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Abstract

This paper addresses the problem of
building belief functions from statis-
tical data. We describe a method
for quantifying an agent belief about
the realization of a discrete random
variable X with unknown probabil-
ity distribution PX , having observed
a realization of an iid random sam-
ple with the same distribution. The
proposed solution verifies two “rea-
sonable” properties with respect to
PX : it is less committed than PX

with some user-defined probability,
and it converges towards PX in prob-
ability as the size of the sample tends
to infinity.
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1 Introduction

Since its foundation in the late 1960’s and in
the 1970’s [2, 14, 18], the Dempster-Shafer
theory of belief functions has been widely
used as a conceptual framework for model-
ing partial knowledge and reasoning under
uncertainty. In most applications, a signifi-
cant part of the available information comes
from statistical data, and it is crucial to be
able to model such information in the belief
functions framework. The first application of
belief functions was indeed statistical infer-
ence about parametric models [2][3][4]. Shafer

[15] describes several distinct approaches to
this problem, among which the approach ini-
tially proposed by Dempster, based on piv-
otal quantities, the likelihood-based approach
exposed in Shafer’s book [14], and Smets’
method based on the GBT. Principles of sta-
tistical inference within the theory of Hints,
an interpretation of Dempster-Shafer theory
closely related to Dempster’s model, are ex-
posed in [11, chapter 9].

The specific problem addressed in this pa-
per is the following. We consider a pop-
ulation Ω, each element ω of which is de-
scribed by a discrete observable character-
istic x ∈ X = {ξ1, . . . , ξK}. Individuals
are randomly sampled from Ω according to
some probability measure μ. The mapping
X : ω → x is thus a random variable, with
unknown probability distribution PX defined
by PX(A) = μ(X−1(A)) for all A ⊆ X . Hav-
ing drawn n elements with replacement (or
without replacement in the case of an infinite
population), we have observed a realization
x1, . . . , xn of a random iid sample X1, . . . ,Xn

with parent distribution PX . We want to as-
sess our degrees of belief concerning the real-
ization of X that will be observed when we
shortly draw an additional individual from Ω.
A classical paradigm for this problem is that
of an urn containing balls of different colors.
Having observed the colors of n balls ran-
domly taken from the urn with replacement,
we want to assess our beliefs concerning the
color of the next ball.

The conceptual framework adopted in this
paper will be based on the Transferable Be-



lief Model (TBM), a nonprobabilistic, subjec-
tivist interpretation of the Dempster-Shafer
theory of belief functions [18]. In this model,
a belief function is not interpreted as the lower
envelope of a family of probability distribu-
tions, a view that is known to be incompatible
with Dempster’s rule of combination and, con-
sequently, with the TBM [16]. We shall, how-
ever, for the particular problem at hand, de-
fine a certain form of consistency between the
belief function of interest and a lower proba-
bility measure, as will be shown below. Basic
knowledge of the mathematics of belief func-
tions and their interpretation in the TBM will
be assumed in this paper. The reader is re-
ferred to Shafer’s book [14] and presentations
of the TBM [18] for complete coverings of
these topics.

The problem of inference from binomial and,
more generally, multinomial data was origi-
nally addressed in the belief function frame-
work by Dempster [2, 4]. Dempster’s solu-
tion was later recovered by Kohlas in the
Hint Theory framework (an interpretation of
Dempster-Shafer theory close to Dempster’s
model), and in the TBM framework [17]. This
solution will first be briefly recalled in Section
2. Our method will then be introduced in Sec-
tion 3, and an approximate analytical solution
for the case of ordered data will be presented
in Section 4. Finally, Section 5 will conclude
the paper.

2 Review of previous work

2.1 Dempster’s approach

Belief functions were introduced by Demp-
ster as part of a statistical inference frame-
work proposed as an alternative to Bayesian
methods and to Fisher’s fiducial method [2].
One of the first applications of this new ap-
proach concerned binomial sampling with a
continuous parameter p, and general multino-
mial sampling with a finite number of contem-
plated hypotheses [2].

