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In this paper, we propose an original simulation approach to evaluate the availability of
systems in the presence of state uncertainty which arises from incompleteness or impre-
cision of knowledge and data. This approach is based on a simulation method combining
the belief functions theory and the Statecharts. Then we propose a Statechart model of a
railway signalling system, European Rail Traffic Management System (ERTMS) Level 2 con-
sidering state uncertainty, and evaluate its availability according to the RAMS require-
ments defined in the railway standards. Finally we propose a sensitivity analysis to
estimate the state uncertainty of which constituent system has the most significant influ-
ence on the state uncertainty of the entire ERTMS Level 2.

� 2014 Elsevier B.V. All rights reserved.
1. Introduction

The safety of railway systems is very important, because railway accidents/incidents usually cause enormous losses. The
improvement of the availability of systems is always a significant goal in railway systems. Availability is the ability of a sys-
tem to be in a state to perform a required function under given conditions at a given instant of time. It is computed by the
proportion of time a system is functioning [1,2]. A safety analysis assesses the level and consequences of failures on the users
and the system. Both of them are attributes of RAMS (Reliability, Availability, Maintainability, Safety) and can be used to
evaluate the performance of a system. In this paper, a railway signalling system which is used to control railway traffic is
studied. This railway signalling system is ERTMS Level 2.

Several models of ERTMS have been proposed in the literature. Hermanns et al. [3] used StoCharts to model European
Train Control System (ETCS) and evaluate the dependability of the train radio system. StoCharts are the Quality of Service
(QoS)-oriented extension of Unified Modeling Language (UML) Statecharts. They lack tool support, so they are translated into
the Modeling and Description Language for Stochastic and Timed Systems (MoDeST) which is a formal language used for
describing stochastic timed systems. Vernez and Vuille [4] have proposed a functional Failure Mode, Effects and Criticality
Analysis (FMECA) approach to optimize the dependability of ERTMS Level 2. Lalouette et al. [5] have proposed an approach
based on Coloured Petri Nets to evaluate the dependability of ERTMS. Beugin and Marais [6] have used RAMS attributes to
evaluate the solutions of satellite-based localization services in the ERTMS. Herranz et al. [7] have modeled ERTMS/ETCS
using UML diagrams and then transformed their UML models into Uppaal (integrated tool environment for modeling,
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validation and verification of real-time systems) specifications. European Railway Agency [8] has funded a European Railway
Formalization and Validation Project which has proposed the use of Rational tools for the formalization and validation of
ETCS specifications. Bernardi et al. [9] and Flammini et al. [10] have proposed an architecture schema of ERTMS Level 2
and evaluated its reliability by Fault Trees, Bayesian Networks and some UML diagrams. Zimmermann and Hommel [11]
have used Stochastic Petri Nets to model and evaluate the failure and recovery behavior of the communication link as well
as its combination with the exchange of vital train information between trains and radio block centers. None of the works
cited has provided a complete model that takes all the constituents of the ERTMS into account while at the same time taking
its dynamic behavior into account. This has been our motivation in proposing our own model.

Furthermore, previous ERTMS models have not taken uncertainties into account. Zhang and Mahadevan [12] summarized
three types of sources for the uncertainty in engineering analysis: (1) Physical uncertainty or inherent variability which is
generally quantified by a probability distribution estimated from observed data. (2) Statistical uncertainty which is the
uncertainty in the statistical distribution parameters of the random variables due to the insufficiency of data. (3) Modeling
uncertainty which exists in model accuracy and model selection. According to Nilsen and Aven [13], model uncertainty is
commonly related to deviations between the real world and its representation in models. These deviations come from
two sources: the limitation of modeler’s knowledge and the deliberate simplification introduced by the modeler. Indeed,
during the last years, the reliability and risk assessments community has recognized that there are different sources/type
s of uncertainties that play an important role in reliability and risk evaluation [14,15]. In the work of Aven [16], uncertainties
are usually divided into two types: aleatory uncertainty which is represented by probability models and frequentist prob-
abilities, and epistemic uncertainty which expresses the lack of knowledge about the true values of the frequentist proba-
bilities and parameters of probability models. The distinction is important because epistemic uncertainty can be reduced
by acquiring knowledge on the studied system, whereas aleatory uncertainty cannot. Furthermore, some works have proven
that uncertainties in reliability and risk assessments are mainly epistemic [17]. A real model of ERTMS Level 2 is proposed in
this paper. In rail transport, accident data are scarce due to the rare occurrence of accidents [18]. The incompleteness of data
brings epistemic uncertainty into the model.

Keep in mind that there are other points of view as to how to distinguish sources or types of uncertainty [19,20]. As a
consequence, several theories were presented, including Bayesian theory, imprecise probability theory [21], possibility the-
ory [22,23], belief functions theory [24,25], etc. The Bayesian approach requires us to specify probability distribution about
component state. But, in many cases, prior knowledge is either vague, or non-existent. We propose the use of belief functions
theory because it is well adapted to model the imprecision of system state by quantifying the belief masses of component
state provided by experts. During the last years, belief functions theory was applied to do reliability and risk analysis
[26–29]. In our knowledge, there is no work in the literature, which is related to the evaluation of the availability of systems
considering epistemic uncertainty by belief functions theory, in reliability and risk studies.

In this work we propose modeling the behavior of ERTMS Level 2 using Statecharts. While modeling systems in State-
charts, two kinds of epistemic uncertainties may exist: parametric uncertainty which exists in the transition rates and state
uncertainty which exists in the states. Parametric uncertainty means there is imprecision of the values of parameters. In the
model, values of some parameters may come from the statistics, from systems which have the similar functionality or from
experts’ opinions, so these parameters are imprecise. The imprecision makes parametric uncertainty analysis necessary in
modeling systems. Many researchers have studied the parametric uncertainties in modeling systems [17,39,40]. In this
paper, the parametric uncertainty is not handled. The focus is the state uncertainty. State uncertainty means there is impre-
cision of the states of systems. In other words, sometimes the states of systems are uncertain. It is caused b y the lack of
information about components of systems and it represents the ignorance about the states of systems. The state uncertainty
is epistemic. Epistemic state uncertainty has not been modeled and quantified by belief functions theory in the literature
before.

