteria f .
Output: Solution x0 ∈ X and the optimal (lexicographically maximal) crite-
rion vector f0 = (f0

1 , f0
2 , ...., f0

m).

• Step 1: Set j = 1 and X1 = X.

• Step 2: Solve the following single-objective problem

max x∈Xj
fj(x) (4)

and denote an optimal solution and the optimal solution value by x0 ∈ Xj

and f0
j , respectively. If j = m then stop: (x0, (f0

1 , f0
2 , ..., f0

m)) is an optimal
solution to LXM/P.

• Step 3: Set Xj+1 = Xj ∩ {x : fj(x) ≥ f0
j } and j = j + 1. Go to Step 2.

In LXM/P, maximization of the first outcome f1 is the most important, max-
imization of the second outcome f2 is the next important, and so on. Conse-
quently, the optimization scheme given in the above algorithm is quite simple.

For the MMF optimization problems, i.e., for the optimization problems con-
sidered in this tutorial, the resolution algorithms are more complicated because
we do not assume any priority of the objectives. We rather treat them equally
and try to first maximize the minimum outcome (or all the minimum outcomes,
if there are more than one), whichever it is. Hence, to first step in the MMF
optimization is to solve the problem:

max (x,τ)∈X′ τ, (5)
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where X ′ = {(x, τ) ∈ Rn+1 : x ∈ X, fj(x) ≥ τ, j = 1, 2, ...,m}. (The
reader should recognize the difference between problem (5) and the first problem
encountered by Algorithm 2.)

After solving problem (5) there may be room for further increasing some of
the outcomes (but not all). How to do this in general is, however, not obvious
and the notion of max-min fairness optimization has to be formally introduced
for this purpose. Let 〈y〉 = (〈y〉1, 〈y〉2, ..., 〈y〉m) denote a version of vector
y = (y1, y2, ..., ym) ∈ Rm ordered in the non-decreasing order (i.e., for some
permutation ϕ on the set {1, 2, ...,m} it holds that 〈y〉j = yϕ(j) for j = 1, 2, ...,m
and 〈y〉1 ≤ 〈y〉2 ≤ ... ≤ 〈y〉m).

Definition 3. The max-min fairness optimization problem (MMF/OP) for
given X and f is as follows

lexmax x∈X 〈f(x)〉. (6)

Hence, MMF/OP consists in lexicographical maximization of the sorted out-
come vector f(x) over X. Any optimal solution vector x0 ∈ X of (6) is called
max-min fair on set X with respect to criteria f .

At this stage it should be obvious to the reader that the optimal objective τ0

of problem (5) yields the smallest entry (outcome) of the optimal solution to
MMF/OP (6), as it has been already suggested.

Let φ : R → R be an increasing function and let f ′j = φ ◦ fj , j = 1, 2, ...,m.
Then the following proposition holds.

Proposition 1. Some x0 ∈ X is MMF on set X with respect to criteria f if,
and only if, x0 is MMF on X with respect to f ′.

The above result will be useful when dealing with non-linear link load functions
in the network load balancing problem defined in Chapter 2.

Let us now turn back to problem MMF/SRP considered in the previous
section. Using the general notion of MMF/OP (3), problem MMF/SRP takes
the following form:

lexmax x∈X 〈(x1, x2, ..., xD)〉. (7)

It can be easily shown (see Section 8.1.2 in [42]) that Algorithm 1 does indeed
solve problem (7). It turns out, however, that general resolution algorithms for
MMF/OP are not so simple as Algorithm 1, as we will soon learn. In fact,
the presentation of such algorithms and their applications to a class of routing
problems in communication networks is the main purpose of this tutorial.

1.3 An alternative definition of MMF

The notion of MMF given in Definition 3 is general, i.e., applicable to all sets X
and criteria f . Some authors, however, adopt a less general (and in our opinion
less intuitive) definition of MMF related to Property 1 ([4, 35, 46]).

Definition 4. A vector y0 is max-min fair on set Q ⊆ Rm if, and only if,
∀ y ∈ Q, ∃ k ∈ {1, ...,m}, (yk > y0

k) ⇒ (∃ j ∈ {1, ...,m}, yj < y0
j ≤ y0

k).
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It can be shown (see Section 2.1 in [46]) that if an MMF vector (in the sense of
Definition 4) exists then it is unique.

The main disadvantage of Definition 4 is that an MMF vector does not
necessarily exist for a general set Q. We will see such examples in the balance
of this tutorial.

On the other hand, for the important case of convex sets Q, an MMF vector
in the sense of Definition 4 always exists. In fact, in this case definitions 3 and
4 are equivalent. Moreover, the two definitions are always equivalent when the
solution of problem (6) is unique.

An observant reader has probably already noticed that we formally cannot
directly relate definitions 3 and 4 since they deal with different objects (Defini-
tion 3 considers the criterion function f while Definition 4 deals with a vector
of variables y instead). To make the two definitions comparable we define a set
Q(X, f) ⊆ Rm of vectors y = (y1, y2, ..., ym):

Q(X, f) = {y : y ≤ f(x),x ∈ X } (8)

(where y ≤ f(x) denotes that yj ≤ fj(x) for j = 1, 2, ...,m), and reformulate
problem (6) as follows:

lexmax y∈Q(X,f ) 〈y〉. (9)

It should be clear to the reader that problems (6) and (9) are equivalent.
We note that set Q(X, f) is convex whenever set X is convex and functions

fj , j = 1, 2, ...,m are concave. It can be proved that in such a case the two
definitions are equivalent, i.e., there exists a vector x0 ∈ X and a vector y0 ∈
Q(X, f) such that x0 is MMF with respect to criteria f on X according to
Definition 3, and y0 is MMF on Q(X, f) according to Definition 4, and that
f(x0) = y0. Moreover, vector y0 is unique. We shall consider the case of convex
Q(X, f) in the next section.

To further illustrate the relation between the definitions of MMF consider
the routing problem MMF/SRP (considered in Section 1.1) for a simple network
composed of just one link (E = 1) with capacity c1 = 1, and two distinct
demands (D = 2, d = 1, 2) between the end nodes of the link. The solution
of MMF/SRP is clearly x0

1 = x0
2 = 0.5, and the resulting vector x0 is MMF

according to both definitions. Still, if we assume integrality of the demand
flows (i.e., that the flows must be integers) we arrive at two different MMF
vectors according to Definition 3: x′ = (1, 0) and x′′ = (0, 1). None of these
vectors is MMF according to Definition 4. (In the integral case the solution
space is not convex and the MMF vector according to Definition 4 does not
exist at all.)

Finally, we notice that the MMF vector x0 on set X according to Definition
3 is called leximin maximal on X in [46].

1.4 Convex MMF optimization problems

Throughout this subsection we shall assume that the set X is convex and that all
the criteria functions fj(x), j = 1, 2, ...m, are concave. With these assumptions
the problem MMF/OP will be called convex MMF/OP (MMF/CXOP in short).
As we shall see the assumed convexity/concavity will ensure that all the single-
objective optimization sub-problems encountered in the sequel of this section
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are convex. The convexity/concavity assumption is quite strong; in particular
it implies the following proposition.

