Cayley Graphs and Interconnection Networks

Marie-Claude Heydemann – Bertrand Ducourthial

LRI, UA 410 CNRS, bât 490 Université de Paris-Sud 91405 Orsay FRANCE

En raison de l’essor récent du calcul parallèle et distribué, la conception et l’analyse de divers réseaux d’interconnexion a été un sujet important de recherche ces dernières années. Les nouvelles technologies des réseaux de communications, telles que les fibres optiques, ont encore stimulé les recherches. Il y a de nombreux avantages à utiliser les graphes de Cayley, orientés ou non, comme modèle de réseau d’interconnexion. Ce rapport propose une synthèse des caractéristiques des réseaux d’interconnexions basés sur les graphes de Cayley. On présente d’abord quelques classes de graphes de Cayley, qui sont beaucoup étudiées comme modèles de réseau d’interconnexion. Des résultats et problèmes concernant le routage dans les réseaux sont ensuite abordés. On insistera sur ceux concernant la charge des nœuds et des liens.

Due to recent developments of parallel and distributed computing, the design and analysis of various interconnection networks has been a main topic of research for the past few years and is still stimulated by the new technologies of communication networks such as optic fibers. There are many advantages in using Cayley (di)graphs as models for interconnection networks. This work first surveys some classes of Cayley graphs which are well studied as models of interconnection networks. Results and problems related to routings in networks are then presented, with emphasis on loads of nodes and links in routings.

2

Chapter 1

Introduction

As defined by D.F. Hsu in the introduction of a special issue of the journal Networks ([97]), “an interconnection network consists of hardware and software entities that are interconnected to facilitate efficient computation and communication; these entities can be in the form of processors, processes, memory modules or computer systems”. Due to recent developments in parallel and distributed computing, the design and analysis of various interconnection networks has been a main topic of research for the past few years. An essential component of a supercomputer based on large-scale parallel processing is the interconnection network. It provides communication among the processors and the memories. Interconnection networks also play a key role in the design and implementation of communication networks and the recent advent of optic technology adds more design problems. This explains that a growing number of research articles and congresses (such as IWIN every two years since 1991) are devoted to interconnection networks, and that special issues of journals have already been published on the subject (for example [97], [17] and [107]).

Interconnection networks are often modeled by finite graphs (or digraphs). The vertices of the graph represent the nodes of the network, that is, processing elements, memory modules or switches, and the edges correspond to communication lines. What qualities are required in order for a graph to be a good model for interconnection networks ? A basic constraint in many network design problems is that a bound on the maximum node degree is imposed by cost and fundamental engineering limitations. That is, the nodes of the network can be connected by at most a fixed number of communication lines to other nodes. At the same time other properties are crucial for many applications which need efficient network communications. This leads to some well studied design problems.

We can distinguish at least three categories of interconnection network problems which lead to well studied problems in graph theory:

(a) network topologies and analysis: find graphs or digraphs which model good interconnection networks with regard to quality measures such as diameter and connectivity. For example, consider the diameter (i.e. the maximum of the distance between two vertices in the graph) as a measure of the maximum communication delay. The degree/diameter problem is then to construct the largest possible graphs satisfying bounds on the maximum vertex degree and diameter (see Section 4).

(b) communication: efficiently implement distributed algorithms such as those for broadcasting, gossiping or accumulation on a specific network (a graph with a communication hypothesis).

(c) mapping and simulation: in order to efficiently emulate a network A on a network

4 CHAPTER 1. INTRODUCTION

B, study mappings from a graph into another one (in particular homomorphisms which are arc-preserving mappings). This problem has received increasing attention from researchers in the last years, but the results concerning symmetric graphs are not as developped as for the first two problems.

Symmetry is important for all of these problems since it simplifies their study and allows the use of algebra, which is an efficient tool in proofs. In particular, there are many advantages in using Cayley (di)graphs. They have the property of node symmetry (vertex transitivity) which makes it possible to implement the same routing and communication schemes at each node of the network they model. Furthermore, some of them have other advantages such as line symmetry (edge transitivity), hierarchical structure (allowing recursive constructions), high fault tolerance and so on, as we will see in the following. This explains why the topology chosen for some parallel machines is or was a hypercube (for example the nCUBE2 is based on a hypercube of dimension 13) or a torus (like the parallel machine Fujitsu AP1000) despite their drawbacks, the degree for the former, the diameter for the latter. It also explains why hypercubes have probably been the most studied graphs for interconnection networks in the past decade, and why star graphs, toruses and other graphs generalizing hypercubes, are much studied in recent publications.

Most of the time, researchers first study some problems in a particular Cayley graph, for example one kind of communication problem in the hypercube (like [95] or [73]) or the star graph (like [72]). Then the same problem is studied in other Cayley graphs and, finally, the result is obtained in a more general class of Cayley graphs which includes the graphs studied to begin with (like [21] or [74]). Therefore, it seems important to specify and study large classes of Cayley graphs having good properties for given interconnection problems.

We cannot survey here all the problems of interconnection networks modeled by Cayley graphs. Good references on this subject are the first two published surveys [3] and [103]. In this report, we will focus on routing problems including connectivity, diameter and loads of routings. We place the emphasis on load problems, since new classes of vertex-transitive graphs (see quasi-Cayley graphs in Section 5.3) or edge-transitive graphs (see regular orbital graphs in Section 5.6) were studied in order to enlarge the class of graphs behaving well for loads of routings. More precisely, after recalling some basic definitions and properties in Chapter 2, we survey particular classes of Cayley graphs which are often studied as models of interconnection networks. First, we study Cayley graphs generated by transpositions (Section 3.1) and those with a special automorphism which rotates the generators and is called a complete rotation (Section 3.2). In Section 3.3, we present hierarchical Cayley digraphs and results about fault tolerance. Finally, multistage Cayley digraphs and their quotients are studied in Section 3.4.

In a second part of this course (Section 4), we consider diameter and path problems. The last part is devoted to the specific problem of routing. The notion of load of routings was first studied in graph theory in [35] which introduced the parameter called (vertex-)forwarding index. This notion becomes more and more important, and Chapter 5 introduces the subject. One of the reasons why Cayley graphs behave well as models for networks is that they allow routings of shortest paths with uniform loads on the nodes. Generalizations of Cayley graphs with the same behaviour are then presented. A similar notion for load of edges instead of vertices is considered in Section 5.5 with the edge-forwarding index. Multicommodity flow theory can be useful here as shown in Section 5.7. As a conclusion, Chapter 6.11 gives some trends of research in this rich field.

Chapter 2

Definitions and basic properties

In this chapter, some basic definitions are given, and notation is introduced. We also recall some well-known properties of groups and Cayley graphs that we will use later. For more definitions and basic results on groups, we refer the reader for example to [117], [7], [32], for graph theory to [16], [28], [27], and for interconnection networks to [106], [47].

2.1 Groups and permutations

We only consider finite groups. Therefore the inverse of any element is a power of this element. The identity (unit element) of a group G will be denoted by I and the operation will be written as multiplication, except for abelian groups, where the operation is denoted additively and the unit element is 0. By abuse of notation, we use the same letter to denote a group and the subset of its elements and specify the law of the group only when a confusion can arise. Throughout Z_d will denote the group of integers modulo d. The elements of a subset S of a group G are called generators of G, and S is said to be a generating set, if every element of G can be expressed as a finite product of their powers. We will also say that G is generated by S. We will denote by Gr(S)^1 the subgroup of a group G generated by a subset S of G. A subset S of G is said to be unit free if I /∈ S. It is said to be symmetric (or closed under inverses) if s ∈ S implies s^{−1} ∈ S.

The direct product of two groups G and G^′ is denoted by G × G^′.

A permutation σ on the set X = {1, . . ., n} is a bijective mapping (i.e. one-to-one and surjective) from X to X. As usual, it is denoted by the images of the elements (σ(1), . . ., σ(n)). In a product of permutations, στ signifies that we apply first mapping τ on the set {1, . . ., n} and then the mapping σ, i.e. στ = (σ (τ(1)) , . . ., σ (τ(n))). We denote by S_X the group of all permutations on a set X, and

by Sn the group of all permutations on {1, . . ., n}, also called the symmetric group. A permutation

group on {1, . . ., n} (we will also say a group of permutations) is some subgroup G of S_n.

For a permutation σ on a set X, Supp(σ) is the set of elements i of X such that σ(i) ≠ i. The degree of a permutation σ is the cardinality of Supp(σ). If the permutation σ is a cycle of length ℓ ≥ 2, we denote it by ⟨σ(a), σ^2(a), . . ., σ^ℓ(a)⟩, where a is any element of X such that σ(a) ≠ a. For example, ⟨3, 5⟩ denotes the transposition of the elements 3 and 5.

The stabilizer of an element x ∈ X in a permutation group G on X is the subgroup of G, defined

1We do not use the classical notation hSi since we need it for transpositions and cyclic permutations.

by Stab_G(x) ={g ∈ G : g(x) = x}.

Let G be any subgroup of S_X . The group G acts transitively on X if for any u, v ∈ X, there exists f ∈ G such that f(u) = v. The permutation group G is said to be semi-regular if the stabilizer of every element of X in G is reduced to the identity. Finally, G is said to be regular (or acts regularly on V ) if G acts transitively and is semi-regular, or equivalently, if for any two elements u and v of V , there exists a unique permutation f ∈ G such that f(u) = v.

The following well-known theorem of Cayley allows one to consider only groups of permutations.

Theorem 1 Every finite group is isomorphic to a group of permutations.

Thus, except for commutative groups, groups are mainly defined as groups of permutations in articles on interconnection networks as in [3], [103]. But it should be noticed that it can also be convenient to use a definition by generators and relators. This is the case in recent articles like [69], [53], [92].

2.2 Graphs and Cayley graphs

A digraph Γ = (V, E) is defined by a set of vertices V and a set E of arcs or oriented edges which is a subset of elements (u, v) of V × V . If the subset E is symmetric ((u, v) ∈ E implies (v, u) ∈ E), we can identify two opposite arcs (u, v) and (v, u) to a single edge denoted by uv, or [u, v] if u and v are composite. We then obtain a graph. The out-degree (respectively in-degree) of a vertex u of a digraph Γ is the number of arcs (u, v) (respectively (v, u)) of Γ and is denoted by d^+(u) (respectively d^−(u)). A digraph Γ is said to be regular of out-degree d if d^+(u) = d^−(u) = d for every vertex u of Γ.

A directed path or dipath from vertex u to vertex v in a digraph Γ is a sequence of vertices x_0, x_1, . . ., x_l with x_0 = u, x_l = v, such that (x_i, x_{i+1}) is an arc of the digraph for any i, 0 ≤ i ≤ l − 1. In such a case, l is the length of the dipath, that is, the number of arcs it contains. The distance from vertex u to v, denoted by d(u, v), is the length of a shortest dipath from u to v. A digraph is strongly connected if there is a dipath from u to v for all u ≠ v in Γ. The diameter of Γ is Diam(Γ) = max_{(u,v)∈V ×V} d(u, v).

Let G be a group and let S be a subset of G. Then Cay(G, S) denotes the Cayley^2 digraph of the group G and the subset S. The vertices of Cay(G, S) are the elements of G and the arcs are all ordered pairs (g, gs) for g ∈ G, s ∈ S. The arc (g, gs) is said to be labeled by s. If S is a generating set of G, then Cay(G, S) is strongly connected. In this case, we will say that Cay(G, S) is the Cayley digraph of G generated by S. If S is unit free and closed under inverses, then Cay(G, S) is a simple graph. The Appendix in Chapter 6 gives examples of well-known Cayley graphs. Notice that the definitions of a Cayley digraph given in the literature can differ. Many authors consider only the case where S is a symmetric generating set of G. Furthermore, the terminology can also differ. For example, [27] speaks of Cayley diagrams instead of Cayley digraphs.

2Arthur Cayley (1821-1895) lived in his youth in St-Petersburg, studied in Cambridge, and became professor of Pure Mathematics at Cambridge in 1863 after he had been a lawyer during 14 years. He published over 900 papers and notes covering nearly every aspect of modern mathematics. The most important of his work is in developing the algebra of matrices. He also worked on non-euclidean geometry and n-dimensional geometry. He introduced the drawing in groups in 1878. At this time groups were considered mainly related to geometry. Its definition used in 1878 the left product by a generator, but it used the right product in 1889... The first drawing of a Cayley graph concerned the group of the isometries of the tetrahedron. The usual form of Cayley digraphs is more that of Max Dehn (1878-1951) than that of Arthur Cayley.

2.3. HOMOMORPHISMS 7

2.3 Homomorphisms

An isomorphism of a digraph from Γ = (V, E) onto Γ^′(V^′, G^′) is a bijective mapping f from V to V^′ such that (u, v) is an arc of Γ if and only if (f(u), f(v)) is an arc of Γ^′. An automorphism of a digraph Γ is an isomorphism from Γ onto Γ. The automorphisms of Γ form a subgroup of S_V denoted by Aut(Γ).

If Aut(Γ) acts transitively on V , the digraph Γ is said to be vertex transitive. In a Cayley digraph, the automorphisms f_a : x → ax, a ∈ G (also called translations), form a subgroup of Aut(Γ) which is isomorphic to the group G. This subgroup acts regularly on V (= G) since for any two vertices u and v of V , there exists a unique element a of G, a = vu^{−1}, such that f_a(u) = v. Therefore a Cayley digraph Γ(V, E) = Cay(G, S) is vertex transitive. Furthermore, the group of translations allows a characterization of Cayley digraphs.

Theorem 2 [124] Let Γ be a strongly connected digraph. Then Γ is a Cayley digraph if and only if Aut(Γ) contains a subgroup which acts regularly on V .

The following results on automorphisms of Cayley graphs will be used in the next section.

Proposition 3 Let G = Gr(S) and G^′ = Gr(S^′) be two groups generated by S and S^′ respectively, and with the same cardinality |G| = |G^′|. Let h be a group homomorphism from G into G^′ such that h(S) = S^′. Then h is an isomorphism from the digraph Cay(G, S) onto the digraph Cay(G^′, S^′).

Proof. Let x^′ be any element of G^′. Then x^′ can be written as a product of elements of S^′, x^′ = s^′_1s^′_2 · · · s^′_k, and since h(S) = S^′, every element s^′_j, 1 ≤ j ≤ k, can be written as s^′_j = h(s_j ), so that x^′ = h(s_1)h(s_2) · · ·h(s_k) = h(x) with x ∈ G. Thus, the mapping h is surjective. Since |G| = |G^′|, h is bijective, whence it follows from h(S) = S^′ that |S| = |S^′|, showing that the Cayley graphs have the same degree and consequently the same number of edges. Thus, it is sufficient to prove that h is edge-preserving to finish the proof. For this, consider any two adjacent vertices x, y of Cay(G, S), with y = xs for some element s of S. By h(y) = h(xs) = h(x)h(s), with h(s) ∈ S^′, h(y) and h(x) are adjacent. 2

By applying Proposition 3 to the case S = S^′, we get the following well-known result.

Corollary 4 [146, 24] Let h be a homomorphism of the group G generated by S into itself such that h(S) = S. Then h is a graph automorphism of Cay(G, S).

A graph Γ is said to be edge transitive if for any given pair of edges uv, u^′v^′, there exists an automorphism f ∈ Aut(Γ) such that f({u, v}) = {u^′, v^′}. A digraph (symmetric or not) is arc transistive (1-arc-transitive for some authors, symmetric in [24]) if for any given pair of arcs (u, v), (u^′, v^′) there exists an automorphism f ∈ Aut(Γ) such that f(u) = u^′ and f(v) = v^′. Moreover, a digraph Γ is said to be distance transitive if for all vertices u, v, u^′, v^′ of V such that d(u, v) = d(u^′, v^′), there exists an automorphism f of Γ such that f(u) = u^′ and f(v) = v^′. Figure 2.1 shows the implications between these definitions in the case of graphs. An arrow from one property to another one indicates that the former implies the latter. If an implication is not true, the name of a graph which is a counterexample is given besides a crossed arrow.

We now recall a condition which is sufficient for a Cayley digraph to be arc transitive.

Figure 2.1: Relations between definitions.

Proposition 5 [3] A Cayley digraph Cay(Gr(S), S) such that, for every pair s, s^′ of S, there exists a group homomorphism h of Gr (S) satisfying h(S) = S and h(s) = s^′, is arc transitive.

Proof. Consider two arcs (u, v) and (u^′, v^′) of Cay(Gr(S), S) with v = us, s ∈ S, and v^′ = u^′s^′, s^′ ∈ S. Let h be a group homomorphism satisfying h(S) = S and h(s) = s^′. By Corollary 4, h is a graph automorphism. Consider ϕ defined by ϕ(x) = u^′h(u^{−1}x). Then ϕ is a graph automorphism since it is the composition of the three automorphisms x → u^{−1}x, h and y → u^′y. Furthermore, ϕ(u) = u^′, ϕ(v) = u^′h(u^{−1}v) = u^′h(s) = u^′s^′ = v^′. 2

Remark 6 The converse of Proposition 5 is false.

Proof. (An error in [3]) Consider the complete graph K_n which is arc transitive as the Cayley graph on the additive group Z_n generated by S = Z_n \ {0}. Notice that any group homomorphism h

on Zn satisfies h(x) = h(1 + · · · + 1_x ) = xh(1). If h(S) = S, then h(1) ≠ 0 and h(x) = ax with a =

h(1) ≠ 0. If for every pair s, s^′ of Z_n \ {0}, there exists a ≠ 0, and s^′ = as, then in particular 1 = as for some a ≠ 0. But if n is not prime, not every element has a multiplicative inverse in Z_n \ {0}, and therefore the condition of Proposition 5 cannot be fulfilled. This proves that the converse of Proposition 5 is not true for K_n if n is not prime. 2

2.4 Products

We recall the definitions and notation of the products of graphs we will use later.

• The cartesian product of two digraphs Γ = (V, E) and Γ^′ = (V^′, E^′), denoted by Γ2Γ^′, is the digraph with vertex set V × V^′ and arc set {((x, x^′), (y, x^′)) : x^′ ∈ V^′, xy ∈ E} ∪ {((x, x^′), (x, y^′)) : x ∈ X, x^′y^′ ∈ E^′}. For example, the hypercube H(n) and the n-dimensional torus MT_{n,k} (see definitions in Chapter 6) are cartesian products of n complete graphs K_2 and of n cycles C_k, respectively.

2.5. QUOTIENTS 9

• The weak product (also known as the categorical or cardinal product) of two digraphs Γ = (V, E) and Γ^′ = (V^′, E^′), denoted by Γ × Γ^′, is the digraph with vertex set V × V^′ and arc set {((x, x^′), (y, y^′)) : xy ∈ E, x^′y^′ ∈ E^′}. • The strong product of two digraphs Γ = (V, E) and Γ^′ = (V^′, E^′), denoted by Γ � Γ^′, is the digraph with vertex set V × V^′ and arc set the union of the arc sets of Γ2Γ^′ and of Γ × Γ^′.