Due to the environment and the lack of failure data (due to rare events failures) related to some components or sub-
systems used in railway systems, there are epistemic uncertainties when modeling such systems. Indeed, state uncertainties
represent the part of uncertainties related to the states of these components. Their existence influences the values of RAMS
parameters of ERTMS. Furthermore, the availability requirements of ERTMS are very strict because railway accidents always
bring in huge losses. Thus, to estimate the railway system’s availability, the influence brought by such uncertainties should
be taken into account. Thus, the main objective of this paper is to evaluate the availability of railway signalling systems
taking epistemic state uncertainty into account.

The remainder of this paper is organized as follows. The use of the belief functions theory to formalize state uncertainties
of systems is introduced in Section 2. Section 3 presents Statecharts and proposes two approaches to evaluate the availability
of binary components considering state uncertainty. In Section 4, an application based on the railway signalling system
ERTMS/ETCS Level 2 considering state uncertainty is detailed. Section 5 concludes this paper.
2. Use of the belief functions theory to formalize state uncertainties of systems

The theory of belief functions (also known as Demspter–Shafer theory and evidence theory) originated with the work of
Dempster in the 1960s [24,41]. Dempster developed a generalization of the Bayesian theory of subjective probabilities based
on the upper and lower probabilities induced from a multivalued mapping. Glenn Shafer further extended Dempster’s work



S. Qiu et al. / Simulation Modelling Practice and Theory 47 (2014) 1–18 3
into a general theory of evidence. He introduced belief functions and their construction from degrees of belief, in his book A
Mathematical Theory of Evidence, published in 1976 [25].

As explained by Shafer [25]: ‘belief functions allow us to base degrees of belief for one question from probabilities for another.
These degrees of belief may or may not have the mathematical properties of probabilities; how much they differ from probabilities
will depend on how closely the two questions are related.’ Suppose that an expert X is asked to indicate if a component c is
working perfectly or not. The degree of belief that X is absolutely trustworthy is 0:9, and the degree of belief that X is not
trustworthy is 0:1. Let us consider the fact that X indicates that c is perfectly working. This information, which must be true
if X is trustworthy, is not necessarily false if X is not trustworthy. There is a 0.9 degree of belief that c is perfectly working, but
only a 0 degree of belief (not a 0.1 degree of belief) that c is down. Thus, the belief interval that c is working perfectly is
[0.9,1], and the belief interval that c is down is [0,0.1]. The length of the belief interval 0.1 represents the epistemic uncer-
tainty (the imprecision) about the state of c. The values 0.9 and 1 represent the bounds of the correct value of being in the
working state (aleatory uncertainty). Thus, we have obtained degrees of belief for one question (the state of c) from proba-
bilities of another question (the trustworthiness of X). Note that whereas subjective probabilities are additive, belief func-
tions are only super-additive.

In this section, we give a brief introduction to the theory of belief functions.
A frame of discernment X represents the finite set of possible answers to some questions, one and only one of which is

correct. A function m : 2X ! ½0;1� is said to be a basic belief assignment on the measurable space ðX ;2XÞ if it satisfies 8E 2 2X ,P
E #XmðEÞ ¼ 1;mðEÞP 0, and mð;Þ ¼ 0.
The theory of evidence assigns a belief mass to each element of the power set. The basic belief assignment mðEÞ reflects

the degree of belief (subjective probability) committed to that part of the information which exactly points to E and cannot
be divided among subsets of E.

For example, consider a binary component i which can be in either of two states:

� a completely working state, denoted by 0i;
� a failed state, denoted by 1i.

The frame of discernment of the component i is given by X i ¼ f0i;1ig. A subset E of X such that mðEÞ > 0 is said to be a
focal element. For every belief mass m, call Fm the set of focal elements of m. Note that several subclasses of belief functions
can be characterized just by the structure of Fm. In particular, when Fm ¼ x; x 2 X , we obtain a probability measure.

Given a set X and a basic belief assignment m on ðX ;2XÞ, for every A 2 2X , the belief function of A is defined as the sum of
all the masses that support A. It is computed as follows [25]
BelðAÞ ¼
X

EjE # A

mðEÞ ð1Þ
The plausibility function of A represents the total amount of masses that might support A. It is computed as follows [25]
PlðAÞ ¼
X

EjE\A–;
mðEÞ ¼ 1� BelðAÞ ð2Þ
For example, consider an expert who gives his degree of belief about the event A: ‘‘the component i is in the working state at
time t’’, in the form ½Belð0iÞ; Plð0iÞ� ¼ ½0:7;0:9�. The value 0.7 represents the total amount of information that implies the event
A, whereas the value 0.9 represents the total amount of information which does not contradict the event A according to the
expert. The length of the interval Plð0iÞ � Belð0iÞ ¼ 0:2 represents the expert’s epistemic uncertainty (imprecision) about the
working state of component. However, the degrees of belief and plausibility should not be interpreted as lower and upper
bounds on some unknown true probability because belief functions are not, in general, related to a well-defined reference
population with learning about the frequencies in this population. They express subjective judgment of experts.

Note that a belief mass m can equivalently be represented through a set of probability measures such that
PðmÞ ¼ fP 2 PX8A #X ; PlðAÞP PðAÞP BelðAÞg ð3Þ
where PX is the set of all the probabilities on X that are compatible with the belief and plausibility functions. Thus, associ-
ated to each belief function, there is a closed convex set of probability measures of which a belief function is a lower bound.

Several studies proved that the belief functions theory is well adapted to represent epistemic uncertainty in reliability
analysis [16,42]. An example which applies belief functions theory on the availability analysis of a component is given below.
The availability A of a component at time T is the probability of the event E: ‘‘the component will operate satisfactorily at a
given point in time when used under stated conditions’’. The belief function is a lower bound on the probability of the event
E. The corresponding upper bound is called plausibility function. Thus, belief and plausibility should bracket availability.
Note that not all upper and lower probability models correspond to belief functions. Belief function imposes a further restric-
tion called total monotonicity property, i.e. for every n P 2 and a collection of A1; . . . ;An 2 2X [25]
Belð[n
i¼1AiÞP

X
;–I�f1;...;ng

ð�1ÞjIjþ1Belð\i2IAiÞ ð4Þ
This property of total monotonicity indicates that belief measures do not verify the inclusion–exclusion principle [25].
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For example, let us consider a binary component i which fails according to a Poisson process. An expert is asked to provide
a bounding interval for the failure rate of the component k such that k 2 ½k; k�. We aim to shown how to obtain belief and
plausibility values of the component availability from the upper and lower values given by the expert.

