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BP 20529 F-60205 Compiègne Cedex, France
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Abstract

This paper investigates the induc-
tion of decision trees based on the
theory of belief functions. This
framework allows to handle train-
ing examples whose labeling is un-
certain or imprecise. A former pro-
posal to build decision trees for two-
class problems is extended to multi-
ple classes. The method consists in
combining trees obtained from vari-
ous two-class coarsenings of the ini-
tial frame.
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1 Introduction

In recent years, the decision tree (DT) ap-
proach has become increasingly popular in the
Machine Learning community [2, 14, 13]. A
decision tree is a direct and acyclic graph in
which each node is either a decision node or
a leaf node. To each decision node is asso-
ciated a test based on attribute values, and
a node has two or more successors (depend-
ing on the number of possible outcomes of the
test). The most commonly used decision tree
classifiers are binary trees which use a single
feature at each node with two outcomes. This
results in decision boundaries that are parallel
to the feature axes. Consequently, such clas-
sification rules are suboptimal, but give the
possibility to interpret each decision rule in
terms of individual features.

Given a learning set L composed of n patterns
xi with known classification ωi, the DT in-
duction mechanism follows a top-down strat-
egy for splitting nodes, based on an impurity
measure derived from the examples reaching
the node. When the tree classifies all learning
examples in L, the process is stopped. This
procedure would obviously lead to overfitting
without a procedure to limit the complexity
of the tree using, i.e., a pruning approach [3].
After the construction of the tree, each leaf is
labeled with a class, and the tree is used to
classify new patterns.

More recently, several DT induction meth-
ods based on the Dempster-Shafer Theory
(DST) of belief functions [4, 8] have been in-
troduced, giving rise to the notion of Belief
Decision Tree (BDT). In this paper, we only
consider the approach introduced by Denœux
and Skarstein-Bjanger [4]. Thanks to the
greater flexibility of DST to represent differ-
ent kinds of knowledge (from total ignorance
to full knowledge), BDT’s allow to process
training sets whose labeling has been speci-
fied with belief functions (which can include
probabilistic, possibilistic or imprecise labels).
An impurity measure, based on a total uncer-
tainty criterion, is used to grow the tree and
has the advantage of defining simultaneously
the pruning strategy. The main objectives of
this paper are to extend the method described
in [4], which was originally restricted to two-
class problems, and to show how uncertain
class labels can be handled by this approach.

Different solutions have been proposed to de-
compose a K-class problem into several 2-



class problems [9]. The “one-against-one” ap-
proach consists in considering each pair of
classes [10], with the drawback that the num-
ber of classifiers to train increases rapidely
with the number K of classes. More sophis-
ticated schemes, based on error-correcting
codes, have been proposed by Dietterich [6].
In this paper, we focus on the simple “one-
against-all” approach in which one class is se-
lected at a time, and the K other classes are
aggregated to form a new class [12]. In that
way, a K-class learning task is decomposed
into K two-class problems, corresponding to
K coarsenings of the initial set of classes. We
thus consider a strategy similar to the one
proposed by Marsala and Bouchon-Meunier
[12] in the case of fuzzy DT’s, and study its
application in the context of DST.

This paper is organized as follows. The ba-
sic concepts of belief function theory are first
briefly introduced, including uncertainty mea-
sures and credal inference (Section 2). The
proposed methodology based on the induction
of BDT’s and the way to handle uncertain la-
bels in this framework are described in Sec-
tion 3. Finally, Section 4 presents some ex-
perimental results.

2 Background

2.1 Belief functions

Let Ω = {ω1, · · · , ωk, · · · , ωK} be a finite
space called the frame of discernment. A be-
lief function bel is a function from 2Ω to [0, 1]
defined as:

bel(A) =
∑

∅�=B⊆A

m(B) ∀ A ⊆ Ω (1)

where m, called basic belief assignment (bba),
is a function from 2Ω to [0, 1] verifying∑

A⊆Ω

m(A) = 1 .

Each subset A ⊆ Ω such as m(A) > 0 is called
a focal element of m. Among the functions de-
rived from m introduced in Shafer’s book [15],
the commonality function q is defined as:

q(A) =
∑
B⊇A

m(B) ∀ A ⊆ Ω. (2)

Functions m, bel and q are in one-to-one cor-
respondence [15] and can be seen as three
facets of the same piece of information1. Let
q1 and q2 denote the commonality functions
related to two bba’s m1 and m2 induced by
distinct items of evidence. The conjunctive
combination of these two pieces of evidence
(m = m1 ∩m2) can be computed from q1 and
q2 as:

q(A) = q1(A)q2(A) ∀ A ⊆ Ω. (3)

This rule is sometimes referred to as the
(unnormalized) Dempster’s rule of combina-
tion. Based on rationality arguments de-
veloped in the TBM (Transferable Belief
Model), Smets [17] proposes to transform m
into a probability function pm on Ω (called
the pignistic probability function) defined for
all ωk ∈ Ω as:

pm(ωk) =
∑

A�ωk

m(A)
|A| (4)

where |A| denotes the cardinality of A ⊆ Ω.
In this transformation, the mass of belief
m(A) is distributed equally among the ele-
ments of A. This pignistic probability func-
tion is used in the TBM for decision making.