• The lexicographic product of two digraphs Γ = (V, E) and Γ^′ = (V^′, E^′), denoted by Γ[Γ^′], is the digraph with vertex set V × V^′ and arc set {((x, x^′), (x, y^′)) : x ∈ V, x^′y^′ ∈ E^′} ∪ {((x, x^′), (y, y^′)) : x^′ ∈ V^′, y^′ ∈ V^′, xy ∈ E} A digraph produced by any of the three products: cartesian product, weak product, lexicographic product, is vertex transitive if and only if each factor is vertex transitive [125], [126]. For factors which are Cayley graphs, the following results are easy to obtain.

Proposition 7 Let Γ = Cay(G, S) and Γ^′ = Cay(G^′, S^′) be two Cayley digraphs. Then

• the cartesian product Γ2Γ^′ is the Cayley digraph of the direct product G × G^′ and the subset (S × I) ∪ (I × S^′); • the weak product Γ × Γ^′ is the Cayley digraph of the direct product G × G^′ and the subset S × S^′;

• the strong product Γ � Γ^′ is the Cayley digraph of the direct product G × G^′ and the subset (S × I) ∪ (I × S^′) ∪ (S × S^′); • the lexicographic product Γ[Γ^′] is the Cayley digraph of the direct product G × G^′ and the subset (S × G^′) ∪ (I × S^′).

In Section 3.4.2 we will consider some Cayley digraphs of wreath products of groups.

2.5 Quotients

We recall here some classical definitions and fix our notation.

For any group G and any subgroup H of G, the left cosets of H in G are the subsets gH of G defined by gH = {gh : h ∈ H}. We denote by (G/H)_l the set of the left cosets of H in G. Similarly, the right cosets of H in G are the subsets Hg of G defined by Hg = {hg : h ∈ H}. We denote by (G/H)_r the set of the right cosets of H in G.

A set of left coset representatives of H in G, also called left transversal, is a set of elements {g_i : 1 ≤ i ≤ r} such that G is the disjoint union of the left cosets g_iH, 1 ≤ i ≤ r. A set of right coset representatives or right transversal is defined similarly. Given a Cayley digraph Cay(G, S) and a subgroup H of G, it is possible to construct two natural quotient graphs of Cay(G, S).

The left coset digraph of G with respect to a subgroup H and to a subset S, denoted by Cos_l(G, H, S), is the digraph with vertex set (G/H)_l, such that there exists an arc (gH, g^′H) if and only if there exists an element s ∈ S and ghs = g^′h^′ for some h, h^′ ∈ H. This digraph can be seen as obtained from Cay(G, S) by contracting the vertices of each left coset and deleting multiple arcs. For H = {I}, Cos_l(G, H, S) = Cay(G, S). The Sabidussi representation theorem [127] asserts that a (di)graph is vertex transitive if and only if it is a left coset (di)graph.

The right coset digraph of G with respect to a subgroup H and to a subset S, denoted by Cos_r(G, H, S), is the digraph with vertex set (G/H)_r, such that there exists an arc (Hg, Hg^′) if and only if there exists s ∈ S and Hgs = Hg^′. This digraph is also called a Schreier coset graph or a Schreier diagram of G(mod(H)) [27]. For H = {I}, Cos_r(G, H, S) = Cay(G, S). As we will see in Section 3.4.3 a right coset digraph may not be vertex transitive.

Chapter 3

Special classes of Cayley graphs

3.1 Cayley graphs generated by transpositions

In this part we only consider Cayley digraphs Cay(G, S), where S is a set of transpositions on {1, 2, . . ., n}. This case is simpler than the general case since s = s^{−1} for any s ∈ S. Thus Cay(G, S) is a graph. It is called a Cayley graph generated by transpositions. This includes many of the frequently studied interconnection Cayley graphs such as hypercubes, (generalized) star graphs, complete transposition graphs, (modified) bubble sort graphs (see the definitions in Chapter 6 and other examples in [103]). Notice that a Cayley graph generated by transpositions is bipartite, each class of the bipartition being defined by the parity of the permutations.

Following [103], we define the transposition graph associated to S, and hence to the Cayley graph Cay(Gr(S), S), as follows.

Definition 8 Let S be a set of transpositions of {1, 2, . . ., n}. The transposition graph of S, denoted by T (S), is the graph with vertex set {1, 2, . . ., n} and edges ij for all ⟨i, j⟩ ∈ S.

For example, the transposition graph associated to the star graph ST(n) is the star K_{1,n−1} (see Figures 6.6 and 6.7 which display the star graph ST(4) and its associated transposition graph). The transposition graph associated to the bubble sort graph is a hamiltonian path on n vertices. Other examples of transpositions graphs are given in the Appendix.

If T (S) is a tree, it is called a transposition tree. This case is studied in [3] (see Theorem 33 in Section 3.3). For this case a useful result is the following lemma ([15], p. 118).

Lemma 9 If the set of transpositions S has cardinality n − 1, then Gr(S) = S_n if and only if T (S) is a tree.

Lemma 9 implies that if T (S) contains a spanning tree, in other words, if T (S) is connected, then Gr(S) = S_n. This is in particular the case for the generalized star graph defined in Section 3.2.

The problem is to get some properties of the Cayley graphs Cay(G, S) generated by transpositions, using the characteristics of the associated transposition graphs T (S). Following the results of [103], we will see below that in fact T (S) characterizes Cay(G, S), and that if T (S) is edge transitive, then Cay(G, S) is arc transitive. Our proofs differ from the proofs of [103].

We will use the following lemma to prove that T (S) characterizes Cay(G, S).

Lemma 10 Let S and S^′ be two sets of transpositions of {1, 2, . . ., n}, with s = ⟨i, j⟩ ∈ S and s^′ = ⟨i^′, j^′⟩ ∈ S^′. Assume that f is an isomorphism from T (S) onto T (S^′) such that {f(i), f(j)} = {i^′, j^′}. Then there exists a group automorphism h of S_n mapping Gr(S) onto Gr(S^′) such that h(s) = s^′ and h(S) = S^′.

Proof. Let f be an isomorphism from T (S) onto T (S^′) satisfying the hypothesis. We can consider f as a permutation of {1, 2, . . ., n} and define a mapping h by h(g) = fgf^{−1}, for any permutation g

of Sn. Then h is a group automorphism of Sn. Notice that for t = ⟨k, l⟩, we have h(t) = ⟨f(k), f(l)⟩.

In particular, h(s) = s^′. Since f preserves edges, if ⟨k, l⟩ belongs to S, then ⟨f(k), f(l)⟩ belongs to S^′. Thus h(S) is a subset of S^′ and h is a group homomorphism from Gr(S) into Gr(S^′). Furthermore h(S) = S^′, since f is an isomorphism from T (S) onto T (S^′). 2

Corollary 11 [103] Let S and S^′ be two sets of transpositions of {1, 2, . . ., n} such that the two graphs T (S) and T (S^′) are isomorphic. Then the Cayley graphs Cay(Gr(S), S) and Cay(Gr(S^′), S^′) are also isomorphic.

Proof. Since the two graphs T (S) and T (S^′) are isomorphic, the groups Gr(S) and Gr (S^′) are also isomorphic. By Proposition 3, the group homomorphism h defined in Lemma 10 is an isomorphism from Cay(Gr(S), S) onto Cay(Gr(S^′), S^′). 2

Recently C. Delorme [52] and J. Fournier [70] have proved the converse of Corollary 11.

Theorem 12 [52, 70] Let S, S^′ be two sets of transpositions of {1, . . ., n}. Then the graphs T (S) and T (S^′) are isomorphic if and only if the corresponding Cayley graphs Cay(Gr(S), S) and Cay(Gr(S^′), S^′) are isomorphic.

Corollary 13 [103] If the transposition graph T (S) is edge transitive, then the Cayley graph Cay(G, S) is arc transitive.

Proof. Apply Lemma 10 with S = S^′ and then Proposition 5. 2

Finally, let us recall that the conjecture affirming that any Cayley graph Cay(G, S) is hamiltonian is proved if G = S_n and S is a set of transpositions, but open if G = S_n and every element of S is of order 2 (see the survey [42]).

3.2 Cayley digraphs with the rotation property

In order to get more properties of symmetry on Cayley graphs and easier communication schemes in networks, a class of graphs with special graph automorphisms called rotations have been considered independently by P. Fragopoulou and S. Akl in [71], [74] and by J.-C. Bermond, T. Kodate and S. Perennes in [21]. The notion of rotation in graph theory was first used in the context of imbeddings (see for example [25], [147]). In this context, a rotation of a graph Γ = (V, E) is a cyclic permutation of all the vertices adjacent to a vertex, and a rotation scheme is a collection {r_i, i ∈ V }, where r_i is a rotation at the vertex i. It is used to imbed the graph Γ into a surface. For a Cayley graph, any

3.2. CAYLEY DIGRAPHS WITH THE ROTATION PROPERTY 13

cyclic permutation r of the generators allows one to define a rotation scheme by r_i(j) = ir(i^{−1}j) for any edge ij (see [25], page 117).

The notion of complete rotation we now define is related, but different.

Definition 14 [21] Let S = {s_i, 0 ≤ i ≤ d − 1} be a subset of a group G with G = Gr(S). A mapping ω : G → G is a complete rotation of (G, S) if it is bijective and satisfies, for any x ∈ G and any

i ∈ Zd, the following two properties:

ω(I) = I, (3.1) ω(xs_i) = ω(x)s_{i+1}. (3.2)

Some properties of complete rotations are listed here. Some of them are used in [21], [71] and [74]. A study of complete rotations can also be found in [92].

Lemma 15 A mapping ω is a complete rotation of (G, S) if and only if it is a group automorphism of Gr(S) which cyclically permutes the elements of S.

Proof. Let ω be a complete rotation of (G, S). By taking x = I in the equation (3.2) of Definition 14 and using the equation (3.1), we get ω(s_i) = s_{i+1}. By induction on the number of terms in the product of generators which gives an element of G, we get from condition (3.2) of Definition 14 that ω(xy) = ω(x)ω(y). Thus ω is a bijective group homomorphism. Conversely, it is obvious that a group automorphism of Gr(S) which cyclically permutes the elements of S is a complete rotation of (G, S). 2 By applying Corollary 4, we get that a complete rotation ω of (G, S) induces a graph homomorphism and therefore a graph automorphism of Cay(Gr(S), S). In the following, we will also say that the graph Cay(Gr(S), S) has a complete rotation.

A digraph Γ such that there exists a group G and a subset S with Γ = Cay(G, S) and such that (G, S) has a complete rotation is said to be rotational. Most popular Cayley digraphs used for interconnection networks such as the hypercube, the generalized hypercube, the star graph, the modified bubble sort graph, the n-dimensional torus with the same number of vertices for each dimension (see definitions given in Chapter 6) are rotational. In fact, for these Cayley digraphs, the set of generators S = {s_i, i ∈ Z_d} of the group G (considered as a permutation group on a set X) satisfies s_{i+1} = σs_iσ^{−1} for some permutation σ on X (depending on the digraph) and any i ∈ Z_d, or equivalently, s_i = σ^is_0σ^{−i}. In such a case ω(x) = σxσ^{−1} is a complete rotation as noticed in [21] and [74].

We use this property to define a complete rotation for a new class of Cayley graphs, the generalized star graphs. Other examples can be found in the Appendix and in [71] and [74].

Definition 16 Let k and n be two integers such that 1 ≤ k < n. The generalized star graph GST(n, k) is the Cayley graph Cay(Gr(S), S), where S is the set of the transpositions ⟨i, j⟩, i ∈ {1, . . ., k}, j ∈ {k + 1, . . ., n}. The transposition graph T (S) associated to GST (n, k) is the complete bipartite graph K_{k,n−k}.

In the case k = 1, GST(n, 1) is isomorphic to the star graph ST (n) and GST(2, 1) to the graph K_2. Notice that GST(4, 2), which is depicted in Figure 6.8, is isomorphic to the modified bubble sort graph MBS(4), since in both cases T (S) is a cycle of length 4.

The graph GST (n, k) is related to the arrangement graph A(n, k) studied in [44]. The graph A(n, k) is the graph with vertex set the set of arrangements of k elements chosen out of n elements in which an edge connects two vertices if and only if they correspond to arrangements differing in exactly one position. Thus A(n, k) is obtained from GST(n, k) by contracting into one vertex all the vertices of GST(n, k) which are permutations of S_n which fix i, 1 ≤ i ≤ k (and deleting loops and multiple edges). In other words, A(n, k) is the left coset graph of S_n with respect to the subgroup H and the subset S, where H = {σ ∈ S_n : Supp(σ) = {k + 1, . . ., n}}.

Proposition 17 [92] If k and n − k are relatively prime, the generalized star graph GST(n, k) is rotational.

Proof. Consider the permutation σ defined on {1, . . ., n} by σ = ⟨1, 2, . . ., k⟩⟨k + 1, k + 2, . . . , n⟩ Then σ^{−1} = ⟨k, k − 1, . . ., 1⟩ ⟨n, n − 1, . . ., k + 1⟩. For 1 ≤ i ≤ k, k + 1 ≤ j ≤ n, σ⟨i, j⟩σ^{−1} = ⟨1+imod(k), k+1+(j −k)mod(n−k)⟩. So let ω be the group automorphism defined by ω(x) = σxσ^{−1}. Since n − k and k are relatively prime, the order of σ is the least common multiple of k and n − k, that is k(n − k), and condition (2) of Definition 14 is fulfilled. Thus ω is a complete rotation. 2

Not all pairs (Gr(S), S) have a complete rotation, as can be seen in the following example.

Example 18 Let (G, S) be (Z_n, Z_n \ {0}). Then (G, S) has a complete rotation if and only if n is prime.

Proof. A nonzero group homomorphism ω of the additive group Z_n satisfies ω(x) = xω(1), so that if ω(1) = a, then by induction ω(x) = ax, and the set of generators Z_n \ {0} is equal to {1, a, a^2, . . ., a^{n−2}}. But this is possible if and only if n is prime. 2

Note that this example does not give all the values of n for which the complete graph K_n is rotational. For this, we have to consider K_n = Cay(G, G \ I), where G is any group.

Proposition 19 [112] The complete graph K_n is rotational if and only if n is a power of a prime.

This result shows that a graph can have a complete rotation for some, but not for every structure as a Cayley graph.

By applying Proposition 5, we get the following corollary.

Corollary 20 Any rotational Cayley digraph is arc transitive.

Remark 21 Example 18 shows that there exist arc transitive Cayley digraphs which are not rotational.

If G and H are two rotational graphs, is the cartesian product G×H also rotational? The following proposition was found independently by several people, in particular [11] and [92].

Proposition 22 Let Γ be a rotational Cayley graph. Then, for any integer n ≥ 1, the cartesian product of n graphs isomorphic to Γ, Γ_n = Γ2 · · · 2Γ n , is also rotational.

Proof. Assume ω is a complete rotation of (G, S), with S ={s_i, i ∈ Z_d} and Γ = Cay(G, S). We denote the vertices of Γ_n by (x_0, x_1, . . ., x_{n−1}). The n × d generators of Γ_n are: t_0 = (s_0, I, . . ., I) t_1 = (I, s_0, . . ., I) . . . t_{n−1} = (I, . . ., I, s_0) t_n = (s_1, I, . . ., I) t_{n+1} = (I, s_1, . . ., I) . . . t_{2n−1} = (I, . . ., I, s_1) . . . . . . t_{(d−1)n} = (s_{d−1}, I, . . ., I) . . . . . . t_{dn−1} = (I, . . ., I, s_{d−1}) The rotation on Γ_n is given by ρ(x_0, x_1, . . ., x_{n−1}) = (ω(x_{n−1}), x_0, x_1 . . ., x_{n−2}).

The mapping ρ is a group homomorphism since

ρ((x_0, x_1, . . ., x_{n−1})(y_0, y_1, . . ., y_{n−1})) = ρ(x_0y_0, x_1y_1, . . ., x_{n−1}y_{n−1}) = (ω(x_{n−1}y_{n−1}), x_0y_0, . . ., x_{n−2}y_{n−2}) = (ω(x_{n−1})ω(y_{n−1}), x_0y_0, . . ., x_{n−2}y_{n−2}) = ρ(x_0, x_1, . . ., x_{n−1})ρ(y_0, y_1, . . ., y_{n−1}). Furthermore, ρ(t_i) = t_{i+1} for 0 ≤ i ≤ dn − 1. 2

Proposition 22 implies that cartesian products of isomorphic modified bubblesort graphs and cartesian products of isomorphic generalized star graphs are rotational. Recall that the hypercube is a particular case of a cartesian product of isomorphic (generalized) star graphs GST (2, 1), so that Proposition 22 implies also that the hypercube is rotational.

The following results characterizes Cayley graphs generated by a set of transpositions which have a complete rotation.

Theorem 23 [92] The only Cayley digraphs Cay(G, S), with G a permutation group generated by a set S of transpositions, such that (G, S) has a complete rotation are cartesian products of isomorphic modified bubblesort graphs and cartesian products of isomorphic generalized star graphs GST(n, k) with k and n − k relatively prime.

The proof is based on the following proposition.

Proposition 24 [92] Consider a set S of d transpositions and let G be the permutation group generated by S. Then (G, S) has a complete rotation if and only if the transposition graph T (S) is the vertex disjoint union of isomorphic cycles C_q or the vertex disjoint union of isomorphic complete bipartite graphs K_{t,q} with t and q relatively prime.

3.3 Hierarchical Cayley digraphs and fault tolerance

One important problem in parallel computers, and more generally in distributed systems, is the problem of fault tolerance. We only consider here the basic notion corresponding to connectivity of the graph or the digraph (see the survey of R. J. Faudree [67] and references in [58] for advanced concepts). Other notions of fault tolerance will be considered in Section 4.5.

The vertex connectivity of a non-complete (di)graph is the minimal number of vertices that must be removed in order to disconnect the (di)graph, while the edge connectivity of a (di)graph is the minimal number of edges (arcs) needed to break connectivity. A vertex transitive graph is maximally edge connected ([145], [110]), that is, its edge connectivity equals its degree. Similarly, every strongly connected vertex transitive digraph of out-degree d is d-arc connected ([85]).

The fault tolerance of a (strongly) connected (di)graph Γ is the maximum number k such that, if any k vertices are removed from Γ, the resulting subgraph is still (strongly) connected. The fault tolerance is equal to one less than the vertex connectivity of the (di)graph unless the (di)graph is complete, in which case it is equal to the vertex connectivity. A regular (di)graph Γ of out-degree d and fault tolerance d − 1 is said to be optimally fault tolerant. We only present here results about undirected graphs.