Let T be the amount of time when the component i must function for the system to succeed, and we let w be the lifetime
of the component. The process is Poisson, thus the variable w follows an exponential distribution with scale parameter 1=k.
Then the variable v ¼ kw follows a unit exponential distribution. The component will fail during operation when w 6 T , or
k P v=T. Let F be an indicator variable of component failure. If v=T 6 k, then the component will certainly fail, i.e.
BelðF ¼ 1ÞðTÞ ¼ 1� expð�kTÞ
Similarly, if v=T 6 k, the component may fail, i.e.
PlðF ¼ 1ÞðTÞ ¼ 1� expð�kTÞ
The unavailability Ui of the component i at time T is then given by:
BelðUiðTÞÞ ¼ 1� expð�kTÞ 6 UiðTÞ 6 PlðUiðTÞÞ ¼ 1� expð�kTÞ
Finally, the availability Ai of the component i at time T is given by:
BelðAiðTÞÞ ¼ e�Tk
6 AiðTÞ 6 PlðAiðTÞÞ ¼ e�Tk ð5Þ
In this paper, epistemic state uncertainty represents the imprecision of the states. It is well represented by belief func-
tions theory and can be quantified by belief masses. Because of the state uncertainty, the availability of the ERTMS Level
2 is imprecise. As the state uncertainty can be quantified by belief masses, the availability of the ERTMS Level 2 taking epi-
stemic state uncertainty into account can be assessed by an interval made up of belief and plausibility measures.

3. Approach proposed to model state uncertainties in availability studies

In this section, first of all, the principal elements of Statecharts are presented. Then, we propose two approaches to eval-
uate the availability of binary components which takes the epistemic state uncertainty into account.

3.1. Statecharts

Statecharts use states and state transitions to describe the behavior of systems. They specify the sequences of states that
systems go through as a result of the occurrences of events and their corresponding actions [30–35]. Furthermore, State-
charts introduce new concepts such as the hierarchy of states and orthogonal regions. They also extend actions that depend
on states. In fact, Statecharts have been widely used in research into the modeling of railway systems. Banci et al. [36] used
Statecharts to give precise specifications on a computer controlling Railway Interlocking system. To develop tools and tech-
niques which can check automatically whether railway equipment conforms to operational requirements, Herranz et al. [7]
used Statecharts to model the ERTMS/ETCS specifications. Pap et al. [37] presented methods and tools for checking general
safety criteria in UML Statecharts relating to safety–critical systems. Magott and Skrobanek [38] introduced fault trees with
time dependencies and timed Statecharts for carrying out timing analysis of safety properties in safety critical systems.

Here we present the principal elements to be found in Statecharts [31,43].

� A state models a situation that a system might be in. A state which contains other states is called a composite state. Each
state may have Entry, During and Exit actions.
� Exclusive (OR) states represent mutually exclusive modes of operation.
� Parallel (AND) states represent independent modes of operation.
� A transition is the relationship between a source state and its target state. Exclusive (OR) states require transitions.

Parallel (AND) states do not require transitions because they execute concurrently.
� A region is an orthogonal part of a Statechart or a composite state. A Statechart or a composite state can contain one or

more regions. When a state contains two or more regions, these regions are said to be orthogonal. If a Statechart has
several regions, these regions are concurrent.
� A default transition indicates which exclusive (OR) state is to be active when there is ambiguity between two or more

exclusive (OR) states at the same level in the hierarchy.
� State actions are actions executed based on the status of a state.
– Entry action is optional and performed whenever the state is entered.
– Exit action is optional and performed whenever the state is exited.
– During action is optional and executed when the state is active and no valid transition to another state is available. It
is performed after the completion of the Entry action and continues to be performed until the action has finished or
the state is exited.

� Conditions are expressions enclosed in square brackets that evaluate to true or false.
� Events are objects that trigger activities during the execution.
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Fig. 1 is an illustration of a Statechart diagram. The system has three states. It first enters State1, which has Entry, During
and Exit actions. The system passes from State1 to State2 when Event1 is triggered and where the Condition is satisfied.
State2 has two parallel sub-states. This means that State2.1 and State2.2 are both active when the system enters State2.
When Event2 is triggered, the system enters State3. When Event3 is triggered, the system returns to State1.

Over the years, several Statechart semantics have been proposed in the literature such as: Statemate, UML Statecharts,
Rhapsody Statecharts, Stateflow, and SyncCharts. In this paper, we use Stateflow which is one of the most popular State-
charts dialects. It includes particularly some complicated features such as: interlevel transitions, complex transitions
through junctions, and events broadcasting. We use the MATLAB Simulink/Stateflow tool. MATLAB Simulink is a graphical
notation that supports the specification of control systems at a level of abstraction convenient for engineers. Stateflow is
a part of Simulink, and consists of a Statechart notation used to define Simulink blocks.

3.2. Availability of binary components without state uncertainty

A binary component can be in either of two states (working or failed) at any given time. Given that the failure rate and the
repair rate are constant, the component availability can be derived by the probabilistic approach. The component availability
AiðtÞ is defined as the probability of being in the working state at time t.

Fig. 2(a) shows the Markov model of a binary component. ‘‘0’’ denotes the working state and ‘‘1’’ denotes the failed state.
The transition probability can be represented by the product of the transition rate and the simulation step Dt when Dt is
suitably small. Thus, the transition probability from the working state to the failed state is k � Dt and the transition proba-
bility from the failed state to the working state is l � Dt, where k is the failure rate, l is the repair rate and Dt is the simu-
lation step. Fig. 2(b) shows the corresponding Statechart of this binary component.

The availability of being in the working state and in the failed state is given in Eq. (6). The derivation of Eq. (6) is detailed
in the Appendix. The component availability AiðtÞ is A0ðtÞ.
A0ðtÞ ¼ l
kþlþ k

kþl e�ðkþlÞt

A1ðtÞ ¼ k
kþl� k

kþl e�ðkþlÞt

(
ð6Þ
Note that, as usual in availability evaluation, we can consider ‘‘steady-state’’ availability as the limit for t ? infinite,
obtaining an absolute number, which is the one that is usually confronted with availability requirements.

3.3. Availability of binary components considering state uncertainty

In this subsection, the state uncertainty is introduced into the binary component model.
Based on the definition of belief functions, the frame of discernment of the binary component state is X ¼ f0;1g. The

component state takes value in 2X ¼ f;; f0g; f1g;Xg. The elements in this power set represent separately that the component
is in neither of the two states, the component is in the working state, the component is in the failed state or its state is
Fig. 1. Illustration of a Statechart diagram.