Proposition 2. Suppose X is convex and f are concave, and let x′ and x′′ be
two different optimal solutions of MMF/OP (6). Then

f(x′) = f(x′′). (10)

Proposition 2 states that for the convex case not only 〈f(x′)〉 = 〈f(x′′)〉, which
is obvious, but also that the MMF solution is unique in the criterion space.
The proposition also implies that the solution y0 of the modified problem (9) is
unique, and hence that definitions 3 and 4 are equivalent in the convex case. In
the sequel we will denote the unique MMF vector by y0 = (y0

1 , y0
2 , ..., y0

m) and
its sorted, non-decreasing version by Y 0 = (Y 0

1 , Y 0
2 , ..., Y 0

m).
Now we shall present a general algorithm for convex MMF/OP. Suppose B

is a subset of the index set M = {1, 2, ...,m}, B ⊆ M , and let tB = (tj : j ∈ B)
be a |B|-element vector. Also, let B′ denote the set complementary to B : B′ =
M \ B. For given B and tB we define the following (convex!) mathematical
programming problem in variables x and τ :

P(B, tB):

maximize τ (11a)
subject to fj(x) ≥ τ j ∈ B′ (11b)

fj(x) ≥ tBj j ∈ B (11c)
x ∈ X. (11d)

It is clear that the solution τ0 of problem P(∅, ∅) defined by (11) for empty set
B and empty sequence tB will yield the smallest value of Y 0, i.e., the value Y 0

1

(and possibly some other consecutive entries of Y 0). This observation suggests
the following algorithm for solving the convex version of problem MMF/OP (6).

Algorithm 3 (General algorithm for MMF/CXOP)

Input: Convex 0ptimization space X and concave criteria f .
Output: MMF solution x0 ∈ X and the (optimal) non-sorted MMF criterion
vector tB .

• Step 1: Set B = ∅ (empty set) and tB = ∅ (empty sequence).

• Step 2: If B = M then stop (〈tB〉 is the optimal solution of problem
MMF/OP, i.e., 〈tB〉 = Y 0). Else, solve P(B, tB) and denote the resulting
optimal solution by (x0, τ0).

• Step 3: For each index k ∈ B′ such that fk(x0) = τ0 solve the following
test problem T (B, tB , τ0, k):

maximize fk(x) (12a)
subject to fj(x) ≥ τ0 j ∈ B′ \ {k} (12b)

fj(x) ≥ tBj j ∈ B (12c)
x ∈ X. (12d)
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If for optimal x′, while solving test T (B, tB , τ0, k) we have fk(x′) = τ0

(i.e., when criterion fk(x) cannot be further increased), then we put B :=
B ∪ {k} and tBk := τ0.

• Step 3: Go to Step 2.

It can happen that as a result of solving the test in Step 3 for some index
k ∈ B′, it will turn out that fl(x′) > τ0 for some other, not yet tested, index
l ∈ B′ (l 6= k). In such an (advantageous) case, the objective function with
index l does not have to be tested, as its value can be further increased without
disturbing the maximal values tB .

Observe that set B is the current set of blocking indices, i.e., the indices j
for which the value fj(x0) is equal to tBj in every optimal solution of problem
MMF/OP. Note also that although the tests in Step 3 are performe separately
for individual indices k ∈ B′, the values of objective functions fk for the indices
k ∈ B′ (where set B′ results from Step 2) can be increased simultaneously above
the value of τ0 in the next execution of Step 2. This follows from convexity of the
set defined by constraints (11b-d): if fj(xk) = ak > τ0 and xk satisfies (11b-d),
then a convex combination of the vectors xk, x =

∑
k∈B′ αjxk (

∑
k∈B′ αk =

1, αk > 0, k ∈ B′) also satisfies (11b-d), and fk(x) > τ0 for all k ∈ B′.
It is natural to ask what is the relation of the general algorithm given above

and Algorithm 1 for problem MMF/SRP in Section 1.1. Certainly, MMF/SRP
is a convex MMF problem so Algorithm 3 applies to it. It should be clear to the
reader that the value of τ computed (in a direct way) in Step 2 of Algorithm
1 is just equal to τ0, and hence it is an optimal solution of a consecutive prob-
lem P(B, tB) in Step 2 of Algorithm 3. On the other hand, the general tests
T (B, tB , τ0, k) are not used in Algorithm 1 since in the case of MMF/SRP they
become very simple: we test the saturation of links instead.

A slightly different version of Algorithm 3 is given on page 8 in [40] (see
also Remark 8.2 in [42]). In this version the test of Step 3 is performed only
until the first non-blocking k ∈ B′ is detected—then the algorithm goes imme-
diately back to Step 2. The main idea behind such a modification is that in
this way the number of tests run in Step 3 of Algorithm 3 can in many cases
be decreased, leading to an overall improved efficiency of the MMF solution
algorithm (provided that the complexity of problems (11) and (12) is similar).

1.5 Linear MMF optimization problems

Whether modified or not, Algorithm 3 presented in the previous section can be
time consuming due to an excessive number of instances of the problems (11)
and (12) that have to be solved in the iteration process. On the other hand, we
have already seen in Algorithm 1 that in a particular case of the routing problem
MMF/SRP, the tests (12) may become very easy to perform. Below we shall
show that in general the tests T (B, tB , τ0, k) can be made much more efficient
provided that optimal dual variables for problems P(B, tB) can be effectively
computed.

Although the following results derived for dual variables hold for general con-
vex MMF problems (i.e., for MMF/CXOP), the most important application of
their use is LP since only for LP the optimal dual variables are readily obtained
(e.g., by using the simplex method).
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Suppose λ = (λj : j ∈ B′) denotes the vector of dual variables (multipli-
ers) associated with constraints (11b). This leads to the following Lagrangean
function for problem P(B, tB):

L(x, τ ;λ) = −τ +
∑

j∈B′
λj(τ − fj(x)) = (

∑
j∈B′

λj − 1)τ −
∑

j∈B′
λjfj(x).

(13)
The domain of Lagrangian (13) is defined by

x ∈ Z (where Z is determined by constraints (12c− d)) (14a)
−∞ < τ < +∞ (14b)
λ ≥ 0. (14c)

Hence, the dual function is formally defined as

W (λ) = minτ,x∈Z L(x, τ ;λ), λ ≥ 0 (15)

and the dual problem reads:

maximize W (λ) over λ ≥ 0. (16)

The following proposition can be proved [42].

Proposition 3. Let λ0 be the vector of optimal dual variables solving the dual
problem (16). Then ∑

j∈B′
λ0

j = 1 (17)

and if λ0
j > 0 for some j ∈ B′, then fj(x) cannot be improved, i.e., fj(x0) = τ0

for every optimal primal solution (x0, τ0) of (11).

Note that in general the inverse of the second part of Proposition 3 does not
hold: λ0

j = 0 does not necessarily imply that fj(x) can be improved (for an
example see [41, 42]).