Proposition 25 [4] Every connected vertex transitive graph of degree 2, 3, 4 or 6 is optimally fault tolerant.

The following example gives a Cayley graph of degree 5 having vertex connectivity equal to one less than the degree, i.e. fault tolerance equal to two less than the degree.

Example 26 [2] Consider the additive commutative group Z_4 × Z_2 and the ordered set of generators S = {(2, 0), (1, 0), (3, 0), (1, 1), (3, 1)} (see Figure 3.1). The corresponding graph Cay(G, S) has 8 vertices and is of degree 5. It is composed of two complete graphs K_4, one with vertices (x, 0), the other with vertices (x, 1), joined by edges all incident to one vertex of the set {(1, 0), (1, 1), (3, 0), (3, 1)}, which is therefore a cutset.

Figure 3.1: Example of graph having fault tolerance equal to two less than the degree.

This example was generalized by B. Alspach ([4], see Theorem 34) to a family of graphs that was more precisely studied in [114]. In order to introduce a class of Cayley graphs which are optimally fault tolerant, we need the following definition.

Definition 27 A minimal generating set S of a group G = Gr(S) is a unit free generating set such that Gr(S \ {s}) is a proper subgroup^1 of G for any s ∈ S.

Definition 28 A minimal symmetric generating set S of a group G = Gr(S) is a unit free symmetric generating set such that Gr(S \ {s, s^{−1}}) is a proper subgroup of G for any s ∈ S.

Definition 29 A Cayley digraph (resp. Cayley graph) Cay(G, S) is said to be strong hierarchical if S is a minimal generating set (resp. minimal symmetric generating set).

1A proper subgroup is a subgroup different from the group itself.

For example, the hypercube and the star graph are strong hierarchical Cayley graphs. C. Godsil proved that if S is a minimal generating set, then the graph Cay(G, S) is optimally fault tolerant [81]. The result of Godsil was extended to a larger class of Cayley graphs as we explain now.

Definition 30 An ordered subset S = {s_1, s_2, . . ., s_d} of G is said to be quasiminimal if s_i /∈ Gr(s_1, . . ., s_{i−1}), 2 ≤ i ≤ d. In other words, a minimal generating set is a quasiminimal generating set for any order of the generators.

We give the definition used in [4].

Definition 31 A quasiminimal symmetric generating set is a unit free and symmetric generating set such that there exists a numbering of the generators in S, s_1, s_2, . . ., s_d, such that

• if the order of s_i is greater than 2, then s^{−1}_i is either s_{i−1} or s_{i+1}; • if the order of s_i is 2, then Gr(s_1, s_2, . . ., s_{i−1}) is a proper subgroup of Gr(s_1, s_2, . . ., s_i); • if the order of s_i is greater than 2 and s^{−1}_i = s_{i−1}, then Gr (s_1, s_2, . . ., s_{i−2}) is a proper subgroup of Gr (s_1, s_2, . . ., s_i).

For example, the generating set S = {(2, 0), (1, 0), (3, 0), (1, 1), (3, 1)} with the given order is a quasiminimal symmetric generating set of the group of Example 26. But it is not a minimal symmetric generating set since Gr(S) = Gr(S \ (2, 0)).

This notion is related to the notion of hierarchical Cayley graph introduced in [1].

Definition 32 [1] A Cayley graph Cay(G, S) is said to be hierarchical if S is a quasiminimal symmetric generating set of G.

By definition, a strong hierarchical Cayley graph is hierarchical, but the converse is false. For example, the pancake graph PR(n) (defined in Section 6.9 and depicted in Figure 6.11) is a hierarchical Cayley graph, but not a strong hierarchical Cayley graph. Other examples of hierarchical Cayley graphs are given by Cayley graphs associated to a transposition tree, as shows the following theorem.

Theorem 33 [3] If the transposition graph T (S) is a tree, then Γ = Cay(G, S) satisfies the following properties.

• Γ has n! vertices and is bipartite;

• the connectivity of Γ is equal to its degree;

• the edges of T (S) can be ordered to have Γ as a hierarchical Cayley graph. In this case, Γ is obtained by interconnecting n copies of a Cayley graph defined by a transposition tree of order n − 1. Theorem 33 applies in particular to the star graph and the bubble sort graph.

Hierarchical Cayley (di)graphs are fault tolerant since their connectivity is equal to their degree, except for a particular family. Many authors have studied their connectivity. The strongest result is the following theorem found independently (and by different methods) by B. Alspach and M. Baumslag. It generalizes results of [81] on minimal generating sets, and of [1] on some hierarchical Cayley graphs.

Theorem 34 [4, 14] If S is a quasiminimal symmetric generating set of the group G, then the graph Cay(G, S) has connectivity |S|, unless Cay(G, S) belongs to a particular family of graphs of connectivity |S| − 1.

This particular family contains graphs for which the quasiminimal generating set S satisfies the following conditions:

• S = {s_1, s_2, s^{−1}_2 , . . ., s_k, s^{−1}_k } (thus the degree is 2k + 1) is quasiminimal;

• s_1 is of order 2;

• for 2 ≤ i ≤ k, s_i is of order 4 with s^2_i = s_1 (and therefore s_is_1 = s_1s_i).

These graphs are studied in [114].

The analogue of Theorem 34 for digraphs has been proved by Y. Hamidoune, A. Llado and O. Serra [87].

Notice that the connectivity of circulant digraphs has been studied by Van Doorn [144]. Maximally connected circulant graphs have been characterized by F. Boesch and R. Tindell [26]. This article considered furthermore superconnected circulant graphs in the following sense. A superconnected digraph is a digraph in which every disconnecting set has cardinality at least d + 1 (where d = min_{u∈V} {d^+(u), d^−(u)}), unless it is the set of out-neighbours or the set of in-neighbours of a vertex. Y. Hamidoune, A. Llado and O. Serra have also studied the superconnectivity of abelian Cayley digraphs [86] and the superconnectivity of hierarchical Cayley graphs [88]. In particular, they have proved the following theorem.

Theorem 35 [88] Let G be a group containing a quasiminimal generating set M such that |M | ≥ 4 and, for S = M ∪M^{−1}, the connectivity of the Cayley digraph Cay(G, S) is |S|. Then either Cay(G, S) is superconnected or there exists a hierarchical ordering of M with a minimal element u ∈ M and an element v ∈ M such that u^2 = v^2 = I and s^2 = u for any s ∈ S, s ≠ u, s ≠ v.

Other results on hierarchical Cayley graphs improving the preceding ones can be found in [89] and [90].

The interest of hierarchical Cayley graphs is that they often allow inductive proofs by decomposing (stripping) the graph into smaller members of the same family. These graphs are scalable in the sense that they recursively consist of copies of smaller Cayley graphs of the same variety. For example, the pancake graph of dimension 4, PR(4), with generators S = {(2, 1, 3, 4), (3, 2, 1, 4), (4, 3, 2, 1)} (see Section 6.9), is composed of 4 pancake graphs of dimension 3 connected together by edges labeled by the generator (4, 3, 2, 1).

Numerous results about communications (as in [83], [22], [38]) and embeddings (as in [29]) in the star graph ST (n) or the pancake graph, PR(n) have been proved by induction on n using the recursive construction of these graphs. In fact, the proofs work for a class of hierarchical Cayley graphs which generalizes both the star graph and the pancake graph, and is defined as follows.

Definition 36 [83] A Cayley graph on the symmetric group, Cay(S_n, S), is recursively decomposable if S is composed of n − 1 permutations each of order 2, which can be arranged in a sequence s_2, s_3, . . ., s_n, such that for every s_i ∈ S, s_i(1) = i, s_i(i) = 1, s_i(j) = j for i < j ≤ n.

To emphasize the importance of hierarchical Cayley graphs, we recall that J. Liu proves in [108] that there exists a hamiltonian decomposition of strong hierarchical Cayley graphs on abelian groups of odd order.

3.4 Multistage Cayley digraphs and quotients

3.4.1 Motivation

The hypercube is a model of interconnection networks with many good properties which are most of the time a consequence of the fact that it is a Cayley graph and a cartesian product. But it has a major drawback: its degree is log_2 N, where N is the number of vertices. So other graphs with the same number of vertices and the same diameter, but a constant degree, have been studied, such as the binary de Bruijn graph. In fact, a family of graphs, called hypercubic graphs, has been intensively studied in the literature with respect to the relations between them. Some of these graphs are called multistage graphs since they model dynamic networks in which nodes are commutators displayed in different levels (see [47] for a short introduction to multistage interconnection networks). We present here some of these hypercubic graphs and their relations, following [13] and [6].

3.4.2 Cube-connected cycles and butterfly graphs

Binary strings are used as vertex labels or components of vertex labels for all of the classes of graphs studied in this part. We use x(i) or x_0x_1 . . . x_i . . .x_{n−1} to denote the binary string obtained from x = x_0x_1 . . . x_{n−1} by complementing the bit in position i. In this section, all arithmetic on indices and levels is assumed to be mod(n), and all arithmetic on bits is assumed to be mod(2). For example, the hypercube H(n) is here considered as a Cayley graph on the additive group (Z_2)^n with vertices denoted by x = x_0x_1 . . .x_{n−1} with x_i ∈ Z_2, 0 ≤ i ≤ n − 1.

Definition 37 The cube-connected cycles graph of dimension n, denoted by CCC(n), is the graph with vertex set Z_n×(Z_2)^n and with edges defined as follows. Any vertex (l, x), where l ∈ {0, . . ., n−1}, x = x_0x_1 . . .x_{n−1}, x_i ∈ Z_2, 0 ≤ i ≤ n − 1, is adjacent to the vertex (l + 1, x) and to the vertex (l, x(l)), where x(l) = x_0x_1 . . . x_{l−1}x_lx_{l+1} . . . x_{n−1}.

For n ≥ 3, the graph CCC (n) is derived from H(n) by replacing each vertex x of H(n) by a cycle of length n (see CCC(3) in Figure 6.12). Such a cycle is composed of the vertices labelled (l, x), 0 ≤ l ≤ n − 1, where l is called the level of the vertex. Each of the n vertices (l, x) of CCC(n) that replaces the vertex x of H(n) inherits one of the n edges that were incident to x in H(n), namely the edge [(l, x), (l, x(l))], which is called an H-edge.

This graph has been introduced by Preparata and Vuillemin [116] as a model of very efficient network for algorithms of the ”Ascend-Descend” class, which contains classical algorithms (sorting algorithms, Fast-Fourier-Transform algorithms, permutations, convolutions, matrix operations, . . .). Furthermore, it has a good VLSI layout area. It also contains cycles of almost every length [80].

A directed version of CCC(n), called in what follows the digraph CCC(n), can be considered by replacing each H-edge by two opposite arcs and each edge [(l, x), (l +1, x)] by the arc ((l, x), (l+1, x)). The resulting digraph is regular of out- and in-degree 2.

The butterfly graph of dimension n (also called wrapped butterfly by some authors), BF(n), is derived from the hypercube in a similar way to CCC(n). The difference is that BF (n) has two H-edges corresponding to each former hypercube edge instead of one (Figure 6.14).

Definition 38 The butterfly graph of dimension n, denoted by BF (n), is the graph with vertex set

Zn × (Z2)^n and with edges defined as follows. Any vertex (l, x), where l ∈ {0, . . ., n − 1}, x =

x_0x_1 . . . x_{n−1}, x_i ∈ Z_2, 0 ≤ i ≤ n − 1, is adjacent to the vertex (l + 1, x) and to the vertex (l + 1, x(l)), where x(l) = x_0x_1 . . . x_{l−1}x_lx_{l+1} . . . x_{n−1}.

The edges incident with the vertex (l, x) in BF (n) and inherited from hypercube edges are [(l, x), (l + 1, x(l))] and [(l, x), (l − 1, x(l − 1))]. Similarly as for CCC(n), the graph BF (n) can be oriented as a regular digraph of out- and in-degree 2. Each edge [(l, x), (l+ 1, y)] is replaced by an arc ((l, x), (l + 1, y)). Both oriented versions of BF (n) and CCC(n) are Cayley digraphs on the group which is the wreath product Z_2 ≀ Z_n, i.e. a particular semi-direct product of Z_n by Z^n_2. The elements of this group G are (l, x), where l ∈ Z_n and x = x_0x_1 . . . x_{n−1} with x_i ∈ Z_2 for 0 ≤ i ≤ n − 1. The identity of the group is (0, 0^n). The homomorphism h from the additive group Z_n into the automorphisms of the additive group Z^n_2 used in the semi-direct product is defined by l → {y → σ^l(y)}, where σ(y_0y_1 . . . y_{n−1}) = (y_{n−1}y_0 . . . y_{n−2}), and therefore the product is given by: (l, x)(l^′, x^′) = ( l + l^′, x + σ^l(x^′) ) = ( l + l^′, (x_0 + x^′_{n−l})(x_1 + x^′_{n−l+1}) . . .(x_{n−1} + x^′_{n−l−1}) ) . It is easy to prove the following result.

Lemma 39 [6] The digraph BF (n) is a Cayley digraph Cay(G, S) for S = {(1, 0 . . .0 n ), (1, 1 0 . . .0 n−1 )}. The digraph CCC(n) is a Cayley digraph Cay(G, S^′) for S^′ = {(1, 0 . . .0 n ), (0, 1 0 . . .0 n−1 )}.

By definition, the hypercube H(n), considered as a symmetric digraph, is a quotient of both graphs BF (n) and CCC(n), obtained by contraction using the mapping (l, x) → x and deleting loops. H(n) can also be viewed as the left coset digraph of G with respect to the subgroup H = {(l, 0^n) : l ∈ Z_n} and to S or S^′, H(n) = Cos_l(G, H, S) = Cos_l(G, H, S^′). We will see in the next section what is the right coset graph of G with respect to H and S. We finish this presentation by a few remarks on these digraphs.

Despite the similarity of the digraphs CCC(n) and BF (n), it has been proved only recently that CCC(n) is a subgraph of BF (n) [68].

A generalization of these Cayley digraphs is defined similarly on the wreath product Z_d ≀ Z_n (see [6] and [13]).

There exist other multistage graphs defined in the literature, like the baseline graph and the omega graph, but they are isomorphic to the butterfly graph (see [47] and the references given there).

3.4.3 Group action graphs

We present here mainly the results of [6].

Definition 40 [6] Given a set V and a set Π of permutations on V , the group action graph ( GAG for short) defined by V and Π, and denoted by GAG(V, Π), is the digraph with vertices set V and arcs (x, π(x)), x ∈ V, π ∈ Π. In such a case, we will say that the arc (x, π(x)) is labelled by π. To illustrate this definition, we consider the de Bruijn digraph.

Definition 41 The de Bruijn digraph B(d, n) is the digraph with vertices set V = Z^n_d and arcs set given by E(B(d, n)) = {(x_0x_1 . . . x_{n−1}, x_1 . . . x_{n−1}x_n) : x_i ∈ Z_d, 0 ≤ i ≤ n}.

This digraph is regular of out-degree d, but not vertex transitive (only d vertices, i^n, 0 ≤ i ≤ d − 1, are incident with loops). It has been intensively studied and proposed as a model of parallel architecture. Many of its good properties come from its being an iterated line-digraph (see [47] and references cited here).

For the sake of simplicity here we only consider the binary de Bruijn digraph B(2, n) (see Figure 3.2).

Example 42 The binary de Bruijn digraph of order n, B(2, n), is a GAG, by taking V = Z^n_2 and Π = {π_0, π_1} with

π_0(x_0x_1 . . . x_{n−1}) = x_1 . . .x_{n−1}x_0 and π_1(x_0x_1 . . . x_{n−1}) = x_1 . . . x_{n−1}x_0.

Figure 3.2: Binary de Bruijn digraph: an example of a GAG.

Lemma 43 [6]

(i) Every GAG is regular of out-degree |Π|.

(ii) Every regular digraph is a GAG.

(iii) Every connected GAG is strongly connected.

Proof. (i) is evident by definition. (ii) results from Proposition 76 in Section 5.3. (iii) can be proved by using the fact that a connected GAG has an eulerian circuit. 2

Let Π be a set of permutations on V . We now consider Gr(Π), the group of permutations on V generated by Π, and the Cayley digraph Cay(Gr(Π), Π). The digraph Cay(Gr(Π), Π) is said to be the Cayley digraph associated to GAG(V, Π).

The following theorem shows how GAGs and Cayley digraphs are related. Recall that the stabilizer of a vertex v ∈ V , Stab_{Gr(Π)}(v) = {σ ∈ Gr(Π) : σ(v) = v}, is a subgroup of Gr(Π).

Theorem 44 [6] Every connected GAG(V, Π) is isomorphic to the right coset digraph of G = Gr (Π) with respect to Stab_{Gr(Π)}(v_0) and Π, where v_0 is any vertex of V .

Proof. Following [6], for convenience of notation, we adopt here a different sense for products: π_1 · π_2 is the permutation such that π_1 · π_2(u) = π_2(π_1(u)).

If GAG(V, Π) is connected, then GAG(V, Π) is strongly connected by Lemma 43. This implies that Gr(Π) acts transitively on V since for any vertices u, v of V there exists a path from u to v. If the arcs of this path are labelled from u to v successively by π_1, π_2, . . ., π_l, where π_i ∈ Π, 1 ≤ i ≤ l, then v = π_l(π_{l−1}(· · · (π_1(u)) · · ·)). Therefore, v = g(u) with g = π_1 · π_2 · . . . · π_l, g ∈ Gr(Π) (notice here the order of the product).

Let v_0 be any vertex of V and H = Stab_{Gr(Π)}(v_0). An isomorphism from (G/H)_r to GAG(V, Π) results from the mapping ϕ defined as follows: G −→ V g −→ v_0g = g(v_0). In fact, ϕ(g) = ϕ(g^′) if and only if v_0g = v_0g^′, or gg^{′−1} ∈ H, i.e. Hg = Hg^′. Furthermore, ϕ is surjective since Gr(Π) acts transitively on V . Thus the mapping Hg ∈ Cos_r(G, H, Π) → g(v_0) ∈ GAG(V, Π) is bijective. It is arc preserving since if Hg^′ = Hgπ, then π(g(h(v_0))) = π(g(v_0)) = g^′(v_0) and (g(v_0), g^′(v_0)) is an arc in GAG(V, Π). Conversely we have that any arc (g(v_0), π(g(v_0))) is the image of an arc (Hg, Hg · π) of Cos_r(G, H, Π). 2

Example 45 [6] The binary butterfly digraph BF(n) of dimension n is the Cayley digraph associated to the de Bruijn digraph B(2, n) considered as the GAG of Example 42.