Here, only the main results concerning the
binomial sampling model will first be sum-
marized. Let X1, . . . ,Xn be an iid sample

with parent variable X ∈ X = {0, 1} follow-
ing a Bernoulli distribution with parameter
p ∈ P = [0, 1]. A random variable Wi uni-
formly distributed on W = [0, 1] is supposed
to underlie each observation Xi, with

Xi = 1 ⇔ Wi ≤ p . (1)

The uniform distribution of Wi can be
thought of as modeling random sampling from
an infinite population assimilated to the inter-
val [0, 1].

Equation (1) defines a multivalued mapping
from W to X × P, which maps any w ∈ W
to {1} × [w, 1] ∪ {0} × [0, w]. This mapping
constrains the possible values of the triplet
(Xi,Wi, p), and can alternatively be repre-
sented by a logical belief function (i.e., a be-
lief function with a single focal set) mΘ

i on
the joint space Θ = X × W × P. Now, the
uniform probability distribution of Wi defines
a Bayesian belief function mW

i . Having ob-
served a realization xi of each Xi, a belief
function on P can be obtained by combining
each belief function in the model using Demp-
ster’s rule, conditioning by Xi = xi for each
i = 1, . . . , n, and marginalizing on p.

The prediction problem can then be handled
by defining a new variable X ∼ B(p), with
associated uniform random variable W . The
marginal bba induced about X is:

mX ({1}) =
N

n + 1
=

p̂

1 + 1/n
(2)

mX ({0}) =
n − N

n + 1
=

1 − p̂

1 + 1/n
(3)

mX (X ) =
1

n + 1
, (4)

where N =
∑n

i=1 xi and p̂ = N/n.

In principle, the above approach can be ex-
tended to the general multinomial case. How-
ever, the calculations are now much more
complex. Dempster studied the trinomial case
in [4] (without providing explicitly the equiva-
lent of (2)-(4)), and he presented some results
pertaining to the general case in [5]. However,
the application of these results to compute the
marginal belief function of X has proved, so
far and to our knowledge, mathematically in-
tractable.



2.2 Discussion

The approach outlined above seems well
founded theoretically. It provides a usable
solution at least in the binomial case, and
maybe for K = 3 (although this solution does
not seem to have been fully worked out in
that case). However, this approach seems
to become quickly analytically intractable for
larger K, essentially because of the difficulty
to manipulate belief functions over continuous
multidimensional spaces.

The approach proposed in this paper follows
a completely different route. First of all, our
objective will be more limited, in that we shall
only attempt to build a belief function re-
garding a future observation X, given past
observations X1, . . . ,Xn, without expliciting
our beliefs on P. Hence, belief functions will
not be used as a tool for parametric inference
(for which frequentist confidence regions will
be employed), but as a tool for prediction.

As mentioned aboved, another feature of our
approach is that it will be essentially based
on frequentist analysis. Given an iid random
sample Xn = (X1, . . . ,Xn) with parent prob-
ability distribution PX , we want to produce a
belief function on X , noted belX [Xn], in such
a way that the inequality belX [Xn] ≤ PX will
hold in the long run at least in 100(1 − α)
% of cases (i.e., for a fraction 100(1 − α) of
the samples). For a given realization xn =
(x1, . . . , xn), we shall thus obtain a belief
function belX [xn], which will be guaranteed
to have been obtained by a method yielding a
belief function less committed than the prob-
ability measure PX in 100(1 − α) % of cases.
As will be shown below, such a belief func-
tion can easily be computed from multinomial
confidence regions, and it has a simple inter-
pretation.

3 New approach

3.1 Basic principles

Let us assume that we have an urn with balls
of different colors, noted ξ1, . . . , ξK . Let X de-
note the color of a ball taken randomly from
the urn. As before, the probability distribu-

tion of X is noted PX . For each A ⊆ X =
{ξ1, . . . , ξK}, PX(A) represents the long run
frequency of the event X ∈ A, which is sim-
ply equal in this example to the proportion
of balls with color in A contained in the urn.
This quantity is constant (it depends only on
the experimental setting), but unknown.