In fact, it can be proved [42, Chpt. 13] that the inverse implication holds if
and only if set B is regular (set B is called regular if for any non-empty proper
subset G of B, in the modified formulation P(B\G, tB\G) the value of fk(x)
can be improved for at least one of the indices k ∈ B\G). Whether or not
the consecutive sets B are regular, The following algorithm solves the convex
problem MMF/CXOP.

Algorithm 4 (Algorithm for MMF/CXOP based on dual variables)

Input: Convex 0ptimization space X and linear criteria f .
Output: MMF solution x0 ∈ X and the (optimal) non-sorted MMF criterion
vector tB .

• Step 1: Set B = ∅ (empty set) and tB = ∅ (empty sequence).

• Step 2: If B = M then stop (〈tB〉 is the optimal solution of problem
MMF/OP, i.e., 〈tB〉 = Y 0). Else, solve P(B, tB) and denote the resulting
optimal solution by (x0, τ0;λ0).

• Step 3: Set B := B ∪ {j ∈ B′ : λ0
j > 0}. Go to Step 2.
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Observe that if for some j ∈ B′ with λ0
j = 0, fj(x) cannot be further improved,

then in Step 2 the value of τ0 will not be improved; still at least one such index
j will be detected (due to property (17)) and included into set B in the next
execution of Step 3.

Let us now focus on the linear case, that is when criteria fj(x) are linear
(j = 1, 2, ...,m), and when the set X is described by a system of linear equa-
tions/inequalities. When using Simplex for solving LP problems, the optimal
dual variables used in Algorithm 4 can be obtained directly from the simplex
tableau. (in fact the Simplex tableau was a basis of early implementations of
the MMF solution for LP problems [7, 8, 26]).

Still, as remarked above, we cannot be sure that all blocking/non-blocking
indices j ∈ B′ are detected in Step 3 of Algorithm 4. We can handle this is-
sue either by using the methods computing strictly the complementary optimal
solution (i.e., when there is only one zero value for each complementary pair
of slack variables) or by resolving an auxiliary LP problem as shown in the
balance of this section (for details see in [34]). Let us recall that the comple-
mentary slackness property, one of the most fundamental property of LP theory,
states the conditions relating a pair of complementary optimal solutions, that
is, primal and dual solution. Let consider some constraint i with respect to
the primal problem and a given solution; let si and λi denote respectively the
corresponding slack and dual variables. The complementary slackness theorem
states that some solution is optimal if and only if at least one of variables si, λi

is null. Some solution is called strictly complementary optimal if only one of
these variables take zero while the other is strictly positive. To see how this
can be achieved we first formulate still another (a more general) algorithm for
MMF/CXOP.

Algorithm 5 (Algorithm for MMF/CXOP)

Input: Convex optimization space X and linear criteria f .
Output: MMF solution x0 ∈ X and the (optimal) non-sorted MMF criterion
vector tB .

• Step 1: Set B = ∅ (empty set) and tB = ∅ (empty sequence).

• Step 2: If B = M then stop (〈tB〉 is the optimal solution of problem
MMF/OP, i.e., 〈tB〉 = Y 0). Else, solve P(B, tB) and denote the resulting
optimal solution by (x0, τ0).

• Step 3: Let Z(B, tB) be the set of all optimal solutions of P(B, tB). Put
B := B ∪ {j ∈ B′ : fj(x) = τ0 for all x ∈ Z(B, tB)}. Go to Step 2.

Finding directly all binding constraints as required in Step 3 of Algorithm 5
could be obtained by LP solvers that compute strictly complementary optimal
solutions, as an IPM (Interior Point Method) methods based on the central
trajectory approach (see [18]). However, it is possible to achieve strictly com-
plementary solutions by any LP solver using the method given first in [19] and
summarized below for the first execution of Step 2 in Algorithm 5.

Let τ0 be the optimal solution value of problem P(B, tB) with B empty.
We need to find the binding constraints (i.e., the constraints that are tight for
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all optimal solutions) among the constraints (11b). This can be accomplished
by solving an auxiliary LP problem similar to T (B, tB , τ0, k). We introduce a
new decision variable γ ≥ 1 that multiplies each constraint, and replace γx by
y (this can be done when criteria f are linear). Next, we add slack variables sj

that are bounded from above by 1. The resulting problem is as follows:

maximize
∑m

i=1 si (18a)
subject to fi(y)− γτ0 − sj ≥ 0 j = 1, 2, ...,m (18b)

γ ≥ 1,y ≥ 0, 0 ≤ sj ≤ 1, j = 1, 2, ...,m. (18c)

If constraint j is not necessarily tight for the initial problem P(B, tB), (B = ∅),
then we can choose a value of γ large enough in the transformed problem so
that sj = 1. So, constraint j for (11b) is not binding if, and only if, sj = 1
in an optimal solution for LP (18a) - (18b). In total, at most 2m − 1 linear
programs are solved throughout this algorithm (at most m linear programs if
using an IPM method computing strictly complementary solutions). Finally,
the following result holds (see [34] for a detailed proof):

Theorem 1. The vector tB obtained at the end of Algorithm 5 is max-min fair
and it is obtained in polynomial time.

Similar results and approaches can be developed for the min-max fair prob-
lem. Generally speaking, the latter problem arises when one wants to minimize
lexicographically the sorted outcome vector (see [34] for further details). This
is called in [46] leximax minimal.
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2 Max-min fairness, related works

Historically, among the first related works on lexicographical ordering, we find
these concerned with game theory, see for instance [44, 27] and more recently
[25]. Particularly worthy of mention is Schmeidler [44], who introduced the
notion of lexicographic order when defining the nucleolus of a characteristic
function game, as we recall it now. A characteristic function game, as defined in
[44, 27], consists of a set N = {1, 2, ..., n} of players and a characteristic function
v : 2n → R+ that associates a value v(S) ≥ 0 to every subset (coalition) S ⊆ N .
The problem is to find a fair allocation of the total gain v(N) among all players
i ∈ N . A payoff vector x ∈ Rn is defined such that xi ≥ 0. For each set S ⊆ N ,
we let x(S) denote

∑
i∈S xi and

∑
i∈N xi = v(N). Last, for any payoff vector

x, let γ be the vector whose components take on values v(S) − x(S), for all
S ⊆ N . The nucleolus is then defined as the vector x whose corresponding γ is
min-max fair. Obviously, γ can be computed as the min-max fair criterion to
the following system, where fS is given by v(S)−

∑
i∈S

xi for all S ⊆ N,x ≥ 0:

fS ≤ γS ∀S ⊂ N (19a)
fN = v(N) (19b)

In [44], the author has shown the uniqueness and the existence of such an
allocation. Clearly, this problem can be resolved by the algorithms given in
Chapter 1 applied to min-max fairness instead of max-min fairness. Notice that
counterpart of Agorithm 5 for the leximax minimization, that is min-max fair-
ness, problem is given in [34] and an example of min-max fairness will be given
when dealing with load balancing in networks. Finally, a similar method to
above is also presented in [25].
Another ”historical” work is presented in [32] where the author has studied the
fair maximum flow problem for single-source multi-sinks networks. This prob-
lem can be stated as follows: in a given capacitated network, find the maximal
flow from a given source to a set of sinks, such that the amount of flow sup-
plied to sinks is as fair as possible. He has shown that the well-known labeling
method for searching augmenting paths proposed for the traditional maximum
flow problem is not applicable when, instead of maximizing the flow globally,
one needs to distribute it fairly. However, the author has put forward an ele-
gant method for computing maximum fair single-source flow. He showed that
the value of the maximum fair single-source flow is equal to this of the maximum
flow.