Taking v_0 = 0^n, the mapping ϕ of the proof of Theorem 44 is defined in the case of BF (n) by (l, x_0x_1 · · · x_{n−1}) → x_lx_{l+1} · · · x_{l−1}. Thus, keeping the notation of Lemma 39, the right coset digraph Cos_r(G, H, S), which is a quotient of BF (n), is B(2, n) which is not vertex transitive. Similarly, Cos_r(G, H, S^′) is a non-transitive digraph, different from B(2, n), and called the shuffle-exchange digraph of dimension n (see [6]). This digraph is a subgraph of B(2, n) [68].

To illustrate the interest of the relation between GAGs and Cayley digraphs and the power of algebraic tools, we give an application of the results cited in this section.

Notice that, since Gr(Π) acts transitively on V , all the stabilizers of elements of V are conjugate subgroups of Gr(Π) and therefore are all isomorphic.

Theorem 46 [6] If the group action graph GAG(V, Π) has a subgraph T which is a directed tree, then the Cayley digraph Cay(Gr(Π), Π) contains |Stab_{Gr(Π)}(v_0)| vertex-disjoint directed trees isomorphic to T , where v_0 is any vertex of GAG(V, Π).

Corollary 47 [6] The butterfly digraph BF(n) contains n vertex disjoint copies of a complete directed binary tree of height n − 1.

Proof. This is an easy consequence of Theorem 46, Theorem 44, and Example 42, since the de Bruijn graph B(2, n) contains a complete binary tree of height n − 1. This tree can be easily constructed taking as the root 0^{n−1}1, and adding, for each vertex x_0x_1 . . . x_{n−1} already put in the tree, the two children x_1 . . . x_{n−1}0 and x_1 . . . x_{n−1}1. 2

Corollary 47 was first proved by a complicated purely combinatorial proof (see [6]). We conclude this part with an open problem on group action graphs.

Definition 48 [100] The Kautz digraph K(d, n) is the digraph with vertex set

V = {x_0x_1 . . .x_{n−1} ∈ Z^n_{d+1} : x_i ≠ x_{i+1}, 0 ≤ i ≤ n − 2}

and arc set given by

{(x_0x_1 . . .x_{n−1}, x_1 . . . x_{n−1}x_n) : x_0x_1 . . . x_{n−1} ∈ V, x_n ∈ Z_{d+1}, x_{n−1} ≠ x_n}.

The Kautz digraph K(d, n) is a Cayley digraph if and only if n = 1 or n = 2 and d + 1 is a prime power [30]. For any integers d, n, K(d, n) is regular of out- and in-degree d and strongly d-connected, thus it is a GAG and a coset digraph.

Problem 49 Give an explicit construction of the Cayley digraph Cay(Gr(Π), Π) associated to K(d, n) considered as GAG(V, Π).

Chapter 4

Routing and diameter problems

4.1 Paths and factoring

Let Cay(G, S) be a Cayley digraph and g, g^′ ∈ G two of its vertices. If g^′ = gs_1s_2 . . . s_t with s_i ∈ S, 1 ≤ i ≤ t, then s_1, s_2, . . ., s_t defines a path from vertex g to vertex g^′ with arcs labelled by s_1, s_2, . . ., s_t. It is equivalent to finding a path from g^{−1}g^′ = s_1s_2 · · · s_t to I. Thus, as noticed in [132], to represent an element g in the group Gr(S) as a word written with generators of S, is equivalent to finding a path in the Cayley digraph Cay(G, S) from the vertex I to the vertex g.

Rewriting techniques can be used to find a shortest path between two vertices if the presentation of the group is known [69]. Anyway, a minimal presentation of a finite group can be constructed starting from fundamental cycles in the Cayley graph (see [34] or [140]). Notice that the minimal word problem in groups (for a given element g, find s_1, s_2, . . ., s_t with s_i ∈ S, 1 ≤ i ≤ t, and t minimal) is known to be NP-hard [64] if the set of generators is not fixed in advance (more precisely, this problem is PSPACE-complete [99]).

In the case of permutation groups, the problem of factoring has been studied extensively. Algorithms that have been developed by group theorists for permutation groups can be used. One tool is the Sim’s factorisation ([31], [132]). Let G be a group of permutations on X. A base B is a subset of X such that if g ∈ G satisfies g(β) = β for every β ∈ B, then g = I. Thus any permutation of G is defined by its action on B. Assume B = {β_1, β_2, · · · , β_b} and consider the subgroups G_i of G, G_i = {g ∈ G : g(β_j) = β_j, 1 ≤ j ≤ i + 1}, i = 0, . . ., b − 1. G_i is a subgroup of G_{i−1}. S is said to be a strong generating set relative to the base B if S ∩ G_i generates G_i for any 0 ≤ i ≤ b − 1.

Example 50 [31] Take for G the group of the symmetries of the square generated by S = {s_1, s_2} with s_1 = ⟨1, 2, 3, 4⟩ and s_2 = ⟨2, 4⟩. The order of G is 8. A base is B = {1, 2}, G_0 = Stab_G(1) = Gr(s_2), G_1 = Stab_G(1) ∩ Stab_G(2) = I, and S is a strong generating set relative to B.

Proposition 51 [132] With the notation given above, let U_i be a set of right coset representatives of G_i in G. Then every element of G has a unique representation as a product u_1u_2 · · · u_b, with u_i ∈ U_i, 1 ≤ i ≤ b.

4.2. DIAMETER CALCULATION 25

Sim’s algorithm gives a factorisation of each group element as a unique product of coset representatives. This property is used in [132] to find efficient routing algorithms for Cayley graphs Cay(G, S) such that S is a strong generating set, in particular, for the star graph and the pancake graph.

4.2 Diameter calculation

Let Γ = Cay(G, S) be a Cayley digraph of order n and out-degree d. Since Γ is vertex transitive its diameter can be obtained by constructing a breadth-first search tree from any vertex of the graph, in particular I. Thus, the diameter is the maximum distance d(I, g) from I to a vertex g of the graph. It can be computed in time in O(dn) instead of O(dn^2) for a general digraph.

Let D = Diam(Cay(G, S)) be the diameter of Cay(G, S). Then we can express D as follows: D = max_{g∈G} {min {t : ∃s_1, s_2, . . ., s_t, g = s_1s_2 . . . s_t, s_i ∈ S, ∀i, 1 ≤ i ≤ t}} .

In the case of a Cayley digraph Cay(G, S), where G is a group of permutations, the calculation of d(σ, I) is equivalent to sorting the permutation σ of G using the generators in the minimum number of operations.

According to Cooperman et al. [40] it is important to observe that the computation of the diameter for large groups is more often limited by memory resources rather than by the CPU time. They give the example of the calculation of the diameter of the Cayley graph of the cube 2 × 2 × 2, with 9 generators, which needs 3, 674, 160 nodes to be stored in semiconductor memory. They succeed with 8 megabytes using techniques from [39] against 80 megabytes in a method using simple breadth-first search to construct a spanning tree for the graph.

4.3 Diameter of particular graphs

For transposition graphs we have the following theorem.

Theorem 52 [3] If the transposition graph T (S) is a tree, then Γ = Cay(Gr(S), S) satisfies

Diam(()Γ) ≤ max_{π∈Gr(S)}{c(π) − n + n∑ i=1 δ(i, π(i))}, where δ is the distance in the tree T (S), and c(π) is the number of cycles in the permutation π on {1, 2, . . ., n}. This can be made precise for the star graph and the bubble sort graph.

Proposition 53 [1] [103] The diameter of the star graph ST(n) is ⌈3(n − 1)/2⌉ for n ≥ 3. The diameter of the bubble sort graph BS(n) is n(n − 1)/2.

Despite the similarity between the star and pancake graphs, the diameter of the pancake graph PR(n) is unknown for n > 13 (for example, the diameter of PR(13) is 15). This problem is known as the pancake flipping problem. There exist bounds given by Gates and Papadimitriou.

Proposition 54 [76] The diameter of the n-pancake graph PR(n) satisfies

Diam(PR(n)) ≤

5n + 5 3 for all n, and Diam(PR(n)) ≥ 17n 16 for infinitely many n.

A generalization of this problem to burnt pancakes has been studied in [91]. A vertex in the burnt pancake graph is a signed permutation (a_1, a_2, . . ., a_n), where a_i ∈ X or −a_i ∈ X. It is conjectured that the furthest vertex from I (or equivalently the hardest to sort permutation) is −I with −I = (−1, −2, . . ., −n). If this is true, results of [91] give an upper bound equal to 3(n + 1)/2 for all n congruent to 3mod(12) which is better than the one of proposition 54. D. Cohen and M. Blum have shown that −I(n) can be sorted in^{23}_{14} n = 1.63n steps. The problem is also to find the furthest vertex from I in the n-pancake graph. M. Heydari and H. Sudborough also showed that the problem of deciding, given two vertices x and y in the pancake graph and an integer k, whether there is a path of length k connecting x and y, is NP-complete [91].

It should be noted that it can even be difficult to compute the diameter of Cayley (di )graphs on additive groups, as proves the study of circulant (di )graphs (also called multiple loop networks), which are Cayley (di)graphs defined on Z_n (see the survey [18] and references given here).

In [13] and [5], relationships are established between the diameter of a Cayley graph and the diameter of a subgraph and of a coset graph.

4.4 (Δ;D)-graphs

In this part we only consider graphs. The design of interconnection networks comes up against two fundamental constraints: the number of connections for every node is limited, and the number of intermediate nodes on a communication path must be small, in order for the time to broadcast information to be acceptable. This is translated in graph theory as follows.

Problem 55 ((Δ, D)-problem) [61] Find graphs with the maximal number of vertices with given constraints on the maximum degree Δ and the diameter D.

This problem has been intensively studied in the last fifteen years (see, for example, [19], [56] and the references given there).

A (Δ, D)-graph is defined as a graph of maximum degree Δ and diameter D. Following [47], we denote by N(Δ, D) the maximum order of a (Δ, D)-graph. The only known bound on N(Δ, D) is the Moore bound. This bound is obtained by calculating the maximum number of vertices at distance 0, 1, . . ., D from one vertex.

Proposition 56 [113] N(Δ, D) ≤ 1 + Δ + Δ(Δ − 1) + · · · + Δ(Δ − 1)^{D−1}, thus N(Δ, D) = (Δ(Δ − 1)^D − 2)/(Δ − 2) for Δ ≥ 3 and N(2, D) ≤ 1 + 2D.

Graphs which attain the bound are called Moore graphs.

4.4. (Δ, D)-GRAPHS 27

Theorem 57 [10, 43, 96] Moore graphs exist only for:

Δ = 2: cycles C_{2D+1};

D = 1: complete graphs K_{Δ+1};

D = 2 and Δ = 3: Petersen graph;

D = 2 and Δ = 7: Hoffman-Singleton graph (a vertex-transitive graph with 50 vertices);

and, perhaps, for D = 2 and Δ = 57 (if such a graph exists it has 3250 vertices and is not vertex transitive).

Furthermore, apart from Moore graphs, the only graphs known to be optimal are (3, 3) , (4, 2)- and (5, 2)-graphs with 20, 15, and 24 vertices, respectively. Except for the cycle of length 4, N(Δ, D) is not equal to the Moore bound minus 1. In the absence of good bounds, researchers are running a race to construct ever “better” (Δ, D)-graphs. A table of large (Δ, D) graphs is regularly updated by C. Delorme ([20], see Table given in [56]). The constructions are mostly algebraic ones, using Cayley graphs, coset graphs and compounds (see [51]). For some values of (Δ, D), the best graphs presently known are Cayley graphs. In this case the problem splits into two parts: choice of the group and then choice of the generating set.

With experimental computing the nine authors of [33] have found small diameter Cayley graphs constructed from linear groups. Their experiment gives no method except the fact that abelian groups are to be avoided in this kind of problem. They use a particular kind of matrix groups and fix the cardinality of the generating set. The diameter is then computed by repeated random choices of the generating set using the expression for the diameter given in Section 4.2. The bounds given in [33] have been improved by constructions of M. Dinneen and P. R. Hafner [56] which use semidirect products of cyclic groups Z_n. For example, they obtain more than 30 entries of Delorme’s table by taking a semidirect product of Z_m with Z_n of the type

[x, y] ×_a [u, v] = [(x + u)mod(m), (ya^u + v)mod(n)].

In particular, with m = 15, n = 77, a = 4 and S = {[6, 2], [9, 5], [10, 9], [5, 24]}, they construct a (4, 7)-graph with 1155 vertices. Recently, M. Sampels obtained better constructions by using abstract presentations of groups. In the article [131], the use of abstract presentations of groups is explained, and presentations of (new) graphs are given with the following values of (Δ, D, N): (4, 10, 17316), (6, 5, 1344) and (4, 8, 3080). The value (4, 10, 17316) is now updated to (4, 10, 17525) by O. Delmas [48] ; F. Comellas and M. Mitjana have also a construction for the value (8, 3, 253) [37].

The results of a simulation study about the practical use of degree/diameter-graphs as communication networks are presented in [129]. Since then, using the technique above and genetic algorithms on metacyclic groups, the following values of (Δ, D, N) were obtained by M. Sampels [130]: (8, 3, 253), (5, 4, 210), (7, 4, 672), (5, 5, 546), (6, 5, 1395), (5, 8, 15990), (4, 10, 17535).

A table on this problem with details on all the graphs can be found on the WWW at

http://maite71.upc.es/grup_de_grafs/table_g.html

Let us note that similar work exists for bipartite graphs and digraphs. The Moore bounds for these classes of graphs are only reached for small degrees or small diameters (see [47]); F. Comellas and M.A. Fiol found some vertex-symmetric digraphs with small diameter (see [36]). Also, some good non-symmetric (Δ, D) digraphs are known, like Kautz digraphs (see Definition 48 and results cited in [47]) or Cyclic prefix digraphs which are based on coset digraphs [65].

Cayley graphs of non-solvable groups, in particular non-abelian simple groups (groups without nontrivial normal subgroup) are considered by many authors as producing good interconnection networks. This is a field which is of interest also to group theorists.

Theorem 58 [8] There exists a constant c such that every non-abelian simple group has a set S of at most seven generators for which the diameter of the Cayley graph Cay(G, S) is at most c log_2(|G|).

It is proved in [5] that this property is not true for Cayley graphs of abelian groups. On the other hand, it is conjectured that a general bound exists in the non-abelian case:

Conjecture 59 [9] There exists a constant c such that for every non-abelian finite simple group G and any generating set S, Diam(Cay(G, S)) ≤ (log_2(|G|))^c.

4.5 Diameter vulnerability

It is of practical importance to know what is the diameter of the resulting digraph after faulty vertices (or edges) have been deleted from a digraph. A first result of this kind concerns the hypercube.

Theorem 60 [47] Every pair of vertices of the hypercube H(n) is connected by n − 1 paths of length at most n and a path of length at most n + 1, all these paths being internally vertex disjoint.

Thus after deleting at most n − 1 vertices, the diameter of the resulting graph is at most n + 1, i.e. increases by at most 1. But Theorem 60 gives more than the value of the diameter of the graph obtained after deleting faulty vertices, since it bounds the length of parallel paths between any two vertices.

Different generalizations of the diameter can be found in the literature in order to measure the diameter after deleting vertices, such as the notions of fault-diameter and wide-diameter (see [101] and the survey of Hsu [98]). We give here some definitions and results from [98].

Definition 61 Let k and κ be two integers, k ≤ κ. Let Γ be a κ-connected graph, and x and y two distinct vertices.

• The k-fault diameter of Γ, denoted by D_k(Γ), is the maximum of the diameters of the graphs obtained from Γ after deleting any set of k − 1 vertices.

• The k-distance d_k(x, y) between x and y is equal to the least number l such that there exist k vertex-disjoint paths between x and y whose lengths are at most l.

• The k-diameter of Γ, Diam(k)Γ, is the maximum of the k-distances d_k(x, y) taken over all distinct pairs x, y.

Notice that D_1(Γ) = Diam(1)Γ = Diam(Γ). By Menger’s theorem, if a graph Γ is κ-connected then, for k ≤ κ, its k-diameter and its k-fault diameter are well defined and finite.

4.5. DIAMETER VULNERABILITY 29

If Γ is a k-connected graph, its k-diameter is also called its wide-diameter and is denoted by wdiam(Γ), and its k-fault diameter is simply called fault diameter. It is easy to see that

Diam(Γ) ≤ D_k(Γ) ≤ wdiam(Γ).

Graphs with small wide-diameter and large connectivity are desirable because they enable fast communication using parallel paths between two vertices. A graph with connectivity k is said to be strongly resilient if wdiam(Γ) = Diam(Γ) + O(1). For a k-regular, k-connected graph Γ it is known that

wdiam(Γ) ≥ Diam(Γ) + 1.

In this case wdiam(Γ) = Diam(Γ) + 1 is optimal. Thus by Theorem 60, the hypercube H(n) which is n-regular, n-connected and has wide-diameter equal to n + 1, is optimal in this sense. Notice that this is not the case for every Cayley graph, since, for the cycle C_n, which is 2-regular and 2-connected, the wide-diameter is equal to n − 1 and the fault diameter is equal to n − 2. Thus it is interesting to know which graphs, and in particular which Cayley graphs, are strongly resilient.

The star graph is strongly resilient like the hypercube. The diameter of the resulting graph after deleting at most n − 1 vertices from the star graph ST(n) increases by at most one for n ≥ 7 (see [121] and [104]). Furthermore, between two vertices x and y of ST(n), there exist n − 1 paths of length d(x, y) or d(x, y) + 2 or d(x, y) + 4 [45].

The generalized hypercubes (defined as cartesian products of complete graphs) are also strongly resilient [60].

The same notion of wide-diameter can be defined for digraphs and some results have been obtained for particular Cayley digraphs, proving that there are optimal. For example, Hsu proved that if Γ is the circulant digraph Cay(Z_an, {1, a, a^2, . . ., a^{n−1}}), then wdiam(Γ) ≤ Diam(Γ) + 1. It can be noticed that in the case of the multidimensional torus, the undirected case is more complicated than the directed one [98].

To finish this section we give some related questions and results.

• The results on the wide-diameter of de Bruijn and Kautz digraphs (which are quotients of Cayley digraphs, see Section 3.4.3) extend to iterated line digraphs (see [115] and references given there).

• It can be interesting to know the connectivity under forbidden faulty sets (for example, the neighborhood of any vertex) so that more faults are supported without increasing the diameter too much. In [120] it is proved that any set of 2n − 5 vertices not containing all the neighbors of some vertex can be deleted from the star graph ST(n), and the resulting diameter is at most increased by 2. The same property is true for hypercubes [123].

• One can relax the condition on the diameter in order to find better algorithms. For example, Q. Gu et S. Peng [84] give linear time algorithms for finding paths in the faulty hypercube H(n) obtained by deleting (n − 1) arbitrary vertices, and in the faulty star graph ST (n) after deleting (n − 2) arbitrary vertices. They obtain in particular a path of length at most Diam(ST(n)) + 3 between any two non-faulty vertices of ST(n) in O(n) time.