Fig. 2. Models of a binary component. (a) Markov model. (b) Statechart.
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uncertain. To develop the Markov model of the binary component considering state uncertainty, we assume a fictive state
that represents the imprecision. This fictive state is not a true state. It represents the imprecision of the component state. A
belief mass is assigned to each element of the power set 2X . The meanings of these masses are listed here:

� mð;Þ Represents the degree of belief that the component is in neither of the two states.
� mðf0gÞ Represents the degree of belief that the component is the working state.
� mðf1gÞ Represents the degree of belief that the component is the failed state.
� mðXÞ Represents the degree of belief that the component is in either of the two states, but we cannot confirm exactly its

state.

Here we have mð;Þ ¼ 0 and mðf0gÞ þmðf1gÞ þmðXÞ ¼ 1. These mean that the component state must be in the frame of
discernment.

Fig. 3(a) shows the Markov model of the binary component considering state uncertainty and Fig. 3(b) shows its corre-
sponding Statechart. We assume that when the component is in the working state or in the failed state, it has a chance to go
into the fictive state. In practice, components are examined at specified-time intervals. If the state of a component is found to
be uncertain during an examination, a more deep analysis should be performed. If we succeeded in this analysis, we will
repair the component if it is failed, or we will leave it in its uncertainty state if we cannot know its state. A deep analysis
should never degrades the state of the component (the next state of a component in an uncertainty state should be never
a failed state). Thus, the next state of fictive state is supposed to only be the working state.

The transition probability from the working state to the failed state is k � Dt, the transition probability from the failed
state to the working state is l � Dt, the transition probability from the working state to the fictive state is �0k � Deltat, the
transition probability from the fictive state to the working state is �0l � Dt, the transition probability from the failed state
to the fictive state is �1l � Dt, where k is the failure rate, l is the repair rate, Dt is the simulation step, �0l; �1l and �0k are
transition rates related to the fictive state. The values of �0l; �1l and �0k are estimated by counting the times that the state
of a component becomes uncertain from past experience. In practice, they are provided by railway experts.

According to Fig. 3(a), there are three states in the Markov model: a working state, a failed state and a fictive state.
According to Fig. 3(b), there are also a working state, a failed state and a fictive state in the Statechart. The transitions
and transitions rates among the three states in the two models are all the same. The difference between the two models lies
in the representation of the initial conditions. In the Markov model, initial conditions are not represented graphically.
However in the Statechart, initial conditions are represented graphically by two temporary states and two time constants.

In the proposed analytic approach, mass functions are used to measure the availability of system states and the mass
functions are functions of time. From the Markov model in Fig. 3(a), we have the following equations
mðf0gÞðt þ DtÞ ¼ mðf0gÞðtÞ � ð1� kDt � �0kDtÞ þmðf1gÞðtÞ � lDt þmðXÞðtÞ � �0lDt

mðf1gÞðt þ DtÞ ¼ mðf1gÞðtÞ � ð1� lDt � �1lDtÞ þmðf0gÞðtÞ � kDt

�
ð7Þ
where mðf0gÞðtÞ þmðf1gÞðtÞ þmðXÞðtÞ ¼ 1.
Fig. 3. Models of a binary component considering state uncertainty. (a) Markov model. (b) Statechart.
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To facilitate the expressions of the solutions of Eq. (7), we suppose a1 ¼ �k� �0k � �0l; b1 ¼ l� �0l; c1 ¼ �0l;

a2 ¼ k; b2 ¼ �l� �1l; k1;2 ¼ a1þb2�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða1�b2Þ2þ4a2b1

p
2 . The solutions of Eq. (7) are given as follows. The derivation of the solutions

is detailed in the Appendix.

� If ða1 � b2Þ2 þ 4a2b1 > 0
mðf0gÞðtÞ ¼ n1ek1t þ n2ek2t � b2c1
a1b2�a2b1

mðf1gÞðtÞ ¼ m1ek1t þm2ek2t þ a2c1
a1b2�a2b1

(
ð8Þ
� If ða1 � b2Þ2 þ 4a2b1 ¼ 0
mðf0gÞðtÞ ¼ ðn1 þ n2tÞek1t � b2c1
a1b2�a2b1

mðf1gÞðtÞ ¼ ðm1 þm2tÞek1t þ a2c1
a1b2�a2b1

(
ð9Þ
� If ða1 � b2Þ2 þ 4a2b1 < 0
mðf0gÞðtÞ ¼ eatðn1 cos bt þ n2 sin btÞ � b2c1
a1b2�a2b1

mðf1gÞðtÞ ¼ eatðm1 cos bt þm2 sin btÞ þ a2c1
a1b2�a2b1

(
ð10Þ
where a and b come from k1;2 ¼ a� i � b.

n1; n2;m1;m2 are unknown. Initial conditions are needed to fix their values.
Based on the above solutions, if the values of k;l; �0k; �0l; �1l and initial conditions are given, we can obtain the expres-

sions of mðf0gÞðtÞ;mðf1gÞðtÞ and mðXÞðtÞ. And from the knowledge of belief functions, the availability of the component con-
sidering state uncertainty should belong to [Belðf0gÞ; Plðf0gÞ], where
Belðf0gÞ ¼ mðf0gÞðtÞ
Plðf0gÞ ¼ mðf0gÞðtÞ þmðXÞðtÞ

�
ð11Þ
Example Here is a numerical example for the binary component considering state uncertainty. In this example, the values
of all the transition rates are known as follows
k ¼ 0:03 h�1

l ¼ 0:02 h�1

�0k ¼ 0:03 h�1

�0l ¼ 0:03 h�1

�1l ¼ 0:03 h�1

8>>>>>>><
>>>>>>>:

ð12Þ
These transition rates have their own meanings. For instance, the �0k � Dt is the transition probability of entering into the
fictive state from the working state. In this application, it represents the probability with which the component enters into
the fictive state from the working state. For example, �0k � Dt ¼ 0 means it is impossible that the state of the component
becomes uncertain when the component is in the working state. So �0k � Dt ¼ 0:03 means that when the component is in
the working state, the probability with which the state of the component becomes uncertain is 0.03.