2.2 Uncertainty in DST

Because a belief function can represent sev-
eral kinds of knowledge, it constitutes a rich
and flexible way to represent uncertainty. As
remarked by Klir [11], a belief function can
model two different kinds of uncertainty: non-
specificity and conflict. A measure of non-
specificity, which generalizes the Hartley mea-
sure to belief functions, was introduced by
Dubois and Prade [7]. It is defined as:

N(m) =
∑
A⊆Ω

m(A) log2 |A|. (5)

Since focal elements of probability measures
are singletons, nonspecificity is null for prob-
ability functions, and it is maximal (log2 |Ω|)

1In the sequel and when necessary, the notation
mΩ[data] will be used to denote a bba on domain Ω
based on observed [data].



for the vacuous belief function. Several mea-
sures of conflict, viewed as generalized Shan-
non entropy measures, have also been intro-
duced [11]. One such measure is discord, de-
fined as:

D(m) = −
∑
A⊆Ω

m(A) log2 pm(A) (6)

which is maximal (log2 |Ω|) for the uniform
probability distribution on Ω. Finally, a mea-
sure Uλ of total uncertainty can be defined
using a linear combination of N and D:

U(m) = (1 − λ)N(m) + λD(m) (7)

where λ ∈ [0, 1] is a coefficient. The choice
of λ is not theoretically justified (Klir recom-
mends to take λ = 0.5). In the sequel, we
shall see that it can be used as a regulariza-
tion parameter and determined from learning
data.

2.3 Refinement and Coarsening

Part of the flexibility of DST is due to the
existence of justified mechanisms allowing to
change the level of detail, or granularity of
the frame of discernement. In this section, we
briefly recall the concepts of refinement and
coarsening of a frame of discernment ([15],
p.115), which play a key role in the theory.
Let Ω and Θ be two finite sets. A mapping ρ
from 2Θ to 2Ω is called a refining if and only
if it verifies:

ρ({θ}) �= ∅ ∀ θ ∈ Θ,

ρ({θ}) ∩ ρ({θ′}) = ∅ ∀θ �= θ′,⋃
θ∈Θ

ρ({θ}) = Ω.

In other terms, the sets ρ({θ}) , θ ∈ Θ con-
stitute a partition of Ω. Θ is then called a
coarsening of Ω, and Ω is called a refinement
of Θ. Given a bba mΘ defined on Θ, we can
define its vacuous extension (see [15] p. 146)
mΩ on Ω by transferring each mass mΘ(A) to
ρ(A), for all subset A of Θ:

mΩ(ρ(A)) = mΘ(A) ∀ A ⊆ Θ. (8)

Conversely, let mΩ be a bba on Ω. Transfer-
ring mΩ to Θ is not so easy because, for some

B ⊂ Ω, there may exist no subset A of Θ such
that ρ(A) = B. However, the restriction (or
outer reduction) of mΩ may still be defined
as:

mΘ(A) =
∑

{B⊆Ω | ρ(A)∩B �=∅}
mΩ(B) (9)

for all A ⊆ Θ.

2.4 Credal inference

The aim of this section is not to give a detailed
account of credal inference (i.e., statistical in-
ference based on belief functions), but only
to summarize a theoretical result obtained by
Smets [16]. The problem considered here is
to derive the belief function concerning the
outcome of a Bernoulli trial, having observed
a sequence of past outcomes. For example,
let us consider a coin toss game with the two
events H (head) and T (tail) leading to the
set Θ = {H, T}. The available information
consists in observed outcomes from n inde-
pendent trials. Given that you have observed
nh heads and nt tails (so, nh + nt = n), the
belief function derived by Smets in [16] is de-
fined as follows:

mΘ[nh, nt]({H}) =
nh

n + 1
(10)

mΘ[nh, nt]({T}) =
nt

n + 1
(11)

mΘ[nh, nt](Θ) =
1

n + 1
. (12)

This belief function converges to the true
probability when n tends to infinity. The
method described in [16] can, in principle, be
generalized to more than 2 outcomes. How-
ever, the calculations become quite cumber-
some, and the counterparts of (10)-(12) in the
general case are not available to date.