Assume that we will shortly draw a ball from
this urn, and we want to model our beliefs
regarding its color by a belief function belX .
If we know the composition of the urn, and
hence the underlying long run frequency dis-
tribution PX , it is reasonable to postulate
belX = PX . As remarked by Hacking [9], this
“frequency principle” seems very natural.

Let us now assume that we do not know the
composition of the urn, but we have drawn
n balls with replacement. We have thus ob-
served a realization of an iid random sam-
ple Xn = (X1, . . . ,Xn), with parent distribu-
tion PX . Let belX [Xn] denote a belief func-
tion constructed using Xn. Which properties
should be satisfied by belX [Xn] ?

First, it seems natural to impose that
belX [Xn] become closer to PX as n → ∞,
which can be seen as a weak form of Hack-
ing’s frequency principle. Loosely speaking, a
sample of infinite size is equivalent to knowl-
edge of the distribution of X, hence the belief
function should asymptotically become iden-
tical to PX . This translates to the following
requirement:

Requirement R1: For all A ⊆ X ,

belX [Xn](A) P−→ PX(A), as n → ∞, (5)

For finite n, what kind of relationship should
be imposed between belX [Xn] and PX ? Since
we have less information than in the asymp-
totic case, it seems natural to impose that
belX [Xn] be less committed than PX , as a con-
sequence of the Least Commitment Principle
[18]. We should then have belX [Xn] ≤ PX .
This requirement, however, appears to be
much too stringent. Having observed a posi-
tive count nk for a certain value ξk of X, we
can rule out 0 as a possible value for pk, but
any arbitrarily small value ε remains possible,



unlikely as it may be. The above requirement
would then lead to belX [Xn](A) = 0, for any
strict subset A of X , i.e., to the vacuous belief
function.

As a less stringent requirement, we propose
to impose that the inequality belX [Xn] ≤ PX

be satisfied only “in most cases”. Assuming
that the random experiment that consists of
drawing n balls from the urn is repeated in-
definitely, we would like belX [Xn] to be less
committed than P “most of the time”, i.e.
with at least some prescribed long run fre-
quency 1 − α, where α ∈ (0, 1) is an arbi-
trarily small positive number. More formally,
this can be expressed by the following second
requirement:

Requirement R2:

P(belX [Xn] ≤ PX) ≥ 1 − α. (6)

Equation (6) can alternatively be written:

P
(
belX [Xn](A) ≤ PX(A),∀A ⊂ X ) ≥ 1 − α.

It should be quite clear that, in this expres-
sion, as in (5), PX denotes the true probability
distribution of X, which is constant but un-
known. The quantity belX [Xn](A) is random,
as it is a function of the random sample Xn.

A belief function satisfying requirements R1

and R2 will be called a predictive belief func-
tion at confidence level 1 − α.

In the following, we shall examine methods
for deriving such belief functions from multi-
nomial confidence regions. Some definitions
and results regarding these confidence regions
will first be recalled in the following section.

3.2 Multinomial confidence regions

The main building block of our approach to
constructing belief functions is composed of
methods for building confidence regions on
multinomial parameters. Given an iid sam-
ple X1, . . . ,Xn of a discrete random variable
X taking values in X = {ξ1, . . . , ξK}, let Nk =∑n

i=1 1ξk
(Xi) denote the number of observa-

tions in category ξk. The random vector N =
(N1, . . . , NK) has a multinomial distribution

with parameters n and p = (p1, . . . , pK), with
pk = PX({ξk}).
Let S(N) be a random subset of the pa-
rameter space P = {p = (p1, . . . , pK) ∈
[0, 1]K | ∑K

k=1 pk = 1}. S(N) is said to be
a confidence region for p at confidence level
1 − α, if

P(S(N)  p) ≥ 1 − α,

i.e., the random region S(N) contains the
constant parameter vector p with probability
(long-run frequency) 1 − α. It is an asymp-
totic confidence region if the above inequality
only holds in the limit as n → ∞.