¿From the applications of MMF to networks point of view, two related is-
sues are essentially concerned with. The first and the most widely studied is
rate allocation and congestion control for TCP/IP networks. The second issue
concerns the routing, load-balancing and network design and it is also the main
scope of this paper.

Max-min fairness applied in rate allocation and congestion control
for TCP/IP networks. Some questions relating to fairness, given extensive
coverage in the literature ([24, 12, 10, 31, 6, 14, 15, 23, 48, 33] etc.) have arisen
with world-wide Internet deployment. Although these works are out of the
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scope of this tutorial, we think that recalling briefly some of main directions of
work on this area should be helpful for the reader to establish the connection
with fairness applications to routing and network design. At the origin we find
[23], where the authors have studied and proposed congestion control schemes
in order to prevent the network from entering congestive collapse1. Key issues
are the extent to which congestion control mechanisms influence resource shar-
ing among the competing sessions, the fairness of this resource sharing, and the
desirability of integrating fairness as a design objective. Let us also recall that
the two main pillars of the Internet are the routing layer (IP) and the transport
layer (TCP and UDP). An important result (see [12]) concerning TCP behav-
ior is that the AIMD (Additive Increase, Multiplicative Decrease) algorithm2

(on which TCP is based) converges to an efficient and fair equilibrium point
corresponding to max-min fair allocation in a network composed of a single
bottleneck link with n users sharing it. However, we may note that this result
does not hold for networks with multiple bottlenecks. In [24] it is shown that
the rate control based on AIMD, achieves proportional fairness. The reality
is more complex [48] and this result is not applicable to the Reno version of
TCP (used is today’s networks) which is not strictly speaking proportionally
fair. The Vegas variant of TCP, however, is proportionally fair, and the rate
allotted to connections is inversely proportional to the RTT value (Round Trip
Time). Hence, assuming max-min fair resource allocation obviously does not
allow an accurate presentation of the network behavior, but it yields an ac-
ceptable degree of approximation which can lead to very useful conclusions for
different application settings. We also note that it is by no means a simple
matter to model mathematically the exact allocation of bandwidth to compet-
ing connections which is entailed by the networks control mechanism (AIMD).
It could be therefore interesting to use approximated formulations which allow
computationally-tractable models to be defined.
In résumé, too much work is done on the AIMD window-based mechanisms and
it is now well understood in terms of fairness, stability, oscillations and other
properties. A lot of efforts and work is also done to apply these mechanisms for
real-time streaming applications. A relevant example is the attempt to intro-
duce the protocol TCP-friendly, which intends to impose a certain congestion
control for non-TCP applications ([14, 15]). A finer approach than AIMD re-
lies on modeling of TCP throughput to directly adjust source’s sending rate as
a function of packet loss rate and round-trip time. Lastly, there is also a lot
of work in studying the MMF on multicast applications for both uni-rate and
multi-rate session cases. Finally, let us notice that studying the fairness from
control congestion point of view point of view, is quite interesting in establishing
some immediate connection between the transport layer and the network layer.

Max-min fairness and multi-commodity flow applications. Max-min
fairness applied to routing has been subject of several works this last decade
[16, 20, 21, 28, 9, 11, 30, 35, 38, 42, 43], etc. Among them, some work has been

1Congestive collapse is the name given to the state that a packet switched computer network
can get into when congestion in the network is so bad that almost no useful communication
is happening.

2Based on the principle of AIMD, a TCP connection probes for extra bandwidth by in-
creasing its congestion window linearly with time, and on detecting congestion, reducing its
window multiplicatively by a factor of two.
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devoted to the static routing (connections and corresponding routing paths are
given) case, where source rates are subject to change (see for instance [4, 16]).
In [4] the author presents the progressive filling algorithm for achieving a max-
min fair distribution of resources to flows for the fixed single path routing case.
The principle of the progressive filling algorithm is already used in Algorithm 1.
In [16] the authors propose a LP model for the static case and in addition
the extension of their algorithm with a heuristic for computing variants of fair
routing. Other works [9, 11, 30] examine and compare performances of repre-
sentative routing algorithms. In the latter studies the authors have tried to find
an algorithm with fair properties and/or maximizing the overall throughput.
They are all on-line routing algorithms: that is, for each new connection, the
source computes in real-time the appropriate path according to local or collected
information. In [35, 36], the problem of max-min fair bandwidth-sharing among
TCP/IP connections when routing is not fixed has been considered from off-line
point of view. This work has led to some complex LP models that loses the
linearity when considering fairness levels. The proposed algorithm can be seen
as an extension of the Algorithm 1 (MMF/SRP) given in Chapter 1 except that
the routing is not fixed and at each iteration a new routing is computed while
the previously saturated links and the corresponding fair sharing remain fixed
until the end of the algorithm. However it is shown that one can get around this
difficulty (that is non-linearity) by fixing the corresponding bandwidth sharing
value and updating it continuously and not assuring the polynomiality. Fi-
nally, two other approaches, in the spirit of Algorithms 3, 4 and 5, enriched by
theoretical analysis have been given in [41, 42, 38, 37]. ¿From an OR theory
point of view, the max-min fair routing problem is equivalent to the max-min
fair multi-commodity flow problem, which can also be seen as an extension of
the concurrent flow problem (see for instance [45]). Recall that the concurrent
flow problem [45] is defined as a multicommodity flow problem in a capacitated
network N = (V,A, C) and a set of commodities D. For each commodity d,
the goal is to send Td units from the source node od to its destination node
td. If there is no feasible solution, then the objective is to maximize the sat-
isfaction ratio for each commodity, that is, find the largest α such that for
each commodity we can send simultaneously αTd units. In the lexicographically
maximum concurrent flow problem, we look for a flow vector that is leximin
maximal. This models the situation in which one wants to maximize the worst
satisfaction ratio; then one wants to maximize the second worst satisfaction
ratio, and so on. Several variants of the fair (multi)flow problem have been
presented and analyzed in [1, 4, 32, 37], etc. One can distinguish here two dif-
ferent cases: splittable and unsplittable fair flows with respect to the number
of paths used to transfer the flow (each flow supplied to a sink is transported
through a single (resp. multiple) path for the unsplittable (resp. splittable)
case). Conversely, the fair single-source unsplittable flow problem is shown to
be NP-complete: special cases of the latter problem include several fundamen-
tal load-balancing problems, [28]. In this latter work, the authors propose an
interesting approximated algorithm for the fair unsplittable single-source flow
problem. However, in many application contexts (e.g. transport), problems
are generally not limited to single-source networks: several commodities are
required to share the same underlying network, which is the context that we
focus here. Fairness also finds applications in issues relating to load balanc-
ing. Some relevant work on balanced networks is presented in [21] where the
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authors propose an approach for lexicographically-optimal balanced networks.
The problem they address is allocating bandwidth between two endpoints of a
backbone network so that the network is equitably loaded, and therefore it is
limited to the case of single-commodity network. In contrast, our concern here
is a more general case, namely the multi-commodity network, and the models
we present can be extended to load-balancing problems as we will show later in
this chapter. In [43] the authors have presented an application of the MMF on
network design as it will be described later in this paper.
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3 Max-min fair routing