Scenario 1: Without state uncertainty in the initial conditions
To calculate the component availability, two initial conditions are given: mðf0gÞð0Þ ¼ 0:8 and mðf1gÞð0Þ ¼ 0:2. There is no

state uncertainty in the initial conditions. The values in Eq. (12) are put into Eq. (8). With the initial conditions, the solutions
of scenario 1 are obtained as follows
mðf0gÞðtÞ ¼ a � e�0:06�t þ ð0:4875� aÞ � e�0:08�t þ 0:3125
mðf1gÞðtÞ ¼ b � e�0:06�t þ ð0:0125� bÞ � e�0:08�t þ 0:1875
mðXÞðtÞ ¼ 0:5� ðaþ bÞ � e�0:06�t � ð0:5� a� bÞ � e�0:08�t

8><
>: ð13Þ
where a and b are two unknown parameters, because the two initial conditions are not sufficient to fix the solutions.
mðf0gÞð0Þ represents the degree of belief that the component is in the working state at time t ¼ 0. mðf1gÞð0Þ is the degree

of belief that the component is in the failed state at t ¼ 0. mðXÞð0Þ represents the degree of belief that the component is in
either of the two states at t ¼ 0, but we cannot confirm exactly its state.

In belief function theory, the masses can be affected to singletons (f0g and f1g) and subset (X ¼ f0;1gÞ of states whereas
the probabilities can be affected only to singletons of states.

The initial conditions in the Statechart are realized by introducing an initial probability to the entrance of each state. We
simulate the Statechart of the binary component considering state uncertainty with the above values in Stateflow. The sim-
ulation results of the Statechart and the analytic results of Eq. (13) are given in Fig. 4(a).



Fig. 4. Simulation results and the analytic results of scenario 1. (a) Basic probability assignments. (b) Availability interval and the accurate availability.
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Fig. 4(b) shows the simulation result and the analytic result of the availability interval of the binary component consid-
ering state uncertainty in scenario 1. The simulation result of the availability of the binary component without epistemic
state uncertainty (�0k ¼ �0l ¼ �1l ¼ 0) is also drawn in this figure. Obviously, the availability without epistemic state uncer-
tainty is included in the availability interval. From Fig. 4, we find that the simulation result is very close to the analytic result.

Scenario 2: With state uncertainty in the initial conditions
In this scenario, three initial conditions are given: mðf0gÞð0Þ ¼ 0:34;mðf1gÞð0Þ ¼ 0:33 and mðXÞð0Þ ¼ 0:33. It means that

there is state uncertainty in the initial conditions. In this scenario, mðf0gÞð0Þ is the mass of passing from ‘‘waiting’’ state to
‘‘state0_tempo’’. mðf1gÞð0Þ is the mass of passing from ‘‘waiting’’ state to ‘‘state1_tempo’’. Thus mðXÞð0Þ ¼ 1�mðf0gÞð0Þ�
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mðf1gÞð0Þ is the initial mass that the state of the component is unknown. As the state is unknown, the component stays in
‘‘waiting’’ state.

In this case, the solutions of scenario 2 are obtained as follows
Fig. 5.
mðf0gÞðtÞ ¼ a � e�0:06�t þ ð0:0275� aÞ � e�0:08�t þ 0:3125
mðf1gÞðtÞ ¼ b � e�0:06�t þ ð0:1425� bÞ � e�0:08�t þ 0:1875
mðXÞðtÞ ¼ 0:5� ðaþ bÞ � e�0:06�t � ð0:17� a� bÞ � e�0:08�t

8><
>: ð14Þ
where a and b are two unknown parameters, because the three initial conditions are not sufficient to fix the solutions.
Simulation results and the analytic results of scenario 2. (a) Basic probability assignments. (b) Availability interval and the accurate availability.
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We also simulate the scenario 2 in Stateflow. The simulation results and the analytic results of Eq. (14) are given in
Fig. 5(a). Fig. 5(b) shows the simulation result and the analytic result of the availability interval of the binary component
considering state uncertainty in scenario 2. The simulation result of the availability of the binary component without epi-
stemic state uncertainty (�0k ¼ �0l ¼ �1l ¼ 0) is also drawn in this figure. Obviously, the availability without epistemic state
uncertainty is included in the availability interval. According to Fig. 5, the simulation result is very close to the analytic
result.

From the comparison of the results of scenario 1 and scenario 2, we find that the state uncertainty in the initial conditions
only influences the system availability at the beginning. It does not have any influence on the system availability after a per-
iod of time. An interesting phenomenon is that the degree of belief of the imprecision tends to be constant.

In the simulation, events in the Statechart are triggered on either of the rising edge and the falling edge of a clock. 10,000
simulations (sample time: 1 h; length of simulation: 500 h) were performed on a DELL Precision M4600 (Processor: Intel (R)
Core (TM) i7-2820QM CPU @ 2.30 GHz 2.30 GHz; RAM: 8G; System type: 64-bit operating system), the whole simulation
taking 1317 s. Each result curve converges to a constant after 100 h.
4. Application

In the previous section, firstly, the availability of a binary component considering state uncertainty is evaluated by an
analytic method. Then, a simulation method based on the Statecharts is proposed to evaluate its availability. The simulation
result is proved to be very close to the analytic result. So we can conclude that the simulation method provides the same
result as the analytic method. This conclusion is very useful when systems become complex, because it is very difficult to
use analytic method to evaluate the availability of complex systems.

In this section, we want to evaluate the availability of a railway signalling system considering state uncertainty. This rail-
way signalling system is too complex to be evaluated by the analytic method, so we turn to the simulation method. This
railway signalling system is ERTMS/ETCS Level 2.
4.1. ERTMS/ETCS Level 2

ERTMS is a platform supported by Europe to guarantee the interoperability across different countries and manufacturers
by creating a single Europe-wide standard for train control and command systems [44]. It has two components, the first
component being ETCS, which is a standard for train control systems, and the second component being GSM-R (Global System
Fig. 6. Railway signalling system equipped ERTMS/ETCS. (a) Level 1. (b) Level 2. (c) Level 3.
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for Mobile communications – Railways), which is an international wireless communications standard for railway communica-
tion and applications.

ETCS has three levels. ETCS Level 1 and ETCS Level 2 are widely applied in Europe. ETCS Level 3 is currently under devel-
opment. These different levels are distinguished by the different Trackside and Onboard ETCS equipment and different tech-
nologies of information transmission. ETCS Level 1 (Fig. 6(a)) is superimposed on the existing signalling system. The
transmission of information from the track to the train-borne system is totally dependent on balises which are installed
in the track. The driver controls the train according to the lineside signals. In ETCS Level 2 (Fig. 6(b)), the information trans-
mission is by radio. The movement authority and track description are displayed directly in the cab for the driver, so lineside
signals are no longer needed. Balises are used as positioning beacons to help the train to determine its position via sensors. In
ETCS Level 3 (Fig. 6(c)), the train integrity checking is done by the tr ain itself, so track circuits are no longer needed. Balises
are used to update position information and transmit position and integrity data back to the interlocking via GSM-R.