3 Induction of belief decision trees

In this section, we briefly summarize the
method presented in [4], and consider exten-
sions to multi-class problems for both precise
and uncertain labels.



3.1 Two classes, certain labels

Let us first consider a learning set L =
{(xi, ωi), i = 1, · · · , n}. Note that, in this sec-
tion, we only consider the problem where the
true class ωi ∈ Ω is exactly known for each
example in L, and |Ω| = 2. At each node
t, a belief function quantifying the degree of
belief about the class of an example reaching
t is first build. This belief function, denoted
mΩ[t], is defined from examples belonging to
node t as:

mΩ[t]({ωk}) =
nk(t)

n(t) + 1
, k ∈ {1, 2} (13)

mΩ[t](Ω) =
1

n(t) + 1
, (14)

where nk(t) is the total number of examples
with label ωk reaching t, and n(t) = n1(t) +
n2(t). Note that equations (13) and (14) are
just (10)-(12) with different notations.

For each node t, an impurity measure is com-
puted from the belief function mΩ[t] using the
total uncertainty measure:

Uλ(t) = (1−λ)N(mΩ[t])+λD(mΩ[t]) . (15)

In this equation, the term corresponding to
the non-specificity N(mΩ[t]) is a decreasing
function of n(t). It is given by:

N(mΩ[t]) =
1

n(t) + 1
. (16)

The discord measure D(mΩ[t]) depends on
the representation of examples belonging to
node t. It is expressed as follows:

D(mΩ[t]) =

−
2∑

k=1

nk(t)
n(t) + 1

log2

(
nk(t) + 1/2

n(t) + 1

)
. (17)

Finally, this impurity measure is used at node
t to choose a candidate split s which divides
t into two nodes tL and tR. The goodness of
a split s is defined as a decrease in impurity
by:

∆Uλ(s, t) = Uλ(t) − (pLUλ(tL) + pRUλ(tR))
(18)

where pL and pR are, respectively, the pro-
portions of examples reaching tL and tR. The
best split ŝ is chosen by testing all possible
splits for each attribute.

One of the advantages of this technique is that
the tree growing can be controlled using pa-
rameter λ. In fact, according to the value
of λ, it is possible to give more importance to
the non-specificity term which penalizes small
nodes. Optimizing this parameter by cross-
validation allows to build smaller trees, thus
avoiding overtraining.

3.2 Two classes, uncertain labels

In [4], the problem of handling uncertain la-
bels is solved for two-class problems. In this
context, the available learning set is given by:
L = {(xi, m

Ω
i ), i = 1, · · · , n} where mΩ

i is
defined on Ω = {ω1, ω2} and represents the
knowledge on the label of the ith example.
This belief function can represent different
forms of label including probabilistic, possi-
bilistic or imprecise labels. Equations (10)-
(12) can be extended to take into account un-
certain labels. The belief function mΩ[t] at
node t is then derived from the n(t) belief
functions mΩ

i . The expression of this belief
function is given in Appendix A. According to
the belief function mΩ[t], the impurity mea-
sure is computed in the same manner as pre-
viously and leads to a similar tree growing
strategy.

In the following section, we introduce a multi-
class generalization of the method developed
in [4], which allows to handle the most general
case in which each example is labeled by a
general belief function.

3.3 K classes, general case

A standard way of handling a K-class prob-
lem is to decompose it into several 2-class
subproblems. One way to do this is to train
K binary classifiers, each classifier attempt-
ing to discriminate between one class ωk and
all other classes. When the learning set is of
the form

L = {(xi, m
Ω
i ), i = 1, · · · , n}, (19)



where mΩ
i is a bba defined on Ω, this approach

implies transforming each bba mΩ
i originally

defined on Ω into a bba defined on the 2-class
coarsened frame. For each coarsening, a tree
is grown, and the resulting K trees are com-
bined using the averaging operator.

More precisely, let us denote by Θk the fol-
lowing coarsening of Ω:

Θk = {θk,1, θk,2} (20)

with θk,1 = {ωk} and θk,2 = {ωk} (the com-
plement of {ωk} in Ω).

Each bba mΩ
i defined on Ω may be trans-

formed into a bba mΘk
i on Θk using (9) which

leads to the the following transformation:

mΘk
i ({θk,1}) = mΩ

i ({ωk})
mΘk

i ({θk,2}) =
∑

{A⊆Ω | ωk �∈A}
mΩ

i (A)

mΘk
i (Θk) =

∑
{A⊆Ω | |A|>1,ωk∈A}

mΩ
i (A).