Telecommunication context. One of the most relevant applications of MMF
to telecommunication networks is max-min fair routing. Generally speaking, the
routing problem for telecommunication operators consists of two consecutive
tasks: a good estimation of traffic demand, and the subsequent determination
of the appropriate routes, or the routing of these multiple commodities in the
underlying network. The latter problem, for a range of application settings,
is modeled as a multi-commodity flow problem in a capacitated network with
respect to a traffic demand matrix. Forecasts of traffic demand (summarized in
the matrix) are generally expressed as amounts of traffic (e.g. in Mbs/sec) to
be transported, or number of expected connections to be done between pairs of
nodes. In practice, routing has been seen as a component of other more complex
and general problems related to the design and/or survivability of telecommu-
nication networks. Let remind that there are two main (opposed) ways to
route traffic in a network. At the least constrained end of the spectrum, rout-
ing is said splittable (or bifurcated) if any traffic demand is allowed to be split
across multiple paths. The converse of splittable routing is unsplittable (or non-
bifurcated, single-path) routing, where each demand have to be routed along
the same single path. Unsplittable-demand routing gives rise to NP-complete
problems. From an operational point of view, although unsplittable-demand
routing is more or less a requirement in IP networks, network managers can
use MPLS technology to enable the splitting of traffic across several paths, and
so splittable demand routing might be an acceptable objective. Anther point
pleading in favor of splittable routing is the reduced number of routes (gener-
ally one or two per demand), given from a splittable routing solution obtained
through multi-commodity flow models. From a mathematical point of view, the
case of splittable demand routing can be viewed as a relaxation (some integral-
ity constraints are relaxed) of the unsplittable case, thus rendering the problem
computationally tractable [36]. The routing problem that we study here, namely
max-min fair routing, is intended to achieve the fairest distribution of resources
via routing, that is, each demand has to be served fairly, as well as network
resources will allow. This is especially suitable for elastic traffic flows, which
account for a major part of Internet traffic. In practice, the traffic demands
change faster than the networks and the network managers cannot afford up-
dating their routing schemes according to changes in the traffic distribution.
Therefore, one approach frequently used by for network managers seeking to
manage resources wisely while confronted with dynamic real-time traffic condi-
tions is to design the best possible (optimized) static network conditions for a set
of estimated average or worst-case traffic demands. Fortunately, an interesting
property of MMF routing is its robustness; we will show that the obtained MMF
routing solution is, at a certain extent, robust to demand traffic changes. Last,
we notice that the problem of max-min fair routing finds application as a tool
for IP network planners wishing to evaluate the impact of a certain degree of
fairness on the resource consumption. In this case, the max-min fairness could
be viewed as an approximation of the real behavior of TCP. We strongly believe
that the degree of approximation is still acceptable to derive useful conclusions
in this particular context. On the other hand, it might very soon happen that
network planners start thinking on imposing a certain level of fairness into their
network, using, for instance, MPLS based mechanisms.
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3.1 Mathematical modeling and resolution approach

Let us define formally in the following a multi-commodity flow, a demand sat-
isfaction vector and the max-min fair routing problem.

Following the notation given before, let a capacitated network be given by the
triplet N = (V,A, C). Let D be the set of commodities d labeled in {1, 2, ..., |D|}.
Each commodity has a source node od and a sink node pd, and a target value
Td. A flow fd (of value b ≥ 0), in network N with respect to commodity d is a
function from A to R+ such that:

∀(i, j) ∈ A fd
ij ≤ Cij (20a)

∀i ∈ V
∑

j:(i,j)∈A

fd
ij −

∑
j:(j,i)∈A

fd
ji =

 b, i = od

−b, i = pd

= 0, otherwise

 (20b)

where fd
ij give the arc-flow values. Each flow satisfying constraints (20a) and

(20b) is called feasible. A multi-commodity flow f is composed of feasible flows
fd with respect to commodities d ∈ D such that: ∀(i, j) ∈ A,

∑
d∈D

fd
ij ≤ Cij .

This multi-commodity flow is called feasible. The theorem of decomposition [1]
suggests that a flow can be decomposed into a set of tuples (path, carried value)
and a multi-commodity flow into a set of flows, whose aggregation satisfies
capacity constraints. This leads to an alternative mathematical formulation
of multi-commodity flow problems, that is, arc-path formulation. Let recall
that in the arc-path formulation, each path in the network is associated to a
variable. This yields an important number of variables. However, such models
can be solved very efficiently in practice through column generation[13]. This is
particularly true for not meshed networks where the number of paths is limited.
From telecommunication point of view, such models are far more convent since
it allows to restrict the length of routing paths (see for instance [5]).

The connection that one can do between a multicommodity flow and a rout-
ing is straightforward. It is easy to see that some feasible multi-commodity
flow, which has a value not less than Td for each commodity d, yields a feasible
routing with respect to demands requiring routing Td units of traffic. Let us
consider now some feasible multi-commodity flow and for each d ∈ D replace
b with tdTd in (20b). The demand satisfaction (ratio) vector and the MMF
routing problem can then be defined as follows:

Definition 5. Given a routing f , the vector t = {td, d ∈ D} whose components
give the satisfaction ratio of traffic demands is called the demand satisfaction
vector of routing f .

Obviously, the demand satisfaction vector is defined on X ⊆ R|D|
+ . The

MMF routing problem can then be defined as computing some routing so that
the corresponding demand satisfaction vector is MMF on X.

3.1.1 Solution method

In the light of the methods presented in Chapter 1, the MMF routing problem
can be summarized as computing iteratively the components of the demand
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satisfaction vector, which are the decision variables of our problem. Intuitively,
the main idea behind our algorithm is that the first lowest value has to be
maximized before the second lowest value is maximized, and inductively, the
maximization for a component is carried out after components whose values
are less good than the given value have been maximized. A demand whose
satisfaction (ratio) value has already been maximized, is called saturated. The
algorithm terminates when all demands are saturated. Algorithms 3, 4, 5 can
all be applied to the MMF routing problem. Let see how Algorithm 5 can be
applied to the MMF routing problem.