We have chosen ERTMS Level 2 as the subject of our research because it has been widely implemented in European coun-
tries, e.g., Denmark, Italy, Spain, Netherlands, France, Sweden. Fig. 7(a) describes our model of ERTMS/ETCS Level 2 inspired
by the work of Flammini [45]. It consists of three parts: The Onboard system, the Trackside system and the GSM-R system.
Fig. 7(b) shows its hierarchical structure.

The Onboard system receives the information coming from the Trackside system to create a ‘‘braking curve’’. The train
driver should respect this speed profile in order to slow down or brake before stop signals or emergencies. The Onboard sys-
tem also receives telegrams from balises and sends Position Reports (containing, for example, the train position and operating
mode) to the Trackside system via GSM-R. In the Onboard system, we consider the following five modules:

� RTM (Radio Transmission Module) provides a bidirectional interface with the Trackside system via a mobile terminal.
� BTM (Balise Transmission Module) is an interface used to receive telegrams from balises and to provide power to balises.
� TIU (Train Interface Unit) provides a bidirectional interface with the train-borne equipment.
� DMI (Driver Machine Interface) provides a bidirectional interface with the train driver. It displays information and

instructions to the driver, and the driver reacts to them.
Fig. 7. Railway signalling system equipped ERTMS Level 2. (a) Architecture. (b) Hierarchical structure.
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� EVC (European Vital Computer) is an embedded, real-time, safety–critical computing system. It handles the telegrams
from balises and measures the train speed and position in order to produce the ‘‘braking curve’’.

If the driver fails to perform a correct operation in time, the Onboard system will automatically call the braking procedure
and begin to operate the train-borne equipment via the TIU interface.

The Trackside system performs train routing, acquires the track circuit occupation status, detects train position and sends
correct speed profiles to trains. The Trackside system comprises two subsystems:

� IXL (Interlocking) is responsible for train routing and acquiring the track occupation status. It is not an object of the
ERTMS standardization. It is national and different from one country to another. However, it has been stated in [44] that
safety performance of the system is crucially dependent upon the integrity of the information it receives from external
entities such as IXL.
� The train separation subsystem comprises Radio Block Centers (RBCs) and Eurobalises. RBCs acquire track status from

linked interlocking equipment and provide trains with Movement Authorities, Static Speed Profiles and possible
emergency information. Eurobalises send position telegrams to a train when the train passes over it.

GSM is a standard for mobile communications. GSM-R is an international wireless communications standard for railway
communication and applications. The direction of communication is decided by the frequency of GSM-R messages. For the
‘‘Train to Track’’ direction the frequency of GSM-R messages is between 876 MHz and 880 MHz, whereas for the ‘‘Track to
Train’’ direction the frequency is between 921 MHz and 925 MHz.

As a future research direction, ERTMS does not include only the components in Fig. 7(b), but the Onboard system is
replicated on all the trains that are running on the line controlled by a single trackside system. This does affect availability,
and the modeling of this replication is not trivial.

4.2. Modeling in Statecharts

Fig. 8(a) represents our Statechart model of the entire ERTMS/ETCS Level 2. Fig. 8(b)–(d) show the Statecharts of the three
constituents of ERTMS Level 2. These Statecharts describe the communication between the Onboard system and the Track-
side system via GSM-R in the presence of degradations and failures. As shown in Fig. 8(a), ERTMS/ETCS Level 2 consists of the
Onboard system, the Trackside system and the GSM-R system which work in parallel.

First of all, the three systems enter the ‘‘Waiting’’ state. If the variable ‘‘Start’’ is true, all the systems enter the ‘‘Normal’’
state. In the ‘‘Normal’’ state, the Onboard system and the Trackside system communicate with each other via GSM-R. The
Onboard system is in the ‘‘Calculation’’ state, the Trackside system is in the ‘‘CollectionInfoCalculation’’ state and the
GSM-R system is in the ‘‘CollectMessage’’ state. When a SignalFromTrack event occurs and at the same time the frequency
of GSM-R messages is not less than 900 MHz, the Trackside system sends information to the Onboard system. At this time,
the Onboard system enters the ‘‘Receive’’ state, the Trackside system enters the ‘‘Send’’ state and the GSM-R system enters
the ‘‘Track2Train’’ state. When an EndSendToTrain event occurs, the Onboard system goes back to the ‘‘Calculation’’ state,
the Trackside system goes back to the ‘‘CollectionInfoCalculation’’ state and the GSM-R system goes back to the ‘‘Collect-
Message’’ state. Information transmission from the Onboard system to the Trackside system functions in a similar fashion.

The Onboard system has a degraded state. When an Operation event occurs, if the operator is available the system enters
the ‘‘OperationByOperator’’ state, and if not it enters the ‘‘OperationByComputer’’ state, which is a substate of the ‘‘Degra-
ded_OnBoard’’ state. When EndOperation occurs, the system goes back to the ‘‘Calculation’’ state if the operator is unavail-
able, otherwise it returns to ‘‘Normal’’.

Each system has a failed state. This failed state encompasses two types of failure. The first type of failure is ‘‘ErrorStateOf-
Net’’. A variable ‘‘network_failed’’ is used to indicate the state of the whole network. The value of ‘‘network_failed’’ comes
from statistics and once the variable is set to true, all the systems will enter the state ‘‘ErrorState’’. The failure will be
repaired and systems will return to the state ‘‘CorrectState’’ when a RepairNet event occurs. The second type of failure is
‘‘OrderOfErrorOfNet’’. When the rail traffic controller discovers an abnormality in the network communication, he or she
can give an ErrorTrain2Track or ErrorTrack2Train order immediately in order to interrupt the network and make all the sys-
tems enter the ‘‘OrderOfErrorOfNet’’ state. This type of failure can be repaired by corresponding repair events including
RepairSend_OB, RepairReceive_OB and R epairSend_TS. It is only when both types of failure are repaired that systems can
return to the ‘‘Normal’’ or ‘‘Degraded’’ state.

There is a fictive state in the Onboard system, the Trackside system and the GSM-R system. Each system has a probability
to enter into the ‘‘Uncertainty’’ state and a probability to return to the ‘‘Normal’’ state. These probabilities depend on their
corresponding transition rates.

When the variable ‘‘End’’ is true, all the systems go back to the ‘‘Waiting’’ state.