Each of the K coarsenings thus leads to a
training set Lk = {(xi, m

Θk
i ), i = 1, · · · , n},

which is used to build a decision tree using
the approach described in Section 3.2.

At the testing step, we obtain, for each in-
put vector x, K bba’s m̂Θk , each defined on
a distinct coarsening Θk. These pieces of ev-
idence can be expressed in a common frame
by taking their vacuous extensions in Ω, using
(8):

m̂Ω
k ({ωk}) = m̂Θk({θk,1}) (21)

m̂Ω
k (Ω \ {ωk}) = m̂Θk({θk,2}) (22)

m̂Ω
k (Ω) = m̂Θk(Θk). (23)

Because information sources are not indepen-
dent, Dempster’s rule of combination can-
not be used to combine the bba’s m̂Ω

k , k =
1, . . . , K. An alternative is to use the averag-
ing operator, which leads to

m̂Ω =
1
K

K∑
k=1

m̂Ω
k . (24)

3.4 Evaluation

Performance assessment is an important issue
in the design of a classifier. In a decision-
theoretic setting, this problem is formalized
by considering a set of actions A, and a loss
function L : A×Ω �→ R, where L(α, ω) is the
loss incurred if one selects action α and the
true state of nature is ω. Typically, each ac-
tion in A corresponds to the choice of a class,
and the loss is one for misclassification, and
0 for correct classification. The performance
of a classifier c : R

d �→ A can then be mea-
sured by taking the expectation of L(c(x), ω)
over both x and ω. This expectation is usu-
ally estimated by a sample average over test
data.

In our case, this framework needs to be ex-
tended in two directions:

• the output of a BDT classifier is a belief
function: the set of actions is thus a set
of belief functions; we then need to define
the loss associated to an output bba m̂
when the true state of nature is ω;

• the test set may be of the form defined
in (19), i.e., the class of test pattern may
be only partially known.

A first solution was proposed in [4],[5]. This
solution postulates the following loss function:

L(m̂, m) = 1 −
∑
A⊆Ω

m(A)pm̂(A) (25)

where m̂ is the output bba produced by the
classifier, and m is a bba that quantifies the
uncertainty concerning the true state of na-
ture ω. A nice property of this loss function
is that, when m(Ω) = 1, L(m̂, m) = 0 what-
ever m̂, which seems reasonable. Deeper un-
derstanding of this loss function can be gained
by observing that:

L(m̂, m) = 1 −
∑
A⊆Ω

m(A)
∑
B⊆Ω

m̂(B)
|B ∩ A|
|B|

= 1 −
∑

A,B⊆Ω

m(A)m̂(B)Incl(B, A)

where Incl(B, A) = |B ∩ A|/|B| is the degree
of inclusion of B in A. An alternative form of



L(m̂, m) is given by

L(m̂, m) = 1 −
∑
A⊆Ω

m(A)
∑
ω∈A

pm̂(ω)(26)

= 1 −
∑
ω∈Ω

pm̂(ω)
∑
A�ω

m(A)(27)

= 1 −
∑
ω∈Ω

pm̂(ω)q({ω}) . (28)

An alternative solution is to assume that the
loss of providing bba m̂ when the true state
of nature is ω is:

L(m̂, ω) = 1 − pm̂(ω), (29)

which generalizes 0-1 losses. If the true state
of nature ω is unknown but we have a bba m
on Ω, it is then natural to take the expecta-
tion of L(m̂, ω) with respect to the pignistic
probability measure associated to m. The ex-
pected loss is then

C(m̂, m) =
∑
ω∈Ω

pm(ω) (1 − pm̂(ω))(30)

= 1 −
∑
ω∈Ω

pm(ω)pm̂(ω) (31)

which can be compared to (28).

We can therefore propose two criteria to eval-
uate the performance of a BDT on a test set
of n′ examples (xi, mi), i = 1, . . . , n′:

C1 = 1 − 1
n′

n′∑
i=1

∑
ω∈Ω

pm̂i
(ω)qi({ω})

C2 = 1 − 1
n′

n′∑
i=1

∑
ω∈Ω

pm̂i
(ω)pmi({ω})

where qi is the commonality function associ-
ated to mi, and m̂i is the output bba for ex-
ample i.

4 Simulations

The method described in this paper was ap-
plied to real data concerning acoustic emission
testing of pressure vessels2. The data con-
sists in 37 examples described by 27 features.