Henceforward an arc will be referred as saturated when there is no more
capacity left on it, that is, all its capacity has already been assigned to flows.
- Let Dk denote the set of commodities saturated simultaneously at the same
value during step k, and B (resp. B′) the set of indices of saturated (resp. non
saturated) demands given by

⋃
1≤p<k

Dp (resp. D \
⋃

1≤p<k

Dp).

The algorithm can then be stated as follows:

Algorithm MMF routing
Input: A capacitated network N = (V,A, C) and a set of commodities
d ∈ D.
Output: The max-min fair routing and the associated demand satisfac-
tion vector.
- Set k = 1; B = φ - While B 6= D do:
- Solve the (LP) routing problem P(B, tB), compute τ ; /* see below */
- Identify all demands saturated at this step, (set Dk), put B := B∪{Dk},
tDk := τ and k = k + 1.

where the LP formulation of problem P(B, tB) and a similar LP model for
testing whether some demand is saturated in the sense of max-min fairness are
detailed below.

Formulating and solving the P(B, tB) routing problem:
The P(B, tB) problem can be modeled using a classic arc-node LP formulation
as follows:

Max τ

(ωi,j)
∑

d∈D

fd
ij ≤ Cij , ∀(i, j) ∈ A, (21a)

(πi,d)
∑

j:(i,j)∈A

fd
ij −

∑
j:(j,i)∈A

fd
ji = 0, ∀d ∈ D, i ∈ V \ {od, pd}(21b)

(πi,d)
∑

j:(i,j)∈A

fd
ij −

∑
j:(j,i)∈A

fd
ji =

{
tdTd, i = od

−tdTd, i = pd ∀i ∈ V,∀d ∈ B (21c)

(πod,d)
∑

j:(j,i)∈A

fd
ji −

∑
j:(i,j)∈A

fd
ij + tdTd ≤ 0, ∀d ∈ B′, i = od (21d)

(πpd,d)
∑

j:(i,j)∈A

fd
ij −

∑
j:(j,i)∈A

fd
ji + tdTd ≤ 0, ∀d ∈ B′, i = pd (21e)

fd
ij ≥ 0 ∀(i, j) ∈ A,∀d ∈ D,(21f)

where constraints (21a) are capacity constraints, constraints (21b) are mass
balance constraints and (21c, 21d, 21e) are traffic constraints. Finally, con-
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straints (21f) indicate that arc-flow values must be non-negative while in paren-
theses we give the respective dual variables. At the end of the solving procedure
we obtain a multi-commodity flow f , τ and the dual values associated with con-
straints. In practice, several commodity flows can be simultaneously saturated
at the end of the kth step. Assuming that we are using an IPM method to solve
the above problem, the set Dk gives the set of indices of constraints (21d) which
dual values are strictly positive.

3.2 Routing and resource sharing

In real TCP/IP networks the traffic demands can be seen as a number of connec-
tions to be done. This leads also to another notion closely related to max-min
fairness. Assuming that access rates are unlimited, it is easy to see that each
connection is necessarily saturated in one of its links, called a bottleneck link.
Its (end-to-end) rate is then equal to the minimum of the shares offered by
each link in the path. It can also be expressed as the share offered by the
bottleneck link to connections saturated in it, which we term the max-min fair
share. For a better explication, consider the following simple example of a lin-
ear network consisting of 3 routers A,B,C and 2 links AB, BC with capacities
set respectively to 2MB/sec and 3MB/sec. Assume there are 3 connections:
A → B,A → C and B → C, each of them routed through the unique path in
the network.

Figure 1: Example of max-min fair resource sharing between connections.

The connection A → B is clearly saturated by link AB (there is no other
choice); similarly, the connection B → C is saturated by link BC. We see
intuitively that if we start to increase equally the amount of bandwidth allocated
to each one of the three connections, the first link to become saturated will be
AB, with a resulting allocation of 1 unit for each connection. Going one step
further, the bandwidth of the connection B → C can still be increased by one
unit before the second link BC also becomes saturated. The final max-min fair
rate of connections is [1, 1, 2] while the max-min fair share of links is [1, 2]. The
above procedure can be generalized in any network where the routing is already
known.

Let us look at an example [36] for explaining the relation between MMF
routing and resource sharing. Suppose that we have a network with 4 routers
: A,B,C, D, connected by 4 links AB, AC, BD, CD with capacities fixed
respectively at 1MB/sec, 3MB/sec, 1MB/sec and 2MB/sec. The connections to
be routed are A → B, A → C, A → D, B → D and C → D.

Let us first see how the Algorithm 1 handles this example (i.e., when the
routing is fixed as shown in Table 1), (see Figure 3.2). We remark that at the
end of the first step, connections A → B, A → D, B → D are occupied with a
rate of 0.5MB/sec. Consequently, links AB and BD become saturated. During
the next step, the connection C → D is saturated with a rate of 2MB/sec. At
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Figure 2: The resulting resource sharing for a fixed routing (MMF/SRP).

Figure 3: The resulting resource sharing for MMF routing.

the final step, A → C is saturated with a rate of 3MB/sec. The total throughput
is 6.5 MB/sec.

In Figure 3.2 we show how the routing and the ressource sharing when the
MMF routing algorithm is applied. The total throughput is 6MB/sec, less than
the first case but the sharing/distribution is substantially fairer.

We notice that the MMF routing solution allows a fair sharing of resources
both with respect to the max-min fair sharing links and end-to-end connection
rates. Thus, the connection A → D uses the path A−C−D, which is composed
of the two least loaded links that are AC and CD.

3.3 Some theoretical properties

In this section we study the optimality and polynomiality of our approach, and
we highlight certain properties of MMF routing and MMF demand satisfaction
vector. As the MMF Algorithm is a direct application of the Algorithm 5, then

Given Routing MMF Routing.

Connection Path Flow Path Flow

A → B A-B 0.5 A-B 1

A → C A-C 3 A-C 2

A → D A-B-D 0.5 A-C-D 1

B → D B-D 0.5 B-D 1

C → D C-D 2 C-D 1

Total 6.5 6

Table 1: Comparison of resource sharing for three routing strategies
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the theoretical results (MMF and polynomiality) stated in [34] holds also for
the MMF routing Algorithm, and we have the following result:

Theorem 2. The multi-commodity routing obtained at the end of the MMF
routing algorithm is max-min fair and it can be obtained in polynomial time.

We can go further and state that any MMF routing solution yields not only
max-min fair allocation of end-to-end rates of connections, but also ensures that
the share’s link vector is also max-min fair [36]:

Theorem 3. The MMF routing solution has the following properties:
a) there is no other routing that would allow the fair sharing value of some
saturated link to be increased at the expense of other links offering more.
b) there is no other routing that would allow the rate allocation of saturated
connections to be increased at the expense of connections better served.

In the sequel we will exhibit some other properties related to max-min fair
routing. First, let us note with Sk, the set of saturated links at the end of
the step k. Let us consider the set of multi-commodity flows satisfying all
constraints associated with the problem P(B, tB), (step k). Obviously, for each
new optimal solution there is at least one newly-saturated demands or arc. Let
us denote as Dk (resp. Sk) these sets, and D∗

k (resp. S∗
k) the intersection of

all sets of newly saturated demands (arcs) with respect to all possible routings
obtained as solution of problem P(B, tB). Then, we can state the following
properties:

Property 2. All sets D∗
k and S∗

k are not empty.