4.3. Evaluation of availability

European Economic Interest Group (EEIG) ERTMS Users Group [46] offered an ERTMS/ETCS RAMS Requirements Specifi-
cation. According to this specification, the operational availability of the ERTMS/ETCS, due to all the causes of failure, shall be



Fig. 8. Statecharts in Stateflow. (a) ERTMS/ETCS Level 2. (b) Onboard system. (c) Trackside system. (d) GSM-R system.
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not less than 0.99973. The ERTMS/ETCS quantifiable contribution to operational availability, due to hardware failures and
transmission errors, shall be not less than 0.99984. The Mean Time To ReStore (MTTRS) of the Onboard Equipment is
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1.737 h, the MTTRS of the Trackside Centralized Equipment is 0.869 h, and the MTTRS of the Trackside Distributed Equip-
ment is 1.737 h. For more details about other parameters, see [46].

In our model, some events and variables in the Statechart occur at a certain probability. Our simulation step is Dt ¼ 1h.
The list of these events and variables with their probabilities or transition rates is as follows:

� Probability (Operation, EndOperation) = 0.95
� Probability (SignalFromTrack, EndSendToTrain, SignalFromTrain, EndSendToTrack) = 0.4
� Probability (f < 900) = 0.5. The direction of communication is decided by the frequency of GSM-R messages. We assume

that each side has the same probability of sending messages to the other side.
� Transition Rate (operator = 0) = kop, where kop ¼ 8:514 � 10�5 h�1.
� Transition Rate (network_failed = 1) = kn1, where kn1 ¼ 9:3885 � 10�6 h�1.
� Transition Rate (RepairNet) = ln1, where ln1 ¼ 0:6 h�1.
� Transition Rate (ErrorTrack2Train, ErrorTrain2Track) = kn2, where kn2 ¼ 0:0001 h�1.
� Transition Rate (RepairReceive_OB, RepairSend_OB, RepairReceive_TS, RepairSend_TS, RepairTrack2Train, Repair-

Train2Track) = ln2, where ln2 ¼ 0:6 h�1.

The values of kop and kn1 come from the statistics published by Federal Railroad Administration Office of Safety Analysis
[18] from 2007 to 2011. The others (ln1; kn2;ln2, etc.) are realistic values from experts’ opinions and correspond to the values
generally used in the railway system. The ERTMS RAMS specification [46] indicates the upper bounds of unavailabilities of
components of the OnBoard, Trakside and line systems. The values of transition rates used in this paper are realistic and sat-
isfy the upper bounds constraints.

As for the transition rates related to the epistemic uncertainty, there is no statistics on these parameters, so we propose
some realistic values for them. For the Onboard system, all the inward transition rates of the fictive state are set to be
0:0014 h�1 (This means the system enters into the fictive state once a month) and the outward transition rate of the fictive
state is set to be 0:25 h�1 (This means the system will be examined 6 times a day). For the GSM-R system, all the inward
transition rates of the fictive state are set to be 0:00046 h�1 (once a trimester) and the outward transition rate of the fictive
state is set to be 0:25 h�1 (6 times a day). For the Trackside system, all the inward transition rates of the fictive state are set to
Fig. 9. Simulation results of the ERTMS/ETCS Level 2 considering state uncertainty. (a) Availability interval and the accurate availability. (b) Sensitivity
analysis on the three constituent systems.
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be 0:0002315 h�1 (once every 6 months) and the outward transition rate of the fictive state is set to be 0:25 h�1 (6 times a
day).

Fig. 9(a) shows the simulation result of the availability interval of this signalling system during 3 years. The availability of
system without epistemic uncertainty is also drawn in this figure and it is included in the availability interval. The availabil-
ity without epistemic uncertainty is around 0.99949. It is a little lower than the availability given by EEIG ERTMS Users
Group [46]. This result reflects the fact that some parameters in the model need more realistic values.

In the simulation, events in the Statecharts are triggered on either of the rising edge and the falling edge of a clock. 10,000
simulations (sample time: 1 h; length of simulation: 3 years) were performed on a DELL Precision M4600 (Processor: Intel
(R) Core (TM) i7-2820QM CPU @ 2.30 GHz 2.30 GHz; RAM: 8G; System type: 64-bit operating system), the whole simulation
taking 6.7 h. Each result curve converges to a constant after 50 h.

4.4. Sensitivity analysis

In this application, the aim of the sensitivity analysis is to estimate which constituent system’s uncertainty has the most
significant influence on the uncertainty of the entire ERTMS Level 2.

mðXÞ represents the uncertainty of the entire ERTMS Level 2. In Fig. 9(b), the curve ‘‘With epistemic uncertainty in the
constituents’’ shows the uncertainty of the ERTMS Level 2 with the presence of epistemic uncertainties in all the three con-
stituent systems. The curve ‘‘No epistemic uncertainty in Trackside system’’ shows the uncertainty of the ERTMS Level 2 with
epistemic uncertainty in Onboard system and epistemic uncertainty in GSM-R system. The curve ‘‘No epistemic uncertainty
in GSM-R system’’ shows the uncertainty of the ERTMS Level 2 with epistemic uncertainty in Onboard system and epistemic
uncertainty in Trackside system. The curve ‘‘No epistemic uncertainty in Onboard system’’ shows the uncertainty of the
ERTMS Level 2 with epistemic uncertainty in Trackside system and epistemic uncertainty in GSM-R system. We find that
the Onboard system is the system whose uncertainty influences the most significantly the uncertainty of the enti re ERTMS
Level 2. The second one is the GSM-R system. The last one is the Trackside system. So if we want to reduce the uncertainty of
the whole railway signalling system, we’d better begin with reducing the uncertainty in the Onboard system.
5. Conclusion

In this paper, we propose two approaches to evaluate the availability of systems considering epistemic state uncertainty:
the analytic method based on the belief functions theory and the linear equations to obtain belief masses of system state, and
the simulation method based on the belief functions theory and the Statecharts. We choose a discrete-time simulation with a
uniform time increments Dt because it is a straightforward and easy way of modeling railway systems. However, the size of
Dt can have a significant impact on the estimated availability of railway systems. The use of a discrete-event simulation or a
combined discrete-time and discrete event simulation should be investigated because they can offer a fast execution and a
more close result to the analytic solution.