The problem of finding confidence regions for
multinomial proportions has received consid-
erable attention in the statistical literature
from the 1960’s [13] [8] up to these days [7].
Of particular interest are simultaneous con-
fidence intervals, i.e., regions defined as a
Cartesian product of intervals:

S(N) = [P−
1 , P+

1 ] × . . . × [P−
K , P+

K ],

which have easy interpretation. Such asymp-
totic confidence regions were proposed by
Quesenberry and Hurst [13], and Goodman
[8]. The first solution is defined as:

P−
k =

a + 2Nk −√
Δk

2(n + a)
(7)

P+
k =

a + 2Nk +
√

Δk

2(n + a)
, (8)

where a is the quantile of order 1−α of the chi-
square distribution with one degree of free-
dom, and Δk = a

(
a + 4Nk(n−Nk)

n

)
. It can

easily be checked that the classical confidence
interval on binomial p is recovered as a spe-
cial case when K = 2. For K > 2, Goodman
remarked that the above confidence region is
too conservative, and showed that a could be
replaced by b, the quantile of order 1−α/K of
the chi-square distribution with one degree of
freedom. Although more sophisticated meth-
ods may yield smaller regions, particularly for
small sample sizes, Goodman’s intervals have
been found to be good enough in most prac-
tical applications [12].



3.3 From multinomial confidence
regions to lower probabilities

A confidence region S(N) for multinomial
proportions such as reviewed in Section 3.2 is
usually interpreted as defining a set of plausi-
ble values for the vector parameter p. How-
ever, since each value of p specifies a unique
probability measure of X , it is clear that S(N)
can equivalently be seen as defining a family
of probability measures. To keep the nota-
tion as simple as possible, the same symbol
S(N) will be used to denote both the set of
parameter values p and the set of probabil-
ity measures. Let P− and P+ denote, re-
spectively, the lower and upper envelopes of
S(N), defined as P−(A) = minP∈S(N) P (A)
and P+(A) = maxP∈S(N) P (A). They can be
easily computed using the following proposi-
tion.

Proposition 1 For all strict nonempty sub-
set A of X ,

P−(A) = max

⎛
⎝ ∑

ξk∈A

P−
k , 1 −

∑
ξk �∈A

P+
k

⎞
⎠ (9)

P+(A) = min

⎛
⎝ ∑

ξk∈A

P+
k , 1 −

∑
ξk �∈A

P−
k

⎞
⎠ .

(10)

Proof. The proof of this propositions, as well
as other proofs of the main results presented
here, can be found in a long version of this
paper [6].

Note that we have, as a direct consequence of
Proposition 1, P+(A) = 1 − P−(A), ∀A ⊆
X . Hence, the lower probability measure P−

is sufficient to characterize S(N):

S(N) = {P | P− ≤ P}.
By construction, we have

P(PX ∈ S(N)) = P(P− ≤ PX) ≥ 1−α, (11)

and it is clear that P−(A) P−→ PX(A) as
n → ∞, for all A ⊆ X . Hence, P− verifies
our two requirements R1 and R2. Unfortu-
nately, P− is not, in general, a belief function

when K > 3 (a counterexample can easily be
found). However, it is a 2-monotone capacity
(a proof is given in [6]).

3.4 From lower probabilities to
predictive belief functions

The case K = 2

When K = 2, the lower probability measure
P− defined above is actually a belief function.
Its bba is simply equal to:

mX ({ξ1}) = P−
1

mX ({ξ2}) = P−
2

mX (X ) = 1 − P−
1 − P−

2 ,

with P−
1 and P−

2 defined by (7). If we note
p̂ = N1/n, it is easy to show that:

mX ({ξ1}) ∼ p̂ − u1−α/2

√
p̂(1 − p̂)

n

mX ({ξ2}) ∼ 1 − p̂ − u1−α/2

√
p̂(1 − p̂)

n

mX (X ) ∼ 2u1−α/2

√
p̂(1 − p̂)

n
,

where ∼ denotes asymptotic equivalence. It is
interesting to compare these expressions with
(2)-(4). We can see that the mass mX (X )
tends towards 0 as n−1/2 in our approach,
whereas it has the higher convergence rate of
n−1 in Dempster’s solution. Our solution is
thus more conservative, which seems to be the
price to pay to statisfy requirement R2.