2These data were collected by the Centre Tech-
nique des Industries Mécaniques (CETIM) in Senlis,
France.
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Figure 1: The data in a two-dimensional sub-
space of the feature space. For each example,
the three bars correspond to the three classes,
and their lengths are proportional to the de-
grees of possibility given by one expert.

Each training pattern corresponds to a clus-
ter of acoustic emission signals, and belongs
to one of three classes: minor, major, or crit-
ical source. Two different experts were asked
to assess, for each training example, the de-
gree of possibility that this example belongs to
each class, resulting in 2 different possibility
distributions for each example. Figure 1 dis-
plays the data in a two-dimensional subspace
of the feature space, together with possibilis-
tic labels provided by one of the experts.

A possibility measure is known to be formally
equivalent to a consonant belief function, i.e.,
a belief function with nested focal elements
[5]. Hence, possibilistic labels are a special
case of evidential labels considered in this pa-
per.

Three training sets were considered: the data
labeled by each of the two experts, and the
data labeled by a conjunctive combination of
the labels provided by the two experts (by
taking the minimum of the possibility distri-
butions, and normalizing). For each train-
ing set, we considered two learning strategies.
In the first one, the possibilistic labels were
transformed into hard labels by selecting only,
for each example, the class with the highest
possibility. In the second strategy, the possi-
bilistic labels were used as explained in Sec-



Data set E C1 C2

expert 1 0.32 0.38 0.58
expert 2 0.35 0.40 0.59
1+2 (labels) 0.32 0.43 0.59
1+2 (decisions) 0.33 0.42 0.56

Table 1: Results with crisp labels

Data set E C1 C2

expert 1 0.32 0.39 0.59
expert 2 0.29 0.41 0.60
1+2 (labels) 0.29 0.45 0.59
1+2 (decisions) 0.30 0.37 0.57

Table 2: Results with possibilistic labels

tions 3.2 and 3.3.

Additionally, we tested another way of com-
bining the information provided by the two
experts: the classifiers training with the data
from each of the two experts were combined at
the decision level, using the Dempster’s rule
of combination.

For these experiments, we used 10-fold cross-
validation to optimize the value of the param-
eter λ and to evaluate the performance of the
proposed method. For strategy 1 (training
with hard labels), the misclassification error
rate was used as a performance criterion. For
strategy 2 (training with possibilistic labels),
the use of both criteria C1 and C2 described
in Section 3.4 was investigated. Both criteria
proved equivalent, and only the results with
C2 were retained. The results are summarized
in Tables 1 (strategy 1) and 2 (strategy 2).

We can see that:

• training with possibilistic labels tends to
decrease the error rate, which is an indi-
cation that our method succeeds in using
more refined information than just hard
labels (similar results were reported in [4]
and [5] with different data sets);

• combining the expert information im-
proves the results, whatever the method
used (possibilistic combination of the la-
bels, or conjunctive combination of the
output bba’s). This shows that collecting

information from several experts may be
useful when the class of training patterns
can only be assessed subjectively.

5 Conclusion

In this paper, a method for handling uncer-
tain labels using belief decision trees has been
introduced. The method allows to process
training sets whose labelling has been speci-
fied with a belief function. A method to grow
and aggregate trees learnt from 2-class ver-
sions of the training set has been developed.
The use of error correcting output codes could
also be envisaged to cope with more complex
problems involving a higher number of classes.
Bagged and randomized versions of belief de-
cision trees can also be introduced to reduce
the variance of these classification rules.
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A Appendix

Suppose that we have performed n indepen-
dent Bernoulli experiments as in Section 2.4,
but that the outcomes could only be partially
observed (for example, the urn experiment
was observed at a distance, so that the re-
sults of some trials could only be partially ob-
served). Let mΘ

i be the bba describing one’s
belief concerning the result of experiment i,
and mΘ the bba quantitying one’s belief re-
garding the outcome of the next experiment.
Based on the results in [16], it was shown in
[1][4] that mΘ is given by:

mΘ({H}) =
∑

j+k≤n(t)

αjk
j

j + k + 1
,

mΘ({T}) =
∑

j+k≤n(t)

αjk
k

j + k + 1
,

mΘ(Θ) =
∑

j+k≤n(t)

αjk
1

j + k + 1
.



where αjk is defined as:

αjk =
∑

{I1,I2,I3}


 ∏

i1∈I1

mΘ
i1({H})×

∏
i2∈I2

mΘ
i2({T}) ×

∏
i3∈I3

mΘ
i3(Θ)




where {I1, I2, I3} ranges over all partitions of
{1, . . . , n} such that |I1| = j and |I2| = k.
Note that these expressions are similar to
equations (10)-(12) when the bba’s mΘ

i are
derived from precise observations.
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