Let us begin by considering the set D∗
k and suppose by absurdity that it is

empty. Indeed, without loss of generality, let us suppose that there exist two
routings Φ1 and Φ2 satisfying all constraints with respect to P(B, tB) (step k),
and having distinct sets of saturated flows at the same value τ . These routings
are such that Q1 ⊂ B′ (resp. Q2 ⊂ B′) represents the set of newly saturated
commodity flows for Φ1 (resp. Φ2) and Q1 ∩ Q2 = ∅. Let Φ = (Φ1+Φ2)

2 . It
is obvious that the routing Φ satisfies capacity and mass-balance constraints
associated with the problem P(B, tB). Furthermore, it is not saturated in any
demand contained in B′. In these conditions, we increase at the same rate the
flow value to each fd

ij with respect to non-saturated demands (d ∈ B′) until the
network becomes saturated. Obviously, τ will be increased and will have a value
strictly superior to that obtained by Φ1 and Φ2, which contradicts the fact that
Φ1 and Φ2 are obtained as solutions of problem P(B, tB) during the kth step.
We have consequently proved the first part of the above property. The second
part can be proved in a similar way. It will be noted that each routing solution
of problem P(B, tB) necessarily saturates some arcs separating the extremities
of the saturated demands in the graph. Using the same logic, that is, assuming
the existence of two routings Φ1 and Φ2 satisfying all constraints with respect
to P(B, tB), and having distinct sets of saturated arcs at the end of step k, it is
clear that Φ = (Φ1+Φ2)

2 does not saturate any of them. We can therefore state
that the intersection of all these sets of arcs is necessarily not empty.

We state without proof in the following some simple properties of routing
solutions obtained at the end of a given step of the algorithm.
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Property 3. All routing obtained at the end of the MMF Algorithm saturate
demands in a unique order3.

Property 4. The MMF routing Algorithm terminates in at most Min{|D|, |A|}
steps.

The last result can be improved when dealing with undirected networks.

Proposition 4. All first-level max-min fair routing in a capacitated k-arc con-
nected undirected network saturate in at least k arcs.

Notice first that each first-level max-min fair routing is necessarily saturated
in at least one commodity d. Furthermore, the terminal nodes od and pd cannot
be connected through paths containing only non-saturated arcs because the flow
value of the demand d cannot be increased. Consequently, all disjoint paths (at
least k) between od and pd are saturated. Which is to say that at least k arcs
are saturated at the end of the first step4.

In the same way we note that the terminal nodes of saturated commodities
are placed in two distinct/complementary sets linked by saturated arcs, thus
defining a cut. At the end of the first step, let N1 denote the subnetwork ob-
tained from the initial network N when removing the saturated arcs. Similarly,
at the end of the kth step, let Nk denote the subnetwork obtained when re-
moving from Nk−1 the newly-saturated arcs. At the end of the kth step, the
terminal nodes of newly saturated demands are necessarily disconnected in the
subnetwork Nk and the number of components is strictly superior to this in
Nk−1. This is because these new demands were not saturated before executing
the most recent step, and consequently the respective terminal nodes were in
the same component. This component cannot therefore remain connected in
the new subnetwork Nk, and consequently the number of components becomes
strictly superior to that obtained at the end of the preceding step. So after each
step, the number of components of the remained subnetwork is incremented by
at least one. Since at the end of the first step the number of components is
at least 2, it follows that after k − 1 further steps the number of components
becomes greater or equal to k + 1. Combining this with the fact that a con-
nected network cannot be decomposed into more than |V | components, we see
that there cannot be more than |V | − 1 decompositions of the network or steps
of the algorithm, and have thus proved the following result:

Proposition 5. The max-min fair flow vector in undirected networks has at
most Min{|D|, |A|, |V | − 1} distinct values.

3.4 Robustness of MMF multi-commodity flows

First, it is worth noting that the max-min fair routing computing approach is
able to cope with a homogeneous traffic increase/decrease across all demands
and is particularly suitable for elastic traffic. More generally, the MMF solution
provides robust routing schemes even for the general case when a set of traffic
demands represented in a matrix have to be routed through a given network.
It is well known that traffic prevision is a difficult task and errors are common

3The demands contained in the same Dk are interchangeable in the saturating order.
4A large number of demands could be thus saturated during the first step.
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in real-life situations. The max-min fair routing also provides a robust routing
scheme. Generally speaking it is obvious that different routing schemes do not
face in the same way the overload traffic situations. With respect to our MMF
routing solution, we can show that variations in traffic within certain bounds are
completely absorbed (we assume that routing is feasible). As an illustration, let
us suppose that the traffic for all demands d ∈ D are increased within a given
ratio rd with respect to the traffic prevision (Td). We are able to state that as
long as rd ≤ λ[d] − 1, for all d ∈ D, the computed routing will remain feasible
and all demands will be entirely routed. It is then easy to prove, following
Proposition 1, that the overload ratio vector given by {λ[d]− 1,∀d ∈ D} is also
MMF.

Property 5. The overload ratio vector associated with a max-min fair routing
solution is max-min fair.

In other words, any MMF routing solution guarantees for each demand a cer-
tain ratio of overload such that it is not possible to do better without decreasing
the guaranteed overload ratio of other traffic demands with lower values.
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4 Lexicographically minimum load networks

In this chapter, we consider the problem of load-balancing (as referred in [21]) in
a given network. Thus, we aim to distribute the load fairly among the network
links while satisfying a given set of traffic constraints. More precisely, we aim
not only to minimize the maximal load among links, but also to minimize lex-
icographically the sorted (non-increasing) load values through network links in
order to obtain what is called a lexicographically minimum load network [34]. In
contrast to the max-min fair multi-commodity flow problem, this one is equiv-
alent to the problem of loading fairly the network in the sense min-max. This
problem arises in telecommunication networks when the operator needs to define
routing with respect to a given traffic demand matrix such that the network load
is fairly distributed among the network links. We consider the multi-commodity
network and we focus on the splittable case. Some relevant work on balanced
networks is presented in [21] where the authors propose a strongly polynomial
approach for lexicographically-optimal balanced networks. The problem they
address is allocating bandwidth between two endpoints of a backbone network
so that the network is equitably loaded, and therefore it is limited to the case
of single-commodity network. How to generalize this result to multi-commodity
networks is already shown in [34], but we consider here a large range of link load
functions, especially non-linear, frequently used in telecommunication area, and
show that each of them can be brought to the linear case (see also [39]). Let us
begin by giving some definitions and notation.