• Given a strongly connected digraph Γ, a routing R (see definition in Chapter 5) and a set F of faults (arcs and vertices), the surviving routing digraph S(Γ, R, F ) is defined as the digraph with vertex set the non-faulty vertices of Γ, and in which (x, y) is an arc if and only if the path R(x, y) does not contain any element from F [57]. The diameter of S(Γ, R, F ) gives the maximum number of retransmissions needed to insure the communication between two nodes of the network after failure. It is interesting to find routings R such that Diam(S(Γ), R, F ) is small. Some results are known for particular Cayley graphs, like hypercubes and some circulant digraphs [63].

Chapter 5

Indices of routings

In this section, we study loads on vertices and arcs induced by routings in digraphs. Following [35], we define a routing as follows.

For a given (strongly) connected (di)graph Γ of order n, a routing R is defined as a set of n(n − 1) simple (di)paths R(x, y), specified for every ordered pair (x, y) of vertices in Γ, such that R(x, y) joins x to y. A partial routing is any subset of a routing.

5.1 Types of routings

Different types of routings can be considered. We define some of them below. These types of routings have interesting properties and are often used in practice.

A routing R is said to be:

(a) of shortest paths or minimal if, for any two vertices x and y, the path R(x, y) is a path of shortest length between x and y;

(b) symmetric if, for any two vertices x and y, the path R(y, x) is the reverse of the path R(x, y);

(c) consistent if, for any two vertices x and y and for each vertex z belonging to the dipath R(x, y), the dipath R(x, y) is the concatenation of the dipaths R(x, z) and R(z, y).

Example 62 Let Γ be the cycle C_4 with vertices labeled by Z_4. We illustrate the above definitions by considering some routings on Γ.

A routing R such that R(0, 3) = (0, 1, 2, 3) and R(0, 2) = (0, 3, 2) is not consistent. Notice that since the diameter is equal to 2, any routing of shortest paths is consistent.

Consider R_1 such that R_1(i, j) is the path from i to j following a chosen direction of the cycle. More precisely, R_1(0, 1) = (0, 1), R_1(0, 2) = (0, 1, 2), R_1(0, 3) = (0, 1, 2, 3). R(i, j) is obtained from R(0, j − i) by applying the translation x → x + imod(4). R_1 is not a routing of shortest paths and is not symmetric, but it is consistent.

We define R_2 such that R_2(0, 2) = (0, 1, 2), R_2(2, 0) = (2, 1, 0), R_2(1, 3) = (1, 2, 3), R_2(3, 1) = (3, 2, 1), and if i and j are adjacent, R_2(i, j) = (i, j). R_2 is a symmetric routing of shortest paths.

5.2. VERTEX-FORWARDING INDEX 31

We define R_3 such that R_3(0, 2) = (0, 1, 2), R_3(2, 0) = (2, 3, 0), R_3(1, 3) = (1, 2, 3), R_3(3, 1) = (3, 0, 1), and if i and j are adjacent, R_3(i, j) = (i, j). R_3 is a routing of shortest paths but it is not symmetric.

5.2 Vertex-forwarding index

For a given digraph Γ, a vertex x of Γ and a specified routing R, the load of x, denoted by ξ(Γ, R, x), is the number of dipaths of R going through x. The vertex-forwarding index ξ(Γ, R) is the maximum number of dipaths of R going through a vertex of Γ. The minimum of ξ(Γ, R) over all possible routings R of Γ is denoted by ξ(Γ) and is called the vertex-forwarding index of Γ or for short the forwarding index of Γ:

ξ(Γ) = min_R ξ(Γ, R).

The minimum of ξ(Γ, R) over all possible routings of shortest paths R of a strongly connected digraph Γ is called the minimal forwarding index of Γ and is denoted by ξ_m(Γ).

Example 63 Let us consider the routings defined in Example 62 on the graph C_4. We have:

ξ(Γ, R_1, x) = 3 for any vertex x, and ξ(Γ, R_1) = 3;

ξ(Γ, R_2, 1) = ξ(Γ, R_2, 2) = 2, ξ(Γ, R_2, 0) = ξ(Γ, R_2, 3) = 0, ξ(Γ, R_2) = 2;

ξ(Γ, R_3, x) = 1 for any vertex x, and ξ(Γ, R_3) = 1;

thus ξ(Γ) = ξ_m(Γ) = ξ(Γ, R_3) = 1.

Since forwarding indices were first defined in graphs [35], most of the results in the literature are given for graphs instead of digraphs, but they can often be easily extended to digraphs [111]. Nevertheless, we give here most of the results for graphs as they appear in the literature.

To compute ξ(G) for an arbitrary graph is difficult as shows the complexity of the following problem.

Problem 64 (FI (Forwarding Index problem)) Instance: A graph Γ and an integer k. Question: ξ(Γ) ≤ k ?

Theorem 65 [122] FI is NP-complete.

It has been shown that there are graphs for which the forwarding index is obtained neither for a minimal nor for a symmetric routing. For example, the forwarding index of wheels cannot be obtained for minimal routings [35], and the forwarding index of cycles of even length cannot be obtained for symmetric routings [94].

Similarly, we define the problems SFI (symmetric FI), MFI (minimal FI), as the above problems when the considered routings are restricted to symmetric routings, and routings of shortest paths, respectively.

Theorem 66 [122] SFI is NP-complete.

The problem FI is still NP-complete for graphs of diameter 2. By contrast:

Proposition 67 [93] MFI is polynomial for graphs of diameter 2.

The preceding results show how important it is to find classes of graphs for which the forwarding index can be easily calculated. The following proposition gives bounds on ξ(Γ) and characterizes the routings for which the lower bound is attained.

Proposition 68 [35] Let Γ be a simple connected graph of order n. Then

(i)^1_n ∑ u ∑ v≠u(d(u, v) − 1) ≤ ξ(Γ) ≤ ξm(Γ) ≤ (n − 1)(n − 2). (ii) The equalities ξ(Γ) = ξ_m(Γ) =^1_n ∑ u ∑ v≠u(d(u, v) − 1) hold if and only if there exists a routing

of shortest paths in Γ for which the load of all vertices is the same.

The proof given in [35] works also for digraphs. This proposition shows how interesting are the graphs in which there exists a routing of shortest paths which loads all vertices of Γ uniformly, in which case ξ(Γ) has the lowest possible value, given by^1_n ∑ u ∑ v≠u(d(u, v) − 1). The next theorem

proves that Cayley digraphs form such a class of digraphs.

Theorem 69 [93] In any Cayley digraph Γ = (V, E), there exists a consistent routing of shortest paths in which the load of every vertex u, and therefore also the vertex forwarding index, is equal to ∑ v∈V,v≠u d(u, v) − (n − 1).

Proof. Let Γ = Cay(G, S) be a Cayley digraph and consider an order of S, S = s_1, s_2, . . ., s_d, with s_1 < s_2 < . . . < s_d. This induces a lexicographic order on the dipaths of shortest length from x to y, for any two different vertices x and y of Γ. The dipath ρ = x_0x_1 . . . x_l is smaller than the dipath ρ^′ = y_0y_1 . . .y_l (x_0 = y_0 = x and x_l = y_l = y) if there exists i, 1 ≤ i < l, such that

x_k = y_k for 0 ≤ k < i, and x^{−1}_{i−1}x_i < y^{−1}_{i−1}y_i.

For any two vertices x and y of Γ, define R(x, y) to be the smallest dipath (for the induced order) of shortest length among all dipaths of shortest length from x to y.

It is easy to verify that the routing R is consistent. If R(x, y) = xx_1 . . .x_{l−1}y, the path xx_1 . . .x_i, 1 ≤ i < l, has length d(x, x_i) since R(x, y) is of shortest length. Moreover, it is a smallest path for the order, otherwise x_0x_1 . . .x_l would not be a smallest path. Thus R(x, x_i) = x_0x_1 . . .x_i. Similarly, R(x_i, y) = x_i . . .x_{l−1}y and R(x, y) is the concatenation of R(x, x_i) and R(x_i, y).

Let us now prove that the number of paths of the routing going through any vertex is a constant. Consider the regular subgroup of translations of Aut(Γ), F = {f_a : a ∈ G}, as defined before Theorem 2. For any two vertices x and y of Γ, there exists a unique a ∈ G such that f_a(x) = y. Notice that an arc labeled by s ∈ S is transformed by f_a into an arc with the same label, since xs = y implies axs = ay (the associativity of the law is here important). Thus any path R(u, v) going through x is transformed by f_a into a path of shortest length from au to av which is, moreover, a smallest path, i.e. the path R(au, av), which goes through y. Therefore, by symmetry, ξ(Γ, R, x) = ξ(Γ, R, y). We can then finish by Proposition 68. 2

In order to appreciate the strength of this property of Cayley graphs, observe that a class of graphs is constructed in [93] for which the vertex forwarding index is not given by a consistent routing of shortest paths. Thus it is worth considering the following problems.

Problem 70 [93] For which digraphs Γ does there exist a consistent routing R such that ξ(Γ) = ξ(Γ, R) ? Problem 71 [93] For which digraphs Γ does there exist a consistent routing of shortest paths R such that ξ_m(Γ) = ξ(Γ, R) ?

The following conjecture has attracted many researchers for the last ten years without a complete success.

Conjecture 72 [94] In any vertex-transitive graph Γ = (V, E), there exists a routing of shortest paths in which the load of every vertex u, and therefore also the vertex-forwarding index, is equal to ∑ v≠u d(u, v) − (n − 1).

The next two sections present the major results obtained so far on this conjecture.

5.3 Quasi-Cayley digraphs

We now present the theory of quasi-Cayley (di)graphs as given by G. Gauyacq in [79] and [78]. The class of quasi-Cayley graphs is a new class of vertex-transitive graphs which contains the class of Cayley graphs, and which satisfies Conjecture 72.

Definition 73 A quasigroup Q is a set of elements and a binary operation denoted as a product such that

(i) for every ordered pair (a, b) of elements of Q the product a · b exists and belongs to Q;

(ii) for every ordered pair (a, b) of Q there exists a unique element x ∈ Q such that a · x = b;

(iii) for every ordered pair (a, b) of Q there exists a unique element y ∈ Q such that y · a = b.

By definition, the multiplication table of the binary operation of a quasigroup is a latin square. Notice that an associative quasigroup is a group [54].

Example 74 [79] Take Z_2 × Z_5 and the binary operation defined for any a, c ∈ Z_2 and b, d ∈ Z_5 by (a, b) · (c, d) = (a + c, b + 2^ad), where 2^0 = 1 and 2^1 = 2. Then (Z_2 × Z_5, ·) is a quasigroup.

In the following, we denote for short by Q the quasigroup (Q, .) and omit the dot · in the products if no confusion can arise.

Definition 75 Let Q be a quasigroup and let S be a subset of Q. The quasigroup digraph QD(Q, S) is defined as the digraph with vertex set Q and arcs (g, g · s), g ∈ Q, s ∈ S.

The digraph QD(Q, S) is regular since for every vertex g ∈ Q, d^+(g) = |S|, and by property (iii) of the definition d^−(g) = |S|. By property (ii) of the definition, a quasigroup digraph has no multiple arc.

Proposition 76 [54] A digraph Γ = (V, E) is regular if and only if it is a quasigroup digraph.

This notion is similar to the notion of group action graph (GAG) defined in Section 3.4.3. Every quasigroup digraph QD(Q, S) is a GAG(Q, Π) with Π = {x → x · s, s ∈ S}. Conversely, every GAG without multiple arc is a quasigroup digraph [79].

Quasi-Cayley digraphs are particular quasigroup digraphs defined as follows.

Definition 77 A subset S of Q is said to be right associative if for any two elements a and b of Q, a · (b · S) = (a · b) · S. Definition 78 A subset S of Q is said to generate Q if, for any element g of Q, there exist elements s_1, s_2, . . ., s_t of S such that g = (. . . ((s_1 · s_2) · s_3) . . .) · s_t.

Definition 79 An element I of Q is a right unit if a · I = a for any a ∈ Q.

Definition 80 Given a quasigroup Q with a right unit and a subset S of Q which is right associative, the quasigroup digraph QD(Q, S) is called a quasi-Cayley digraph.

We list below some easily obtained properties of any quasi-Cayley digraph QD(Q, S).

• If S generates Q, then QD(Q, S) is strongly connected. For this, one can construct a path from I to every element g, using the facts that g is a product of elements of S and that S is right associative. Similarly, a path from every element g to I can be obtained, using the existence of g^′ such that gg^′ = I, with g^′ a product of elements of S.

• If the right unit I does not belong to S, QD(Q, S) has no loop. If furthermore Q is a group, then the quasi-Cayley digraph QD(Q, S) is the same as the Cayley digraph Cay(Q, S). Thus any Cayley digraph is a quasi-Cayley digraph.

• If S has the property that for any s ∈ S, the element s^′ which satisfies ss^′ = I (see property (ii) of Definition 73) belongs to S, then QD(Q, S) is a graph. For this, assume (u, v) is an arc of QD(Q, S), then v = us. Consider s^′ ∈ S such that ss^′ = I. Since S is right associative, there exists s^{′′} such that u(ss^′) = (us)s^{′′}. This implies u = uI = u(ss^′) = (us)s^{′′} = vs^{′′}, therefore (v, u) is an arc of QD(Q, S).

Example 81 [79] The Petersen graph is a quasi-Cayley graph which is not a Cayley graph. Indeed, taking Q as defined in Example 74 and S = {(0, 1), (1, 0), (0, 4)}, QD(Q, S) is the Petersen graph. Since it is well known that the Petersen graph is not a Cayley graph, this proves that not every quasi- Cayley digraph is a Cayley digraph.

G. Gauyacq also proved that the Hoffman-Singleton graph and the metacirculant graphs are quasi- Cayley graphs, but that some Kneser graphs and some Johnson graphs, are not quasi-Cayley graphs. In particular the line-graph of K_n for n even and n > 5, is not a quasi-Cayley graph [79].

In the following we assume that S generates Q, and we give some properties of quasi-Cayley digraphs which generalize properties of Cayley digraphs.

Proposition 82 [79] Any quasi-Cayley digraph is vertex-transitive.

Proof. Let QD(Q, S) be a quasi-Cayley digraph. As for Cayley digraphs, every element a ∈ Q defines an automorphism f_a of QD(Q, S) by f_a(x) = ax. This is a consequence of property (ii) of Definition 73 and the fact that S is right associative. Furthermore, the set F = {f_a, a ∈ Q} acts regularly on Q by property (iii) since, for any two elements x and y of Q, there exists a unique element a of Q such that ax = y, i.e. f_a(x) = y. 2

As for Cayley digraphs, regular automorphisms characterize quasi-Cayley digraphs as is shown by Theorem 84 which generalizes Theorem 2.

Definition 83 [79] A regular family of a digraph Γ = (V, E) is a subset F of the automorphism group Aut(Γ) which acts regularly on V , i.e. for any two vertices x and y of Γ there exists a unique automorphism f ∈ F such that f(x) = y.

Theorem 84 [79, 78] A strongly connected digraph Γ = (V, E) is a quasi-Cayley digraph if and only if Aut(Γ) contains a regular family on V .

Proof. We only give a sketch of the if part of the proof. Assume Γ = (V, E) is a strongly connected digraph and F a regular family of Γ. Let V = {1, 2, . . ., n} and define f_i as the unique element of F such that f_i(1) = i, 1 ≤ i ≤ n. A binary operation · is defined on V by i · j = f_i(j). It can be easily verified that (V, ·) is a quasigroup. Since by definition f_i(1) = i · 1 = i, 1 is a right unit.

Let S be the set of the out-neighbours of 1, i.e. the vertices u of V such that (1, u) ∈ E. One can verify that S is right associative and generates V (using the existence of a dipath from 1 to every element of V ). Finally, (u, v) ∈ E ⇔ (f^{−1}_u (u), f^{−1}_u (v)) ∈ E ⇔ (1, f^{−1}_u (v)) ∈ E ⇔ f^{−1}_u (v) ∈ S ⇔ v = f_u(s) = u · s, s ∈ S. 2 As for Cayley graphs, products of quasi-Cayley graphs are quasi-Cayley graphs.

Proposition 85 [79] If Γ_1 and Γ_2 are two quasi-Cayley digraphs, then the cartesian product, the weak product and the lexicographic product of Γ_1 and Γ_2 are also quasi-Cayley digraphs.

Proof. Consider a regular family F_i ⊆ Aut(Γ)_i of Γ_i, i = 1, 2. Given f_i ∈ F_i, i = 1, 2, define the mapping f on V_1 × V_2 by f(x_1, x_2) = (f_1(x_1), f_2(x_2)). It is easy to see that f is an automorphism for any of the three products and that {f : f_1 ∈ F_1, f_2 ∈ F_2} is a regular family of the product. 2

In [79], G. Gauyacq characterizes the quasi-Cayley graphs with the notion of quasi-normal subgroup.

Definition 86 [79] A subgroup H of a group G is said to be quasi-normal if there exists a common system of left coset representatives of H and all its conjugate subgroups gHg^{−1} for g ∈ G.

Theorem 87 [79] Let Γ be a vertex transitive graph, and H the subgroup of Aut(Γ) which is the stabilizer Stab_{Aut(Γ)}(u) of any fixed vertex u of Γ. Then Γ is a quasi-Cayley graph if and only if H is a quasi-normal subgroup of Aut(Γ).

Other properties of quasi-normal subgroups can be found in [79]. Finally, we give the theorem which motivates all this study.

Theorem 88 [79, 78] In any quasi-Cayley digraph there exists a routing of shortest paths in which the load on every vertex is the same.

Proof. We only give the idea of the proof. It is similar to that of Theorem 69 except that we cannot define the routing so easily and insure that it is consistent.

Let Γ = QD(Q, S) be a quasi-Cayley digraph. The idea is to consider a partial routing R^′ consisting of paths of shortest length from the vertex I (the right unit) to any vertex u of Γ, {R^′(I, u) : u ∈ Q, u ≠ I} . Consider the regular family F of Aut(Γ), F = {f_x, x ∈ Q}, as defined after Proposition 82. In particular, f_x(I) = xI = x for any x ∈ Q. Since the image by f_x of a dipath of shortest length P is a dipath of shortest length, denoted by f_x(P ), a routing R can be defined by

R(x, y) = f_x(R^′(I, f^{−1}_x (y)))

for any two vertices x and y (notice that R(I, y) = f_I (R^′(I, f^{−1}_I (y))) can be different from R^′(I, y) since I is not assumed to be a left unit). Then R = {f_x(R^′(I, u)) : x ∈ Q, u ∈ Q, u ≠ I}. It can then be proved that the number of paths of the routing R going through any vertex is a constant. 2

5.4 Digraphs with regular orbits

G. Gauyacq has defined another class of vertex transitive graphs which strictly contains quasi-Cayley graphs and satisfies Conjecture 72. Our presentation differs a little from [79] (stating results for digraphs), but all the results and ideas come from it. To understand the definition of this class, recall that in the proof of Theorem 88, the key point is the uniform load induced on a vertex by a well chosen subset of paths obtained by automorphisms. Thus the idea is to consider a subset of R consisting of paths between vertices at the same distance and such that these paths can be obtained from one of them by applying automorphisms. This leads to the notion of V × V orbit.