The case K = 3

When K = 3, P− is again a belief function.
Its Möbius inverse is

mX ({ξk}) = P−
k , k = 1, 2, 3

mX ({ξ1, ξ2}) = 1 − P+
3 − P−

1 − P−
2 ,

mX ({ξ1, ξ3}) = 1 − P+
2 − P−

1 − P−
3 ,

mX ({ξ2, ξ3}) = 1 − P+
1 − P−

2 − P−
3 ,

mX (X ) =
b

n + b
,

where b is, as before, the quantile of order
1−α/3 of the chi-square distribution with one
degree of freedom. It can be shown that all
these masses are positive [6]. Consequently,
P− is a belief function.



The case K > 3

Let BX (P−) denote the set of belief functions
belX on X verifying belX ≤ P−. As a con-
sequence of (11), we have, for any belX ∈
BX (P−):

P(belX ≤ PX) ≥ P(P− ≤ PX) ≥ 1 − α.

Every element of BX (P−) thus complies with
requirement R2 expressed by (6). However,
most elements of that set (such as, e.g., the
vacuous belief function) will generally not be
very informative, and it seems natural to
concentrate on the most committed elements
of BX (P−). A way to find belief function
is to maximize the sum of belief degrees1

belX (A) for all A ⊆ X , under the constraints
belX (A) ≤ PX(A), for all A ⊆ X . Let J(mX )
denote this criterion. We have

J(mX ) =
∑
A⊆X

belX (A) (12)

= 2K
∑
B⊆X

2−|B|mX (B) , (13)

We then have to solve the following linear pro-
gram:

max
mX

J(mX ) (14)

under the constraints:∑
B⊆A

mX (B) ≤ P−(A), ∀A ⊂ X , (15)

∑
A⊆X

mX (A) = 1, (16)

mX (A) ≥ 0, ∀A ⊆ X . (17)

Any belief function belX∗
n solution to the

above linear programming problem obviously
satisfies requirement R2. The following
proposition (proved in [6]) states that it also
satisfies R1.

Proposition 2 Let belX∗
n , n = 1, . . . ,∞ be a

sequence of solutions of linear program (14)-
(17). We have:

belX∗
n

P−→ PX as n → ∞.

1A similar criterion was proposed by Baroni and
Vicig [1] and by Hall and Lawry [10] for approximating
a lower probability measure by a belief function.

Solving linear program (14)-(17) is thus a way
to construct a predictive belief function, as
illustrated by the next example. Note that the
uniqueness of the solution is not guaranteed,
which is not important in practice, since all
the solutions may be regarded as equivalent.

Example 1 A sample of 220 psychiatric pa-
tients were categorized as either neurotic (ξ1),
depressed (ξ2), schizophrenic (ξ3) or having
a personality disorder (ξ4) [12]. The ob-
served counts were n = (91, 49, 37, 43). The
Goodman confidence intervals at confidence
level 1 − α = 0.95 are [0.33, 0.50], [0.16, 0.30],
[0.11, 0.24], [0.14, 0.27]. Table 1 shows the cor-
responding belief and mass functions.

Table 1: Belief and mass functions, at confi-
dence level 0.95, for the data of Example 1.

A P−(A) belX∗(A) mX∗(A)
{ξ1} 0.33 0.33 0.33
{ξ2} 0.16 0.14 0.14

{ξ1, ξ2} 0.50 0.50 0.021
{ξ3} 0.11 0.097 0.097

{ξ1, ξ3} 0.45 0.45 0.020
{ξ2, ξ3} 0.28 0.28 0.036

{ξ1, ξ2, ξ3} 0.73 0.69 0.040
{ξ4} 0.14 0.12 0.12

{ξ1, ξ4} 0.47 0.47 0.02
{ξ2, ξ4} 0.30 0.30 0.035

{ξ1, ξ2, ξ4} 0.76 0.72 0.045
{ξ3, ξ4} 0.25 0.25 0.035

{ξ1, ξ3, ξ4} 0.70 0.66 0.038
{ξ2, ξ3, ξ4} 0.50 0.48 0.019

X 1 1 0

Note that the applicability of the method is
obviously limited to moderate values of K (up
to 10-15), since both the number of variables
and the number of constraints grow exponen-
tially with K. For large K or when compu-
tation speed is an issue, however, it may be
sufficient to compute suboptimal solutions.