4.1 Link load functions

A load function Y (f) (linear or not) defined as Y : A → R+ gives the load
associated with each arc. An arc load function is generally closely related to
the arc occupation ratio and thus to the flow traversing it. It can typically be
expressed linearly as fa

Ca
, where fa =

∑
fd

ij : (ij) = a and Ca is the capacity
of link a. Another currently used criterion (to maximize) is measuring the
residual capacity Ca − fa. The global network resources optimization can also
involve non-linear link criterions, as for instance (α − 1)−1(1 − fa/Ca)1−α or
(α − 1)−1(Ca − fa)1−α α ∈ R+ \ {1} ; (see e.g. [3, 29]). We show that, in any
of these cases, it is possible to use one of the two previous linear examples to
obtain optimal solutions.

4.1.1 Link load vector and computing approach framework

Similarly to flow vector, one can define the link load vector with respect to a
multi-commodity flow and a load function.

Definition 6. Given a network (V,A, C), a multi-commodity flow f and a load
function Y , the vector γ = {γa, a ∈ A} whose components give the load value
associated with each arc (i.e., γa = Y (a)) is called the link load vector of multi-
commodity flow f .

A link load vector is called feasible if there exists a feasible multi-commodity
flow with the same load vector. Let F denote the set of all the feasible multi-
commodity flows in network N with respect to a set of commodities D. We use
the phrase lexicographic minimum load network problem to refer to the problem
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of computing a feasible multi-commodity flow such that its link load vector is
min-max fair (that is leximax minimal) in the set of feasible load vectors with
respect to F . Now, the lexicographic minimum load network problem can be
stated as: given a capacitated network N = (V,A, C) and a set of commodities
D with traffic values {Td}d∈D, find the min-max fair link load vector γ and a
corresponding feasible multi-commodity flow. Computing min-max fair vectors
can be achieved by similar algorithms to these given in Chapter 1, except that
instated of maximizing, one need to minimize iteratively the components of
the load vector sorted through non-decreasing values. This problem is already
analyzed in [34] where a similar approach to Algorithm 5 is given and some
connection between the two algorithms is established.

The algorithm can then be stated as follows:

Algorithm Min-Max Fair loaded network
Input: A capacitated network N = (V,A, C) and a set of commodities
d ∈ D.
Output The min-max fair link load vector and the associated multi-
commodity flow.
- Set k = 1; B = φ - While B 6= A do:
- Solve the (LP) problem P(B, tB), compute τ ; /* see below */
- Identify the set of all links minimally loaded at this step, (called Ak) put
B := B ∪ {Ak}, tAk := τ and k = k + 1.

where the LP formulation of problem P(B, tB) and a similar LP model for
testing whether some demand is saturated in the sense of max-min fairness are
detailed below.

Formulating and solving the P(B, tB) problem:
The P(B, tB) problem can be modeled using a classic arc-node LP formulation
as follows:

A link whose load has already been minimized, is called minimally loaded.
The algorithm terminates when all links are minimally loaded. During each
step we resolve a LP problem similar to Pk described for the Algorithm MMF
routing. Let consider the most common load function, which gives the relative
load fa

Ca
that we need to minimize. The corresponding problem P(B, tB) can

be then stated as:

Minimize τ∑
j:(i,j)∈A

fd
ij −

∑
j:(j,i)∈A

fd
ji =

 Td, i = sd

−Td, i = td

0, otherwise
∀i ∈ V,∀d ∈ D (22a)

∑
d∈D

fd
ij ≤ Cij ∀(i, j) ∈ A (22b)∑

d∈D

fd
ij ≤ αCij ∀(i, j) ∈ B′ (22c)∑

d∈D

fd
ij = γ[i, j]Cij ∀(i, j) ∈ B (22d)

fd
ij ≥ 0 ∀(i, j) ∈ A,∀d ∈ D, (22e)

where constraints (22a) are flow conservation constraints, (22b) are capacity
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constraints and (22c, 22d) are load constraints. Finally, constraints (22e) in-
dicate that arc-flow values must be non-negative. Similarly to notation used
for the previous algorithms, B denotes the set of links loaded through the first
k− 1 iterations of the algorithm and B′ its complementary subset with respect
to A. To finish with the iteration, we need to identify all links loaded to τ by
searching for the binding constraints (22c). Then, we set γ[i, j] = τ for all lastly
loaded links. One can follow a reasoning similar to this used for the Algorithm
MMF routing and deduce that there is at least one such minimally loaded link
at the end of each iteration. Furthermore, one can show that there are at most
|v| − 1 distinct load values in the obtained load vector.

4.1.2 Non-linear link load functions

In practice there are several load functions employed by network managers,
most of them non-linear. A wellknown load function, called Kleinrock function,
is given by fa

(Ca−fa) and it takes value in [0,+∞). It can be directly proved
that any multi-commodity flow achieving min-max fairness for the relative load
function achieves also min-max fair load for the Kleinrock function (see [34]).

Corollary 1. Any multi-commodity flow that achieves lexicographic minimum
load for the linear load function fa

Ca
also achieves lexicographic minimum load

for the Kleinrock load function fa

(Ca−fa) , and vice-versa.

Maybe we can give the framework of the proof...
Instead of considering separately the different link load functions we will

propose a more general way to deal with the most frequently used link load
functions. Let have a look at the following general link load function: (α −
1)−1(1 − fa/Ca)1−α. With respect to Proposition 1, one can prove that the
result also holds when replacing ”max-min fair” with ”min-max fair”. Then, we
obtain the following corollary which is easy to verify since the above function
can be expressed as increasing function of fa

Ca
.

Corollary 2. Let α ∈ R+\{1}. Any multi-commodity flow that achieves lexico-
graphic minimum load for the linear load function fa

Ca
also achieves lexicographic

minimum load for the generalized link load function (α − 1)−1(1 − fa/Ca)1−α,
and vice-versa.

The second general link load function frequently used is (α−1)−1(Ca−fa)1−α

α ∈ R+ \ {1}. It can easily be seen that the above function is a decreasing
function of (Ca − fa). (Ca − fa) expresses the residual capacity of the link
and it can be seen as an ”unusual” load vector, which needs to be maximized
lexicographically. Then, the approach is quite similar and the problem P(B, tB)
can be formulated similarly to above except changing the objective function to
maximize and replacing load constraints (22c, 22d) by (23a, 23b):

Cij −
∑
d∈D

fd
ij ≥ α ∀(i, j) ∈ B′ (23a)

Cij −
∑
d∈D

fd
ij = γ[i, j] ∀(i, j) ∈ B (23b)

Now we can use a similar trick to this for Corollary 1 based on the following
result:

26



Proposition 6. Let φ be a decreasing function in R. Some x achieves a max-
min fair (resp. min-max fair) vector γ with respect to system (1), if and only
if x achieves a min-max fair (resp. max-min fair) vector for the corresponding
system composed of functions {φ ◦ fi} given by φ(γ).

Then, we obtain the following corollary which solves the case of the second
general link load function.

Corollary 3. Let α ∈ R+\{1}. Any multi-commodity flow whose load vector is
max-min fair for the linear load function Ca−fa achieves lexicographic minimum
load for the generalized link load function (α−1)−1(Ca−fa)1−α, and vice-versa.
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