Definition 89 Let Γ = (V, E) be a strongly connected vertex-transitive digraph, and k ≤ Diam(Γ). A k-orbit Ω of Γ is a subset of V × V such that

(i) there exists (u, v) ∈ Ω with d(u, v) = k;

(ii) for every (u^′, v^′) ∈ V × V , (u^′, v^′) ∈ Ω if and only if there exists g ∈ Aut(Γ) such that g(u) = u^′ and g(v) = v^′.

5.4. DIGRAPHS WITH REGULAR ORBITS 37

Since the distance between vertices is unchanged by automorphisms, d(u^′, v^′) = d(u, v) = k for every (u^′, v^′) in a k-orbit. Thus a k-orbit is an orbit for the action of the group Aut(Γ) on V × V consisting of ordered pairs of vertices (u^′, v^′) at distance k. Therefore V ×V is partitioned into k-orbits.

Lemma 90 Let Ω be a k-orbit. Then:

(i) For any vertex u ∈ V , there exists v ∈ V such that (u, v) ∈ Ω.

(ii) For any vertex u ∈ V , the number of vertices v ∈ V such that (u, v) ∈ Ω is independent of the choice of u; let α(Ω) be this number.

(iii) |Ω| = |V | × α(Ω).

Proof. (i) Since Γ is vertex-transitive, for any u^′ ∈ V there exists an automorphism f and a vertex v^′ such that f(u) = u^′, f(v) = v^′ and (u^′, v^′) ∈ Ω.

(ii) Let (u, x_1), (u, x_2), . . ., (u, x_p) be the elements of Ω whose first coordinate is u. Given any (u^′, v^′) ∈ Ω, there exists g ∈ Aut(Γ) such that g(u) = u^′ and (u^′, g(x_1)), (u^′, g(x_2)), . . ., (u^′, g(x_p)) are all in Ω. Thus |{v : (u, v) ∈ Ω}| ≤ |{v^′ : (u^′, v^′) ∈ Ω}| and by symmetry, |{v : (u, v) ∈ Ω}| = |{v^′ : (u^′, v^′) ∈ Ω}|. (iii) The equality |Ω| = |V | × α(Ω) comes from facts (i) and (ii). 2

Proposition 91 [79] Let Γ be a vertex-transitive digraph and Ω a 2-orbit of Γ. Then there exists a partial routing {R(u, v) : (u, v) ∈ Ω}, consisting of shortest paths between the couples of vertices of Ω, which loads uniformly all vertices of Γ.

Proof. Consider a bipartite graph B in which one class consists of Ω and the other, denoted by Y , consists of the ordered pairs (x, i), where x ∈ V and i is any integer ∈ {1, . . ., α(Ω)}. Notice that |Ω| = |V | × α(Ω) = |Y |. An edge connects (u, v) ∈ Ω with (x, i) if and only if d(u, x) = d(x, v) = 1. B is regular, thus it contains a perfect matching. Let R(u, v) = (u, s, v) if (u, v) is matched with (s, i). The load of any vertex s is then equal to α(Ω), since s belongs to the paths connecting the α(Ω) ordered pairs (u, v) matched respectively with (s, 1), (s, 2), . . ., (s, α(Ω)). 2

The following corollary shows that Conjecture 72 is true for vertex-transitive digraphs of diameter 2. Corollary 92 [79] If Γ is a vertex-transitive digraph of diameter 2, then there exists a routing of shortest paths which loads uniformly all vertices of Γ.

We turn now to the general case.

Definition 93 [79] A k-orbit Ω is said to be regular if, for every (u, v) ∈ Ω, there exists a shortest path u, s_1, s_2, . . ., s_k = v and a subset F of Aut(Γ) such that

(i) for every (u^′, v^′) ∈ Ω, there exists a unique f ∈ F such that f(u) = u^′ and f(v) = v^′;

(ii) for any i, 1 ≤ i ≤ k − 1, and for any x ∈ V , the number of f ∈ F such that f(s_i) = x depends only on Ω.

Let Ω be a regular k-orbit. By property (i) of Definition 93, |Ω| = |F |. By the property (ii) of the definition, let β(Ω) be the number of f ∈ F such that f(s_i) = x for any i, 1 ≤ i ≤ k − 1, and for any x ∈ V . Let (u, x_1), (u, x_2), . . ., (u, x_p), with p = α(Ω), be the elements of Ω with first coordinate u. Consider t such that (s_1, t) ∈ Ω. There exist β(Ω) automorphisms f ∈ F such that f(s_1) = u so that f(t) ∈ {x_1, x_2, . . ., x_p} and by property (i), {f(t), f ∈ F } = {x_1, x_2, . . ., x_p}. Thus β(Ω) = α(Ω), i.e. the number of v ∈ V such that (u, v) ∈ Ω for any u ∈ V .

We first give the result which justifies Definition 93, before defining a new class of vertex-transitive digraphs.

Lemma 94 [79] If Ω is a regular k-orbit, then there exists a partial routing R_Ω defined on Ω for which the load of all the vertices of the digraph Γ is the same.

Proof. Define R_Ω by R_Ω(u, v) = u, s_1, s_2, . . ., s_k with s_k = v, and for any (u^′, v^′) ∈ Ω R_Ω(u^′, v^′) = f(R_Ω(u, v)), where f is the unique automorphism of F such that f(u) = u^′ and f(v) = v^′. Thus the partial routing R_Ω is the collection of paths f(R_Ω(u, v)), f ∈ F . To calculate the load of any vertex x by R_Ω, consider the number of times x is in position i on a path f(R_Ω(u, v)). By property (ii) of Definition 93, this is exactly α(Ω). Thus the load of the vertex x by R_Ω is equal to (k − 1) times α(Ω) and is independent of x. 2

From Lemma 94, it is easy to get:

Corollary 95 [79] If Γ is a vertex-transitive digraph in which all k-orbits are regular for 1 ≤ k ≤ Diam(Γ), then there exists a routing of shortest paths which loads uniformly all vertices of Γ.

Proposition 96 [79] In any quasi-Cayley digraph, all k-orbits are regular.

G. Gauyacq gives some examples of vertex-transitive digraphs in which all k-orbits are regular and which are not quasi-Cayley digraphs, such as the odd graphs O_4, O_5, O_6, O_8 [79]. Notice that the proof of this involves far from evident combinatorics.

Problem 97 [79] Find an example of vertex-transitive digraph in which not all k-orbits are regular.

Similar to Figure 2.1, Figure 5.1 summarizes the implications between the different classes of vertex transitive graphs introduced in this part.

5.5 Edge-forwarding index

The vertex-forwarding index of a routing can be considered as a measure of the load of the vertices. Similarly, one can consider the load of any arc e in a given routing R of a strongly connected digraph Γ = (V, E), that is, the number of dipaths of R going through the arc e. If Γ is a graph, the original definition of [94] considers for each edge uv the sum of the loads of the two arcs (u, v) and (v, u) of the equivalent symmetric digraph. In the following, to avoid confusion, we only consider graphs and give results as they appear in the literature. But the reader can keep in mind that the results can also be considered for digraphs.

5.5. EDGE-FORWARDING INDEX 39

Figure 5.1: Relations between classes of vertex transitive graphs.

For a graph Γ = (V, E) and a routing R, let π(Γ, R, e) be the number of paths of R going through the edge e. The edge-forwarding index of (Γ, R), denoted by π(Γ, R), is the maximum number of paths of R going through any edge of Γ, that is: π(Γ, R) = max_{e∈E} π(Γ, R, e). The edge-forwarding index of Γ [94] is defined as π(Γ) = min_R π(Γ, R).

Similarly, the minimal edge-forwarding index, π_m(Γ), is defined by replacing paths with paths of shortest length in the definitions.

As for the vertex-forwarding index, the following inequality is easily obtained from the definition.

Proposition 98 [94] Let Γ = (V, E) be a connected graph. Then

π_m(Γ) ≥ π(Γ) ≥ 1 |E| ∑ (u,v) ∈ V ×V d(u, v) and the equalities π_m(Γ) = π(Γ) = 1 |E| ∑ (u,v) ∈ V ×V d(u, v) hold if and only if there exists a routing of dipaths of shortest length in Γ for which the load of all the edges is the same.

Despite the similarity of the two notions of forwarding indices, there does not exist an edge-uniform routing of shortest paths in every Cayley graph (consider for example the cartesian product of the two complete graphs K_2 and K_p for p ≥ 3). On the other hand, there exist infinite families of Cayley graphs in which such routings exist [50], [138]. In [77] it is proved that the edge-forwarding index of star graphs and complete transposition graphs achieves (within one) the lower bound given above.

We finish this section by giving two conjectures in order to find sufficient conditions on graphs insuring the existence of routings with uniform loads for the edges or almost uniform loads (only different by one) for the vertices and the edges.

Conjecture 99 [94] In any distance-transitive graph Γ = (V, E), there exists a routing R of shortest paths such that for any vertex u, the edge-forwarding index is equal to

π(Γ) = π(Γ, R) = ⌈ n |E| ∑ v ∈ V d(u, v) ⌉ .

Conjecture 100 [94] In any distance-transitive graph there exists a routing of shortest paths for which the load is the same for any vertex, and almost the same for any edge.

No example is given in [94] of an arc-transitive graph which does not satisfy the conjectures. In view of the results obtained so far, the hypothesis of these conjectures can surely be reduced. One can also expect to prove the following conjecture.

Conjecture 101 In any arc transitive Cayley graph G = (V, E), there exists a routing R of shortest paths such that the load is the same for any vertex, and almost the same for any edge.

5.6 Orbital regular graphs

P. Solé has introduced a new class of graphs which allows an easy calculation of the edge-forwarding index by averaging over the distances between pairs of distinct vertices [138]. We adopt here the presentation of [66] which is more precise than that of [138].

Definition 102 Let Γ = (V, E) be a simple connected graph and H a subgroup of Aut(Γ). Γ is said to be H-orbital regular if:

(i) H acts regularly on each of its orbits in {(x, y) : x, y ∈ V, x ≠ y}. (ii) One of these orbits, say O, is such that E = {xy : (x, y) ∈ O}.

A graph Γ is said to be orbital regular if it is H-orbital regular for some subgroup H of Aut(Γ).

Note that an orbital regular graph is edge-transitive.

Example 103 (C. Delorme) The Cayley graph defined on the additive group Z_{13} with generators S = {1, −1, 5, −5} is orbital regular. The orbits are O = {(x, y) : x − y = ±1, ±5}, Ω_2 = {(x, y) : x − y = ±2, ±3}, Ω_3 = {(x, y) : x − y = ±4, ±6}. The automorphisms of H are given by f(x) = ax + b, for x ∈ Z_{13}, where a ∈ S and b ∈ Z_{13}.

In fact, almost all orbital regular graphs are Cayley graphs as follows from the characterization given in [66] using Frobenius groups. Let us recall that a Frobenius group is a group G of permutations on a set V such that the only element that fixes at least two elements of V is the identity. For a Frobenius group G, a G-Frobenius graph is a graph Γ with vertex set V such that for some G-orbit O in {(x, y) : x, y ∈ V, x ≠ y}, the edge set of Γ is E = {xy; (x, y) ∈ O}.

Theorem 104 [66] Let Γ = (V, E) be a connected graph with n vertices, and let H be a subgroup of Aut(Γ). Then Γ is H-orbital regular if and only if the following holds:

(i) Γ is an H-Frobenius graph, or

(ii) Γ is a cycle of length n and H = Z_n with n ≥ 3, or

(iii) Γ is the star K_{1,n−1}.

Properties of Frobenius groups imply that any Frobenius graph is a Cayley graph [66] so that we get:

Corollary 105 [66] All orbital regular graphs except stars K_{1,n−1} are Cayley graphs.

We now return to the property which motivates the study of orbital regular graphs.

Proposition 106 [138] In an orbital regular graph with n vertices the edge-forwarding index is

π(Γ) = 1 |E| ∑ (u,v) ∈ V ×V d(u, v).

Proof. Let Γ = (V, E) be an orbital regular graph. In each orbit Ω an ordered pair of vertices (u, v) is selected and a shortest path R(u, v) is chosen. For every other pair of vertices (u^′, v^′) in the same orbit Ω, put R(u^′, v^′) = f(R(u, v)), where f is the unique automorphism of H such that f(u) = u^′ and f(v) = v^′. Let e and e^′ be two different edges of Γ. Then by definition there exists a unique automorphism h ∈ H such that h(e) = e^′, so that the paths through e^′ are the images by h of the paths through e. 2

Other results on the edge-forwarding index of orbital regular graphs can be found in [66].

5.7 Multicommodity flow problem

It is proved in [46] that the problem of determining the value of the vertex/edge-forwarding indices (respectively of the vertex/edge-forwarding indices in case of shortest paths) is an instance of the integral multicommodity flow problem (respectively integral flow with multipliers problem) for which good heuristics or approximation algorithms exist.

Another way to study forwarding indices is to enlarge the problem by considering it as an integer valued version of a real valued one. We adopt here the presentation of [136]. We first recall some definitions about multicommodity flows, and then present how multicommodity flows and forwarding indices are related.

Let Γ be a connected graph considered as a symmetric digraph Γ = (V, E) and x, y two vertices of Γ. We denote by P_{x,y} the dipaths from x to y in Γ and by P the set of all dipaths in Γ.

Definition 107 A uniform concurrent multicommodity flow f on a graph Γ is a function f : P → R^+ such that, for any two vertices x and y of Γ, ∑ p∈Px,y f(p) = 1

This definition uses an “edge-path” formulation which is equivalent to the more usual node-arc formulation (see for example [27]). This means that the flow f associates to any dipath a real value in such a manner that, for any vertices x, y, the sum taken over all the dipaths from x to y is equal to 1. If we restrict the values of f, and take integral values (f(p) = 0 or f(p) = 1), the choice of f is equivalent to the choice of a directed path between any pair of vertices.

The flow in an arc e of Γ is defined by f(e) = ∑ {p:e∈p} f(p), and the edge congestion of the flow f is μ_f = max_{e∈E} f(e).

Similarly, the flow in a vertex x of Γ is defined by f(x) = ∑ {p:x∈p} f(p), and the vertex congestion of the flow f is m_f = max_{x∈X} f(x),

A flow that minimizes μ_f (resp. m_f ) is said to be edge (resp. vertex) optimal.

Let f be an integral flow, and R the associated routing defined by R(x, y) = p, p ∈ P_{x,y}, f(p) = 1. Then the following equalities link the forwarding indices of R to the congestions of the flow f: m_f = ξ(G, R) + 2(n − 1), μ_f = π(G, R). (Notice that the added value 2(n − 1) corresponding to the fact that a vertex is the extremity of 2(n − 1) dipaths.)

Therefore the following problems, denoted by UCFP in [136], are generalizations of forwarding index problems.

Problem 108 (Uniform concurrent multicommodity flow problem on the edges) Find a flow f which minimizes the edge congestion μ_f .

Problem 109 (Uniform concurrent multicommodity flow problem on the vertices) Find a flow f which minimizes the vertex congestion m_f .

The UCFP can be solved in polynomial time using polynomial time linear programming algorithms (see [133]). But the resulting algorithms are not considered efficient enough for practical applications. On the other hand, efficient approximations exist [134], [133].

The integral uniform concurrent flow problem(IUCFP) is to compute a flow f such that f(p) ∈ {0, 1}, for any p ∈ P, which is either edge or vertex optimal.

Let G be a subgroup of Aut(Γ). A uniform concurrent multicommodity flow f on Γ is said to be G-invariant if for any g ∈ G and any p ∈ P, we have f(p) = f(g(p)).

A dipath p such that f(p) = 1 is said to be an active path. The following result gives bounds on the edge and vertex congestions of G-invariant flows.

Theorem 110 [136] Let Γ be a graph, G a subgroup of Aut(Γ) and f a uniform concurrent multicommodity G-invariant flow on Γ such that any active path is a path of shortest length. Then μ_f ≤ 1 |O_E| ∑ (u,v) ∈ V ×V d(u, v), m_f ≤ 1 |O_V | (|V |(|V − 1|) + ∑ (u,v) ∈ V ×V d(u, v)),

where |O_E| and |O_V | are the smallest edge and vertex orbits of Γ under G.

Translated in terms of forwarding indices, this theorem gives upper bounds for ξ_m(Γ) and π_m(Γ) which are to be compared to the lower bounds of Propositions 98 and 68. Applied to a Cayley graph and an optimal (for the vertex load) routing constructed by automorphisms in it, Theorem 110 proves that such a routing has an optimal edge-forwarding index up to a factor d.

Theorem 111 [136] Let Γ = Cay(G, S) be a Cayley graph of degree d. There exists an integral uniform flow f in Γ such that

(i) f is G-invariant^1;

(ii) each active path is a path of shortest length;

(iii) μ_f ≤^d_{|E|} ∑ (u,v) ∈ V ×V d(u, v). Proof. The proof of the first two assertions (i) and (ii) is similar to the proof of Theorem 69, since the construction of f uses paths constructed as in this proof. Part (iii) is a corollary of Theorem 110. Notice that in a vertex transitive graph, the equalities d|V |/2 = |E| and d_1|V |/2 = |O_E| (where d_1 is the degree of the subgraph induced by O_E) imply |E| ≤ d|O_E|. Thus, the inequality of Theorem 110 gives μ_f ≤ d |E| ∑ (u,v) ∈ V ×V d(u, v). 2 Using the equality π(Γ) = μ_f and the inequality of Proposition 98, we get:

Corollary 112 If Γ is a Cayley graph, then 1 |E| ∑ (u,v)∈V ×V d(u, v) ≤ π(Γ) ≤ d |E| ∑ (u,v)∈V ×V d(u, v).

By using the inequality of Proposition 98, Theorem 110 shows also that, if there exists a subgroup H of Aut(Γ) which acts transitively on the edges of Γ (in which case |O_E| = |E|) and such that there exists an H-invariant routing of shortest paths R of Γ, then the edge-forwarding index satisfies π(G) = 1/|E| ∑ (u,v) ∈ V ×V d(u, v),

and therefore is optimal. Orbital regular graphs are graphs for which this is true.

1The group G is identified with the isomorphic subgroup of Aut(Γ) which is composed of the translations on Γ.