This can be done, for instance, using the
Iterative Rescaling Method (IRM) described
in [10], which heuristically transforms the
Möbius inversion of P− into a bba, by replac-
ing each negative mass m(A) < 0 by zero, and



rescaling masses assigned to relevant subsets
of A.

Although the IRM algorithm may allow to
find good approximations for moderate values
of K, its time and space complexity is still ex-
ponential as a function of K (it involves a loop
over the subsets of X ). Much more drastic
approximations may be obtained by limiting
the search to a restricted parametrized family
of belief functions BX

0 (P−) ⊂ BX (P−). When
the elements of X are ordered, it is quite natu-
ral to consider belief functions whose focal el-
ements are intervals, since the corresponding
basic belief masses can easily be represented
and interpreted. In that case, the optimal so-
lution has a simple analytical expression, as
will be shown in the next section.

4 Approximation in the case of
ordered data

We assume in this section that a meaningful
ordering has been defined among the elements
of X . By convention, we shall assume that
ξ1 < . . . < ξK .

Let Ak,r denote the subset {ξk, . . . , ξr}, for
1 ≤ k ≤ r ≤ K and let I denote the set of
intervals of X : I = {Ak,r, 1 ≤ k ≤ r ≤ K}.
By imposing that the focal sets of m be taken
in I, one reduces the number of basic belief
numbers from 2K−1 to K(K+1)/2. Let mX∗

be bba defined by

mX∗(Ak,k) = P−
k ,

mX∗(Ak,k+1) = P−(Ak,k+1)
− P−(Ak+1,k+1) − P−(Ak,k),

mX∗(Ak,r) = P−(Ak,r) − P−(Ak+1,r)
− P−(Ak,r−1) + P−(Ak+1,r−1)

for r > k + 1, and mX∗(B) = 0, for all B �∈
I. In [6], we prove that mX∗ is a valid bba,
and that it is optimal according to criterion J
defined by (12), in the set of bbas with focal
elements in I.

Example 2 Table 2 shows categorized data
concerning January precipitation in Arizona

(in inches), recorded during the period 1895-
2004, together with the estimated probabili-
ties of each class, and Goodman simultaneous
confidence intervals at confidence level 0.95.
The masses mX∗(Ak,r) are given in Table 3.

Table 2: Arizona January precipitation data,
with simultaneous 95 % confidence intervals.

class ξk nk nk/n p−k p+
k

< 0.75 48 0.44 0.32 0.56
[0.75, 1.25) 17 0.15 0.085 0.27
[1.25, 1.75) 19 0.17 0.098 0.29
[1.75, 2.25) 11 0.10 0.047 0.20
[2.25, 2.75) 6 0.055 0.020 0.14
≥ 2.75 9 0.082 0.035 0.18

Table 3: Basic belief masses for the precip-
itation data. Masses are given to intervals
Ak,r = {ξk, . . . , ξr} with r ≥ k. Each cell at
the intersection of row k and colums r con-
tains m(Ak,r).

1 2 3 4 5 6
1 0.32 0 0 0.13 0.11 0
2 - 0.085 0 0 0.012 0.14
3 - - 0.098 0 0 0
4 - - - 0.047 0 0
5 - - - - 0.020 0
6 - - - - - 0.035

5 Conclusion

We have proposed a method for quantifying,
in the belief functions framework, the un-
certainty concerning a discrete random vari-
able X with unknown probability distribution
PX , based on a realization of an iid sample
from the same distribution. The proposed
solution verifies two “reasonable” properties
with respect to PX : it is less committed than
PX with some user-defined probability, and
it converges towards PX in probability as the
size of the sample tends to infinity.

In this paper, only the case of a discrete ran-
dom variable X has been considered. The
method can be applied to the continuous case



by discretizing the sample values (which is a
form of coarsening), and vacuously extend-
ing the obtained belief function. A specific
method designed for the continuous case is
under study.
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