The analytic method has been used to validate the simulation method. Compared to Statecharts in the simulation method,
Markov Chain in the analytic method has two major drawbacks: inherent sequentiality and flat, non-hierarchical nature. In
its classical form, the Markov Chain method is not well adapted to specify the behavior of systems because it does not sup-
port modularity and hierarchical structure. Without the concurrency and multi-level descriptions, a state-based method is
not suitable to describe the behavior of large and complex systems. Furthermore, the number of states grows exponentially
(we consider all possible combinations of states in all the components of the systems) in the Markov Chain method. State-
charts augmented with probabilities overcome the limitations of Markov Chain method. They support the hierarchy of states
and orthogonal regions. States can be combined into a higher level state. The source state and the target state of a transition
are not restr icted to the same level. These advantages make Statecharts well adapted to model large and complex systems
and their dynamic behavior.

Epistemic state uncertainty is analyzed by belief functions theory. The proposed simulation method has been applied on a
railway signalling system ERTMS/ETCS Level 2. We evaluated its availability when there is state uncertainty and did the sen-
sitivity analysis to estimate the influence of uncertainties existing in the three constituent systems on the ERTMS Level 2. The
proposed approach will provide a straightforward and easy method for railway community to evaluate the RAMS parameters
of railway systems in presence of several type of uncertainty. Indeed, the proposed Statecharts models based are based on
Discrete-events simulation and can be implemented in every simulation tool. In our future work, we plan to integrate the
parametric uncertainty in some transition rates and more detailed state uncertainty into the model to enrich our uncertainty
analysis.

Acknowledgments

This work was carried out and funded in the framework of the Labex MS2T. It was supported by the French Government,
through the ‘‘Investments for the future’’ program, managed by the National Agency for Research (Reference ANR-11-IDEX-
0004-02).

This work was also supported by the French National Research Agency, ANR-13-JS03-0007 RECIF.



16 S. Qiu et al. / Simulation Modelling Practice and Theory 47 (2014) 1–18
Appendix A

A.1. Availability of a binary component without state uncertainty

According to Fig. 2(b), the availability of being in the working state and in the failed state can be calculated analytically as
follows
A0ðt þ DtÞ ¼ A0ðtÞð1� kDtÞ þ A1ðtÞlDt

A1ðt þ DtÞ ¼ A1ðtÞð1� lDtÞ þ A0ðtÞkDt

�
ð15Þ

lim
Dt!0

A0ðtþDtÞ�A0ðtÞ
Dt ¼ A00ðtÞ ¼ �A0ðtÞkþ A1ðtÞl

lim
Dt!0

A1ðtþDtÞ�A1ðtÞ
Dt ¼ A10ðtÞ ¼ �A1ðtÞlþ A0ðtÞk

8<
: ð16Þ
The initial conditions are A0ð0Þ ¼ 1 and A1ð0Þ ¼ 0. So finally the availability of being in the working state and in the failed
state is obtained as follows
A0ðtÞ ¼ l
kþlþ k

kþl e�ðkþlÞt

A1ðtÞ ¼ k
kþl� k

kþl e�ðkþlÞt

(
ð17Þ
A.2. Availability of a binary component considering state uncertainty

According to Fig. 3(a), we have the following equations
mðf0gÞðt þ DtÞ ¼ mðf0gÞðtÞ � ð1� kDt � �0kDtÞ þmðf1gÞðtÞ � lDt þmðXÞðtÞ � �0lDt

mðf1gÞðt þ DtÞ ¼ mðf1gÞðtÞ � ð1� lDt � �1lDtÞ þmðf0gÞðtÞ � kDt

�
ð18Þ
where mðf0gÞðtÞ þmðf1gÞðtÞ þmðXÞðtÞ ¼ 1.
mðf0gÞ0ðtÞ ¼ mðf0gÞðtÞ � ð�k� �0k � �0lÞ þmðf1gÞðtÞ � ðl� �0lÞ þ �0l

mðf1gÞ0ðtÞ ¼ mðf1gÞðtÞ � ð�l� �1lÞ þmðf0gÞðtÞ � k

(
ð19Þ
To find the solutions of Eq. (19), we simplify it in the following form
x0ðtÞ ¼ xðtÞ � a1 þ yðtÞ � b1 þ c1

y0ðtÞ ¼ xðtÞ � a2 þ yðtÞ � b2

�
ð20Þ
where xðtÞ ¼ mðf0gÞðtÞ; yðtÞ ¼ mðf1gÞðtÞ and
a1 ¼ �k� �0k � �0l

b1 ¼ l� �0l

c1 ¼ �0l

a2 ¼ k

b2 ¼ �l� �1l

8>>>>>><
>>>>>>:

ð21Þ
From Eq. (20), we have
y00ðtÞ � y0ðtÞ � ða1 þ b2Þ þ yðtÞ � ða1b2 � a2b1Þ � a2c1 ¼ 0 ð22Þ
This is a Second order Linear Homogeneous Differential Equation with Constant Coefficients. The form of the final solution
should be a general solution plus a particular solution. In our case, the particular solution is
particular solution ¼ a2c1

a1b2 � a2b1
ð23Þ
The corresponding characteristic equation is
k2 � k � ða1 þ b2Þ þ ða1b2 � a2b1Þ ¼ 0 ð24Þ
The roots of the characteristic equation are
k1;2 ¼
a1 þ b2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða1 � b2Þ2 þ 4a2b1

q
2

ð25Þ
According to the roots of the characteristic equation, there are three cases for the general solution of yðtÞ. The same with
xðtÞ. Finally, we get three different cases of the solutions of xðtÞ and yðtÞ in the following forms
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� If ða1 � b2Þ2 þ 4a2b1 > 0
xðtÞ ¼ n1ek1t þ n2ek2t � b2c1
a1b2�a2b1

yðtÞ ¼ m1ek1t þm2ek2t þ a2c1
a1b2�a2b1

(
ð26Þ
� If ða1 � b2Þ2 þ 4a2b1 ¼ 0
xðtÞ ¼ ðn1 þ n2tÞek1t � b2c1
a1b2�a2b1

yðtÞ ¼ ðm1 þm2tÞek1t þ a2c1
a1b2�a2b1

(
ð27Þ
� If ða1 � b2Þ2 þ 4a2b1 < 0
xðtÞ ¼ eatðn1 cos bt þ n2 sin btÞ � b2c1
a1b2�a2b1

yðtÞ ¼ eatðm1 cos bt þm2 sin btÞ þ a2c1
a1b2�a2b1

(
ð28Þ
where a and b come from k1;2 ¼ a� i � b.

n1; n2;m1;m2 are unknown. Initial conditions are needed to fix their values.
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