In [137], F. Shahrokhi and L. Szekely construct integral flows corresponding to symmetric routings (they consider only one path instead of two dipaths between any pair of vertices) which are asymptotically vertex (resp. edge) optimal in vertex (resp. edge) transitive graphs. For this they construct first a canonical Aut(Γ)-invariant flow f̂ in the graph as follows. For any pair of vertices x, y, and any (undirected) path p between x and y they define f̂(p) = 1/2M_{x,y}, where M_{x,y} is the number of paths between x and y. Then they apply to f̂ a method called randomized rounding to obtain an integral flow f such that the congestions of f are close to the congestions of f̂ . In particular, if |E| = o(n^2/ log n), where n = |V |, then putting L =^1_2 ∑ (u,v) ∈ V ×V d(u, v), this flow satisfies:

• if the graph is edge transitive and e is any edge, 1 |E| L(1 − o(1)) ≤ f(e) ≤ 1 |E| L(1 + o(1))

• if the graph is vertex transitive and x is any vertex of V ; ( L |V | + n − 1)(1 − o(1)) ≤ f(x) ≤ ( L |V | + n − 1)(1 + o(1)).

This proves Conjectures 99 and 72 asymptotically and for symmetric routings in graphs such that |E| = o(n^2/ log n). The same authors prove also in [135] that the cube-connected cycles graph CCC(n) and the butterfly graph BF (n) have an integral flow which is asymptotically both edge and vertex optimal (recall that these Cayley graphs are not edge transitive). They introduce a class of graphs called G-orbit proportional which contains the class of the edge transitive graphs and for which they obtain some similar results.

Notice that [137] and some references cited therein contain applications of flows to parameters which are important for interconnection networks, such as the crossing number and the bisection width. Similarly, forwarding indices are related to expanding in [139].

Finally, the reader should be aware that some results exist for partial routings instead of routings. For example, flows are studied in [137] in a more general context of partial routings than what is presented here. A similar notion of generalized forwarding index is defined in [93] which considers the load of a partial routing on a given subset of vertices.

Chapter 6

Appendix: some families of Cayley digraphs

This chapter contains definitions and drawings of some Cayley graphs studied or used as examples in this report. More information on them can be found for example in [3], [103], [106] and [47].

6.1 Cycle

Figure 6.1: Cycle C_6.

The cycle C_n is the connected graph with n vertices and degree 2. It is the Cayley graph of the additive group Z_n generated by {−1, +1}. A complete rotation on (Z_n, {−1, +1}) is defined by (i → n − i). It is also the Cayley graph on S_n and the subset of the two cycles ⟨1, 2, . . ., n⟩ and ⟨n, n − 1, . . ., 1⟩.

In this case a complete rotation ω is defined by ω(x) = σxσ^{−1}, where the permutation σ is given by (n, n − 1, . . ., 2, 1). Diam(C_n)= ⌊^n_2 ⌋.

C_n is a distance transitive graph.

Figure 6.2: Torus MT_{2,4}.

6.2 Multidimensional torus

The multidimensional torus MT_{n,k} is the cartesian product of n cycles of length k. MT_{n,k} has k^n vertices and degree 2n. It is the Cayley graph of the group Z^n_k generated by the subset of 2n elements S = {(0, . . ., 0 i , 1, 0, . . ., 0 n−i−1 ), (0, . . ., 0 i , −1, 0, . . ., 0 n−i−1 ), 0 ≤ i ≤ n − 1}. MT_{n,k} is rotational (see Proposition 22). Diam(MT_{n,k}) = n⌈k/2⌉.

6.3 Hypercube

The hypercube H(n) is the graph with vertex set {x_1x_2 . . . x_n : x_i ∈ {0, 1}}, two vertices x_1x_2 . . . x_n and y_1y_2 . . . y_n being adjacent if and only if x_i = y_i for all but one i (see Figure 6.3).

H(n) can be considered as a particular case of torus, namely MT_{n,2}, since it is the cartesian product of n complete graphs K_2. H(n) is the Cayley graph of the group (Z^n_2, +) generated by the n generators 0 . . .0 i 1 0 . . .0 n−i−1 , 0 ≤ i ≤ n − 1.

H(n) is also the Cayley graph of the permutation group G generated by the n transpositions ⟨2i − 1, 2i⟩, 1 ≤ i ≤ n defined on the set of 2n elements X = {1 . . .2n} (H(4) is shown in Figure 6.4 and the associated transposition graph in Figure 6.5). Indeed, each vertex x_1x_2 . . .x_n, x_i ∈ {0, 1}, can be renamed as the permutation (a_1, a_2, . . ., a_{2n}) where (a_{2i−1}, a_{2i}) = (2i − 1, 2i) if x_i = 0 and (a_{2i−1}, a_{2i}) = (2i, 2i − 1) if x_i = 1.

H(n) is rotational. A complete rotation ω is defined on (G, S) by ω(x) = σxσ^{−1}, where σ is the permutation given by σ = (3, 4, . . ., 2n − 1, 2n, 1, 2) = ⟨1, 3, . . ., 2n − 1⟩⟨2, 4, . . ., 2n⟩.

Thus, σ^{−1} = (2n − 1, 2n, 1, 2, . . ., 2n − 3, 2n − 2) and σ^i⟨1, 2⟩σ^{−i} = ⟨2i + 1, 2i + 2⟩.

Diam(H(n)) = n.

H(n) is a distance transitive graph.

6.4. STAR GRAPH 47

Figure 6.3: Hypercube graph H(4).

Figure 6.4: H(4) is generated by transpositions.

6.4 Star graph

The star graph ST(n) is defined as the Cayley graph of the group S_n generated by the n − 1 transpositions S = {⟨1, i⟩, 1 < i ≤ n}. The associated transposition graph is the star K_{1,n−1} (see ST(4) depicted on Figure 6.6 and the associated transposition graph depicted on Figure 6.7). A complete rotation ω is defined on (S_n, S) by ω(x) = σxσ^{−1}, where the permutation σ is given by σ = (1, 3, 4, . . ., n, 2) = ⟨2, 3, . . ., n⟩. Diam(ST(n)) = ⌊^{3(n−1)}_2 ⌋ (see [3]).

6.5 Complete transposition graph

The complete transposition graph of dimension n, CT_n, is the Cayley graph of the group S_n generated by all the transpositions {⟨i, j⟩, 1 ≤ i ≤ n, 1 ≤ j ≤ n, i ≠ j}. The associated transposition graph is the complete graph.

Figure 6.5: Transposition graph for H(4)

Figure 6.6: Star graph ST(4).

Diam(CT_n) = n − 1. CT_n is arc transitive but not distance transitive [103].

6.6 Generalized star graph

The generalized star graph GST(n, k) is defined in section 3.2. GST (n, k) is the Cayley graph of the group S_n generated by the k(n − k) transpositions S = {⟨i, j⟩, 1 ≤ i ≤ k, k + 1 ≤ j ≤ n}. The associated transposition graph is the bipartite complete graph K_{k,n−k}. GST(4, 2) is depicted on Figure 6.8 and the associated graph on Figure 6.9. The graph GST(n, k) is rotational if n = 4 and

Figure 6.7: Transposition graph for ST(4).

6.7. BUBBLE SORT GRAPH 49

k = 2 or if k and n − k are relatively prime (see Proposition 17).

Diam(GST(k, n)) = n − 1 + max(⌊^k_2 ⌋, ⌊^{n−k}_2 ⌋) [128].

Figure 6.8: Generalized star graph GST(4, 2).

Figure 6.9: Transposition graph for GST(4, 2).

6.7 Bubble sort graph

The bubble sort graph of dimension n, BS(n), is the Cayley graph of S_n generated by the n − 1 transpositions {⟨i, i + 1⟩, 1 ≤ i < n}^1 (see Figure 6.10). The associated transposition graph is a path of length n − 1.

Diam(BS(n)) =^{n(n−1)}_2 [103].

6.8 Modified bubble sort graph

The modified bubble sort graph of dimension n, MBS(n), is defined as the bubble sort graph, adding a n^{th} transposition: ⟨n, 1⟩. Thus the associated transposition graph is the cycle C_n. MBS(n) has a complete rotation ω defined by ω(x) = σxσ^{−1} where σ is the cyclic permutation given by ⟨1, 2, . . ., n⟩.

Diam(MBS(n)) = ⌊^{n2}_4 ⌋ [128].

1This Cayley graph is constructed on a Coxeter group [41].

Figure 6.10: Bubble sort graph BS(4).

6.9 Pancake

The pancake graph, PR(n), also called prefix reversal graph, is the Cayley graph of the group S_n generated by the n − 1 permutations of order 2 (i, i − 1, . . .1 , i + 1, . . ., n).

PR(2) = ST(2) = K_2 and PR(3) = ST(3) = C_6. But PR(n) is not edge transitive for n ≥ 4 and therefore not rotational. Diam(PR(n)) is unknown for n > 13 (see Section 4).

6.10 Cube Connected Cycle

The cube-connected cycles graph CCC(n) is defined in Section 3.4.2. CCC(1) = K_2, CCC(2) = C_8. For n ≥ 3, CCC (n) is obtained from H(n) by replacing each vertex by a cycle of length n such that the degree is 3 (see Figures 6.12 and 6.13). The number of vertices is n × 2^n. For n ≥ 3, Diam(CCC(n)) = 2n − 1 + max(1, ⌊^{n−2}_2 ⌋)). This graph is not edge transitive and therefore not rotational for n ≥ 3.

6.11 Butterfly

The butterfly graph BF (n) is defined in Section 3.4.2. Its number of vertices is n × 2^n. BF(1) = K_2, BF (2) = H(3). For n ≥ 3, the degree is 4 and Diam(BF (n)) = n + ⌊^n_2 ⌋. This graph is not edge transitive and therefore not rotational for n ≥ 3. BF (3) is depicted in Figure 6.14.

6.11. BUTTERFLY 51

Figure 6.11: Pancake graph PR(4).

Figure 6.12: CCC(3).

Figure 6.13: CCC(3).

Figure 6.14: Butterfly graph BF(3).

Conclusion

In this report we have presented some Cayley digraphs which are studied as models of interconnection networks. We have surveyed neither all the possible graphs that have been studied as good architectures for interconnection networks, nor all aspects of those graphs that we have discussed. We have confined our attention to problems of structure, diameter, routing and loads of routings. We have paid much attention to Cayley graphs generated by transpositions, rotational Cayley graphs, hypercubic graphs and to new families of vertex transitive graphs which have good properties as far as routing is concerned, such as quasi-Cayley graphs and regular orbital graphs.

To conclude, we want to underline some trends of research in this rich field.

• The problem of finding new (di)graphs with good parameters improving the already known graphs is still being studied. Numerous articles have been devoted to the study of generalizations of the most famous graphs for interconnection networks, for example: the supertoroidal networks which are 4-regular Cayley graphs [59], the multiply-twisted hypercube (a Cayley graph with the same vertex set, degree and connectivity as the hypercube, but a diameter equal to half the diameter of the hypercube) [102], Cayley graphs with n2^n vertices, degree 3 and 4, logarithmic diameter and constructed on signed permutations, [141], [143],[142]. For all these graphs, the authors justify their relevance for interconnection networks by studying their parameters but also algorithms on them (routing, embedding, communication).

• General theorems are missing which would extend to classes of Cayley graphs properties that have been proved for particular graphs (for example, the calculus of the wide-diameter in Section 4.5).

• Very few good algorithms are known to be efficient for all Cayley digraphs (as is the case in [55]). One usually starts with a given algorithm, and asks for which Cayley digraphs it is good, as in [82].

• More group theory has to be exploited to find properties of Cayley graphs. For example, in [5] the subgroup structure of a group reveals ways to decompose some Cayley graphs on that group.

• Bus interconnection networks generalize the notion of point to point interconnection networks. In a bus network, some sets of processors share a communication medium called a bus. In a natural way, they are modeled by hypergraphs in which the vertices represent the processors, and the hyperedges represent the buses that group the processors sharing the same communication link. An increasing number of articles consider problems related to bus interconnection networks (see for example [62]). Different ways of extension of Cayley graphs related to hypergraphs have already been considered. One is to consider the dual hypergraph of a Cayley graph (see for example [23]); a second one is to consider hypergraphs the line graphs of which are Cayley graphs (for example, [12]). A definition of Cayley hypergraphs is given in [49].

• We only gave an overview of some static problems. Some dynamic problems interesting for distributed computing are considered in [105]. Parallel models of computation include automata. Cayley automata are defined in [75]. Studies of cellular automata working on Cayley graphs can be found in [109], [118] and [119].

Are Cayley graphs the most appropriate models for interconnection networks ? We have seen that quotients of Cayley digraphs can also be very convenient, and some people have confidence in nonsymmetric graphs. What is certain is that the relation between Cayley graphs and interconnection networks is fruitful for the research in both fields.

Acknowledgements

Particular thanks are due to

Charles Delorme and Gert Sabidussi who carefully read this report and criticized to improve the mathematical substance and the references,

a number of researchers, in particular Denise Amar, Ginette Gauyacq, Gena Hahn, Patrick Solé, Dominique Sotteau, for their active interest in this paper,

Dominique Barth, Francesc Comellas, Evelyne Flandrin, Anna Llado, Margarida Mitjana, Cheryl Praeger, Joel Puech, Raffaele Scapellato, Michael Sampels, Oriol Serra, Polina Strogova, Hal Sudborough and Mark Watkins for their helpful suggestions and references,

and to all the people who were patient during the writing of this article.

Bibliography

[1] S. Akers and B. Krishnamurthy. Group graphs as interconnection networks. Proc. 14th Int.

Conf. Fault Tolerant Comput., pages 422–427, 1984.

[2] S. Akers and B. Krishnamurthy. On group graphs and their fault tolerance. IEEE Trans.

Comput., C-36:885–888, 1987.

[3] S. Akers and B. Krishnamurthy. A group theoretic model for symmetric interconnection networks. IEEE Trans. Comput., 38:555–566, 1989.

[4] B. Alspach. Cayley graphs with optimal fault tolerance. IEEE Trans. Comput., 41(10):1337– 1339, 1992.

[5] F. Annexstein and M. Baumslag. On the diameter and bisection size of Cayley graphs. Math.

System Theory, 26:271–291, 1993.

[6] F. Annexstein, M. Baumslag, and A. L. Rosenberg. Group action graphs and parallel architectures. SIAM J. Comput., 19:544–569, 1990.

[7] J.-M. Arnaudies and J. Bertin. Groupes, algèbres et géométrie, volume 1. Ellipses, Paris, 1993. [8] L. Babai, W. M. Kantor, and A. Lubotzky. Small diameter Cayley graphs for finite simple groups. European J. Combin., 10:507–522, 1989.

[9] L. Babai and A. Seress. On the diameter of Cayley graphs of the symmetric group. J. Combin.

Theory Ser. A, 49:175–179, 1988.

[10] E. Bannai and I. T. On finite moore graphs. J. Fac. Sci. Tokyo Univ., pages 191–208, 1973. [11] D. Barth. Private communication, 1996.

[12] D. Barth, A. Germa, M.-C. Heydemann, and D. Sotteau. Emulating networks by bus networks:

Application to trees and hypermeshes. Technical report 1073, L. R. I., Orsay, France, 1996. [13] M. Baumslag. Cayley networks : a group-theoretic approach to the design and analysis of parallel networks. PhD thesis, The City University of New-York, 1991.

[14] M. Baumslag. On the fault tolerance of quasi-minimal Cayley networks. Advances in Comput.

and Inf.,ICCI’91, Lecture Notes in Comput. Sci., Springer Verlag, 497:431–442, 1991. [15] C. Berge. Principes de combinatoire. Dunod, Paris, 1968. [16] C. Berge. Graphes et hypergraphes. Bordas, Paris, 1973.

[17] J.-C. Bermond, editor. DAMIN, volume 37/38 of Discrete Applied Math. Elsevier Science Publishers, 1992.

[18] J.-C. Bermond, F. Comellas, and D. F. Hsu. Distributed loop computer networks: a survey. J.

Parallel Distrib. Comput., 24:2–10, 1995.

[19] J.-C. Bermond, C. Delorme, and J. Quisquater. Strategies for interconnection networks: some methods from graph theory. J. Parallel Distrib. Comput., 3:433–449, 1986.

[20] J.-C. Bermond, C. Delorme, and J.-J. Quisquater. Table of large (Δ, d) graphs. Discrete Appl.

Math., 37/38:575–577, 1992.

[21] J.-C. Bermond, T. Kodate, and S. Perennes. Gossiping in Cayley graphs by packets. In Conf.

CCS95 (8 th Franco-Japanese and 4 th Franco-Chinese Conf. Combin. Comput. Sci. (Brest July 1995)), volume 1120 of Lecture Notes in Comput. Sci., Springer Verlag, pages 301–305, 1996.

[22] P. Berthomé, A. Ferreira, and S. Perennes. Optimal information dissemination in star and pancake networks. In Proc. of the 5th IEEE Symp. Parallel Distribut. Process., pages 720–724. IEEE Press, 1993.

[23] L. Bhuyan and D. Agraval. Generalized hypercubes and hyperbus structures for a computer network. IEEE Trans. Comput., C-33:323–333, 1984.

[24] N. Biggs. Algebraic Graph Theory. Cambridge University Press, 1974.

[25] N. Biggs and A. White. Permutation groups and combinatorial structures, volume 33. London Mathematical Society, Lecture Note Series, Cambridge University Press, 1979.

[26] F. Boesch and R. Tindell. Circulant and their connectivities. J. Graph Theory, 8:487–499, 1984.

[27] B. Bollobás. Graph theory. An introductory course, volume 63 of Graduate Texts in Mathematics.

Springer Verlag, New York Inc., 1979.

[28] J. Bondy and U. Murty. Graph theory and applications. The MacMillan Press, Great Britain, 1976.

[29] A. Bouabdallah, M.-C. Heydemann, J. Opatrny, and D. Sotteau. Embeddings of complete binary trees into star graphs. In 19th Conf. on Math. Foundations of Comput. Sci., number 841 in Lecture Notes in Comput. Sci., pages 266–275. Kosice, Springer Verlag, 1994.

[30] J. Brunat, M. Espona, M. Fiol, and O. Serra. On Cayley line digraphs. Discrete Math., 138:147– 159, 1995.

[31] G. Butler. Fundamental algorithms for permutation groups, volume 559 of Lecture Notes in Comput. Sci. Springer Verlag, 1991.

[32] J. Calais. Eléments de théorie des groupes. Mathématiques. Presses universitaires de France, second edition, 1996.

[33] L. Campbell, G. Carlsson, M. Dinneen, V. Faber, M. Fellows, M. Langston, J. Moore, A. Mullhaupt, and H. Sexton. Small diameter symmetric networks from linear groups. IEEE Trans. Comput., 41:218–220, 1992.

[34] J. J. Cannon. Construction of defining relators for finite groups. Discrete Math., 5:105–129, 1973.

[35] F. Chung, E. Coffman, M. Reiman, and B. Simon. On the capacity and vertex-forwarding index of communication networks. IEEE Trans. Inform. Theory, IT-33(2):224–232, 1987.

[36] F. Comellas and M. Fiol. Vertex-symmetric digraphs with small diameter. Discrete Appl. Math., 58:1–11, 1995.

[37] F. Comellas and M. Mitjana. Private communication, 1996.

[38] F. Comellas and M. Mitjana. Broadcasting in cycle prefix digraphs. Discrete Appl. Math., submitted. DMAT Tech. Report 05-9515, 1995.

[39] G. Cooperman and L. Finkelstein. New methods for using Cayley graphs in interconnection networks. Special issue on interconnection networks, Discrete Appl. Math., 37-38:95–118, 1992.

[40] G. Cooperman, L. Finkelstein, and N. Sarawagi. Applications of Cayley graphs. In Appl.

Algebra, Alg. Algo. and Error-Correcting Codes (AAECC-8, 1990), volume 508 of Lecture Notes in Comput. Sci., Springer Verlag, pages 367–378, 1991.

[41] H. Coxeter and W. Moser. Generators and relations for discrete groups. Springer, New-York, 1972.

[42] S. Curran and J. Gallian. Hamiltonian cycles and paths in Cayley graphs and digraphs - a survey. Preprint., 1996.

[43] R. M. Damerell. On Moore graphs. Proc. Cambridge Philos. Soc. London Math. Soc. (2), 74:227–236, 1973.

[44] K. Day and A. Tripathi. Arrangements graphs : a class of generalized star graphs. Inform.

Process. Lett., 42:235–241, 1992.

[45] K. Day and A. Tripathi. A comparative study of topological properties of hypercubes and star graphs. IEEE Trans. Parallel Distrib. Systems, 5(1):31–38, 1994.

[46] W. F. de la Vega and Y. Manoussakis. Computation of the forwarding index via flows: a note.

Networks, 24:273–276, 1994.

[47] J. de Rumeur. Communications dans les réseaux de processeurs. Etudes et recherches en informatique. Masson, Paris, 1994.

[48] O. Delmas. Communications par commutation de circuits dans les réseaux d’interconnexion.

PhD thesis, Université de Nice - Sophia Antipolis, Laboratoire I3S-CNRS URA 1376, 1997. [49] C. Delorme. Graphes et hypergraphes sommet-transitifs. Technical report 383, L. R. I., Orsay, France, 1987.

[50] C. Delorme. Construction de graphes possédant des routages de plus court chemin chargeant également les arêtes. Technical report 482, L. R. I., Orsay, France, 1989.

[51] C. Delorme. Example of products giving large graphs with given degree and diameter. Special issue on interconnection networks, Discrete Appl. Math., 37-38:157–167, 1992.

[52] C. Delorme. Isomorphisms of transposition graphs, 1997.

[53] D. Désérable. A family of Cayley graphs on the hexavalent grid. Special issue on network communications, Discrete Appl. Math., 1997.

[54] W. Dőrfler. Every regular graph is a quasigroup graph. Discrete Math., 10:181–183, 1974. [55] V. Dimakopoulos and N. Dimopoulos. Total exchange in Cayley networks. Lecture Notes in Comput. Sci., Euro-Par96, 1123:341–346, 1996.

[56] M. J. Dinneen and P. R. Hafner. New results on the degree/diameter problem. Networks, 24:359–367, 1994.

[57] D. Dolev, J. Halpern, B. Simons, and H. Strong. A new look at fault tolerant network routing.

Information and Computation, 72:180–196, 1987.

[58] L. Doty, R. Goldstone, and C. Suffel. Cayley graphs with neighbor connectivity one. SIAM J.

Discrete Math., 9(4):625–642, 1997.

[59] R. N. Draper. An overview of supertoroidal networks. In 3rd ACM Symp. on Parallel Algorithms and Architectures, pages 95–102, 1991.

[60] D.-R. Duh, G.-H. Chen, and D. F. Hsu. Combinatorial properties of generalized hypercube graphs. Inform. Process. Lett., 57:41–45, 1996.

[61] B. Elspas. Topological constraints on interconnection limited logic. In Proc. 5th Symposium on Switching Circuit Theory and Logical Design, pages 133–147. IEEE S-164, 1964.

[62] F. Ergincan and J.-C. Bermond. Bus interconnection networks. Discrete Appl. Math., to appear. [63] M. Escudero, J. Fabrega, and P. Morillo. Fault tolerance routings in double-loop networks. Ars Combin., 25A:187–198, 1988.

[64] S. Even and O. Goldreich. The minimal-length generating sequence problem is NP-hard. J.

Algorithms, 2:311–313, 1981.

[65] V. Faber, J. Moore, and W. Y. C. Chen. Cycle prefix digraphs for symmetric interconnection networks. Networks, 23:641–649, 1993.

[66] X. G. Fang, C. H. Li, and C. Praeger. On orbital regular graphs and Frobenius graphs. Preprint, 1996.

[67] R. J. Faudree. Some strong variations of connectivity. In Combinatorics, Keszthely, volume 64(1), pages 125–144. Coll. Math. Soc. Janos Bolyai, 1993.

[68] R. Feldmann and W. Unger. The cube-connected cycles network is a subgraph of the butterfly network. Parallel Process. Lett., 2:13–19, 1992.

[69] D. Fortin, C. Kirchner, and P. Strogova. Routing in regular networks using rewriting. In J. Slaney, editor, Proceedings of the CADE international workshop on automated reasoning in algebra (ARIA), pages 5–8, 1994.

[70] J. Fournier. Le groupe d’automorphismes des graphes de Cayley engendrés par des transpositions. Mémoire de maitrise, Univ. de Montréal, Canada, 1997.

[71] P. Fragopoulou. Communication and fault tolerance algorithms on a class of interconnection networks. PhD thesis, Queen’University, Kingston, Canada, 1995.

[72] P. Fragopoulou and S. G. Akl. Optimal communication algorithms on star graphs using spanning tree constructions. J. Parallel Distrib. Comput., 24:55–71, 1995.

[73] P. Fragopoulou and S. G. Akl. Optimal communication primitives on the generalized hypercube network. J. Parallel Distrib. Comput., 32(2):173–187, 1996.

[74] P. Fragopoulou and S. G. Akl. Spanning graphs with applications to communication on a subclass of the Cayley graph based networks. Discrete Appl. Math., to appear.

[75] M. Garzon. Cayley automata. Theoretic. Comput. Sci., 108:83–102, 1993. [76] Gates and Papadimitriou. Bounds for sorting by prefix reversal. Discrete Math., 27:47–57, 1979. [77] G. Gauyacq. Edge-forwarding index of star graphs and other Cayley graphs, to appear in.

Discrete App. Math.

[78] G. Gauyacq. On quasi-Cayley graphs, to appear in. Discrete App. Math. [79] G. Gauyacq. Routages uniformes dans les graphes sommet-transitifs. PhD thesis, LABRI, Bordeaux, France, 1995.

[80] A. Germa, M.-C. Heydemann, and D. Sotteau. Cycles in cube-connected cycles. Special issue of Disc. Appl. Math., to appear. Rapport LRI 1996 # 1074.

[81] C. D. Godsil. Connectivity of minimal Cayley graphs. Arch. Math., 37:473–476, 1981. [82] D. M. Gordon. Parallel sorting in Cayley graphs. Algorithmetica, 6:554–564, 1991. [83] C. GowriSankaran. Broadcasting on recursively decomposable Cayley graphs. Discrete Appl.

Math., 53:171–182, 1994.

[84] Q.-P. Gu and S. Peng. Fault tolerant routing in hypercubes and star graphs. Parallel Process.

Lett., 6(1):127–136, 1996.

[85] Y. Hamidoune. Sur quelques problèmes de connexité dans les graphes orientés. J. Combin.

Theory Ser. B, 30:1–10, 1981.

[86] Y. Hamidoune, A. Lladó, and O. Serra. Vosperian and superconnected Abelian Cayley digraphs.

Graphs Combin., 7:143–152, 1991.

[87] Y. Hamidoune, A. Lladó, and O. Serra. The connectivity of hierarchical digraphs. Special issue on interconnection networks, Discrete Appl. Math., 37-38:275–280, 1992.

[88] Y. Hamidoune, A. Lladó, and O. Serra. Small cuts in quasiminimal cayley graphs. Discrete Math., 159:131–142, 1996.

[89] Y. Hamidoune, A. Lladó, and O. Serra. An isoperimetric problem in cayley graphs, 1997. [90] Y. Hamidoune, A. Lladó, and O. Serra. On isoperimetric connectivity in vertex-transitive graphs, 1997.

[91] M. Heydari and H. Sudborough. On sorting by prefix reversals and the diameter of pancake networks. Lecture Notes in Comput. Sci., 678:218–227, 1993.

[92] M.-C. Heydemann, N. Marlin, and S. Perennes. Cayley graphs with rotations, Preprint. [93] M.-C. Heydemann, J.-C. Meyer, J. Opatrny, and D. Sotteau. Forwarding indices of consistent routings and their complexity. Networks, 24(2):75–82, 1994.

[94] M.-C. Heydemann, J.-C. Meyer, and D. Sotteau. On forwarding indices of networks. Discrete Appl. Math., 23:103–123, 1989.

[95] C.-T. Ho and M.-Y. Kao. Optimal broadcast in all-port wormhole-routed hypercubes. IEEE Trans. Parallel Distrib. Systems, 6(2):200–204, 1995.

[96] A. Hoffman and R. Singleton. On moore graphs with diameters 2 and 3. IBM J. Res. Develop., 4(2):497–504, 1960.

[97] D. F. Hsu. Introduction to a special issue on interconnection networks. Networks, 23:211–213, 1993.

[98] D. F. Hsu. On container width and length in graphs, groups and networks. IEICE Trans.

Fundamentals, E77(A):668–680, 1994.

[99] M. Jerrum. The complexity of finding minimal-length generating sequence. Theoretical Comput.

Sci., 36:265–289, 1985.

[100] W. H. Kautz. Bounds on directed (d,k) graphs. Theory of cellular logic networks and machines.

Final report, AFCRL-68-0668, 1968.

[101] M. S. Krishnamoorthy and B. Krishnamurthy. Fault diameter of interconnection networks.

Comput. Math. Appl., 13:577–1582, 1987.

[102] P. Kulasinghe and S. Bettayeb. On the multiply-twisted hypercube. In Parallel and Distributed Computing, volume 805 of Lecture Notes in Comput. Sci., pages 267–278. First Canada-France Conf., Montreal, 1994.

[103] S. Lakshmivarahan, J. Jwo, and S. K. Dhall. Symmetry in interconnection networks based on Cayley graphs of permutation groups: a survey. Parallel Comput., 19:361–407, 1993.

[104] S. Latifi. On the fault diameter of the star graph. Inform. Process. Lett., 46(3):143–150, 1993. [105] C. Lavault. Interconnection networks: graph and group-theoretic modelling. Preprint LIPN, Villetaneuse, France, 94-04, 1994.

[106] F. T. Leighton. Introduction to parallel algorithms and architectures. Morgan Kaufmann, 1991. [107] A. L. Liestman and D. Richards, editors. Proc. Int. Workshop on broadcasting and gossiping,1990, volume 53 of Discrete Applied Math. Elsevier Science Publishers, 1994.

[108] J. Liu. Hamiltonian decomposition of Cayley graphs on abelian groups of odd order. J. Combin.

Theory Ser. B, 66:75–76, 1996.

[109] A. Machi and F. Mignosi. Garden of eden configurations for cellular automata on Cayley graphs of groups. SIAM J. Discrete Math., 6(1):44–56, 1993.

[110] W. Mader. Minimale n-fach kantenzusammenhängende Graphen. Math. Ann., 191:21–28, 1971. [111] Y. Manoussakis and Z. Tuza. The forwarding index of directed networks. Discrete Appl. Math., 68:279–291, 1996.

[112] N. Marlin. Rotations complètes dans les graphes de Cayley. DEA, Université de Nice Sophia- Antipolis, France, 1996.

[113] E. F. Moore. Conference circa. personnal communication referred to in Hoffman and Singleton (1960), 1958.

[114] J. Morris. Connectivity of Cayley graphs: A special family. J. Combin. Math. Combin. Comput., 20:111–120, 1996.

[115] C. Padro and P. Morillo. Diameter vulnerability of iterated line digraphs. Discrete Math., 149:189–204, 1996.

[116] F. P. Preparata and J. Vuillemin. The cube-connected cycles : a versatile network for parallel computation. Communications of the ACM, 24:300–309, 1981.

[117] D. J. S. Robinson. A course in theory of groups, second edition. Springer, 1996. [118] Z. Róka. Automates cellulaires sur graphes de Cayley. PhD thesis, Ecole Normale Supérieure de Lyon, Lyon, France, 1994.

[119] Z. Róka. One-way cellular automata on Cayley graphs. Theoret. Comput. Science, 132:259–290, 1994.

[120] Y. Rouskov, S. Latifi, and P. K. Srimani. Conditional fault diameter of star graph networks. J.

Parall. Dist. Comput., 33:91–97, 1996.

[121] Y. Rouskov and P. K. Srimani. Fault diameter of star graphs. Inform. Process. Lett., 48(5):243– 251, 1993.

[122] R. Saad. Complexity of the forwarding index problem. SIAM J. Discrete Math., 6(3):418–427, 1993.

[123] Y. Saad and M. H. Schultz. Topological properties of hypercubes. IEEE Trans. Comput., 37(7):867–872, 1988.

[124] G. Sabidussi. On a class of fixed-point-free graphs. Proc. Amer. Math. Soc., 9:800–804, 1958. [125] G. Sabidussi. Graph multiplication. Math. Zeitschr., 72:446–457, 1960. [126] G. Sabidussi. The lexicographic product of graphs. Duke Math. J., 28:573–578, 1961. [127] G. Sabidussi. Vertex transitive graphs. Monatshefte für Mathematik, 68:426–438, 1964. [128] J.-F. Saclé. Diameter of some Cayley graphs, 1997.

[129] M. Sampels. Algebraic constructions of efficient systolic architectures. In Proceedings of the 2nd International Conference on Massively Parallel Computing Systems (MPCS ’96). IEEE, 1996.

[130] M. Sampels. Private communication, 1997.

[131] M. Sampels and S. Schöf. Massively parallel architectures for parallel discrete event simulation.

In Proc. 8th European Simulation Symp. (ESS ’96), volume 2, pages 374–378. SCS, 1996. [132] S. Schibell and R. Stafford. Processor interconnection networks from Cayley graphs. Discrete Appl. Math., 40:333–357, 1992.

[133] F. Shahrokhi. Approximation algorithms for the maximum concurrent flow problem. ORSA J.

Comput., 1:62–69, 1989.

[134] F. Shahrokhi and D. Matula. The maximum concurrent flow problem. J. Assoc. Comp. Mach., 37:318–334, 1990.

[135] F. Shahrokhi and L. Szekely. Formula for the optimal congestion of the uniform concurrent multicommodity flow. Research report CRPDC-93-6, University of North Texas, 1993.

[136] F. Shahrokhi and L. Szekely. Integral uniform concurrent flows and all pairs packet routing.

Congr. Num., 97:3–16, 1993.

[137] F. Shahrokhi and L. Szekely. On canonical concurrent flows, crossing numbers and graph expansion. Combinatorics, Probability and Computing, 3:523–543, 1994.

[138] P. Solé. The forwarding index of orbital regular graphs. Discrete Math., 130:171–176, 1994. [139] P. Solé. Expanding and forwarding. Discrete Appl. Math., 58:67–78, 1995. [140] P. Strogova. Finding a finite group presentation using rewriting. In M. Bronstein, editor, Proceedings of the Workshop on symbolic rewriting techniques, pages 35–40, May 1995.

[141] P. Vadapelli and P. Srimani. Trivalent graphs for interconnection networks. Inform. Process.

Lett., 54(1):329–335, 1995.

[142] P. Vadapelli and P. Srimani. A new family of Cayley graph interconnection networks of constant degree four. IEEE Trans. Parallel Distrib. Systems, 7(1):26–32, 1996.

[143] P. Vadapelli and P. Srimani. Shortest routings in trivalent Cayley graphs networks. Inform.

Process. Lett., 57(1):183–188, 1996.

[144] E. VanDoorn. Connectivities of circulant digraphs. J. Graph Theory, 10:9–14, 1986. [145] M. E. Watkins. Connectivity of transitive graphs. J. Combin. Theory, 8:23–29, 1970. [146] M. E. Watkins. On the action of non-abelian groups on graphs. J. Combin. Theory, 11:95–104, 1971.

[147] A. White. Graphs, groups and surfaces, volume 8. North Holland Mathematical Studies, Netherlands, 1984.

Contents

1 Introduction 3

2 Definitions and basic properties 5 2.1 Groups and permutations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 2.2 Graphs and Cayley graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 2.3 Homomorphisms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 2.4 Products . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 2.5 Quotients . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

3 Special classes of Cayley graphs 11 3.1 Cayley graphs generated by transpositions . . . . . . . . . . . . . . . . . . . . . . . . . 11 3.2 Cayley digraphs with the rotation property . . . . . . . . . . . . . . . . . . . . . . . . 12 3.3 Hierarchical Cayley digraphs and fault tolerance . . . . . . . . . . . . . . . . . . . . . 15 3.4 Multistage Cayley digraphs and quotients . . . . . . . . . . . . . . . . . . . . . . . . . 19 3.4.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 3.4.2 Cube-connected cycles and butterfly graphs . . . . . . . . . . . . . . . . . . . . 19 3.4.3 Group action graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

4 Routing and diameter problems 24 4.1 Paths and factoring . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 4.2 Diameter calculation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25 4.3 Diameter of particular graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25 4.4 (Δ, D)-graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26 4.5 Diameter vulnerability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

5 Indices of routings 30 5.1 Types of routings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

64 CONTENTS

5.2 Vertex-forwarding index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31 5.3 Quasi-Cayley digraphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33 5.4 Digraphs with regular orbits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36 5.5 Edge-forwarding index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38 5.6 Orbital regular graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40 5.7 Multicommodity flow problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

6 Appendix: some families of Cayley digraphs 45 6.1 Cycle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45 6.2 Multidimensional torus . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46 6.3 Hypercube . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46 6.4 Star graph . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47 6.5 Complete transposition graph . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47 6.6 Generalized star graph . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48 6.7 Bubble sort graph . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49 6.8 Modified bubble sort graph . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49 6.9 Pancake . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50 6.10 Cube Connected Cycle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50 6.11 Butterfly . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

Acknowledgements 54

Bibliography 54