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EM Algorithm

@ An iterative optimization strategy useful when maximizing the likelihood is difficult, but:

» There are missing (non-observed) data
> If the missing data were observed, maximizing the likelihood would be easy.

@ Many applications in statistics and econometrics.

@ Can be very simple to implement. Can reliably find an optimum through stable, uphill steps.
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Description

Notation

Y : Observed data

Z : Missing data or latent variables

X : Complete data X = (Y, 2Z)

6 : Unknown parameter

) : observed-data likelihood, short for L(0;y) = f(y; 0)
L.(0) : complete-data likelihood, short for L(0; x) = f(x; 0)
) : observed and complete-data log-likelihoods
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Description

Q@ function

@ Suppose we seek to maximize L(@) with respect to 6.

o Define Q(6,60") to be the expectation of the complete-data log-likelihood, conditional on the
observed data Y =y. Namely

Q(8,01) =Eg0 {£(8) | y}
=Eg {log f(X;0) | y}

:/[Iog f(x;0)]f(z]y; 0') dz.

(f(x | y;00) = f(z | y;0®) because Z is the only random part of X once we are given Y =y.)
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Description

The EM Algorithm

Start with 8©). Then
© E step: Compute Q(6,6)).
@ M step: Maximize Q(8,0®)) with respect to 8. Set 8"V equal to the maximizer of Q.

© Increment t and return to the E step unless a stopping criterion has been met; e.g.,

20Dy — p(6)) < ¢

or

00D — 9| < e,
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Description

Convergence of the EM Algorithm

o It can be proved that L(6) increases after each EM iteration, i.e., L(O®TY) > L(6()) for
£=01,....

o Consequently, the algorithm converges to a local maximum of L(0) if the likelihood function is
bounded above.

@ Typically, we run the algorithm several times with random initial conditions, and we keep the
results of the best run.
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Description

Example: mixture of normal and uniform distributions

o Let Y =(Y1,...,Y,) be an ii.d. sample from a mixture of a normal distribution A/(y,0) and a
uniform distribution /([—a, a]), with pdf
f(y:0) = mo(y;p,0) + (1 —7)c (1)

where ¢(-; i1, o) is the normal pdf, ¢ = (2a)~! is a known constant, 7 is the proportion of the
normal distribution in the mixture and @ = (u, 0, 7) " is the vector of parameters.

o Typically, the uniform distribution corresponds to outliers in the data. The proportion of outliers in
the population is then 1 — 7.

@ We want to estimate 6.

,,,,,,,
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Description

Observed and complete-data likelihoods

Let Z; = 1 if observation i is not an outlier, Z; = 0 otherwise. We have Z; ~ B(m).
The vector Z = (Zy,. .., Z,) is the missing data.
Observed-data likelihood:

L(6) = H f(yi;0) = H [T (yi; py o) + (1 — 7)c]

Complete-data likelihood:
Le(0) =[] f(vi-zi:0) = [ [ f(vi | i, 0)f (2 )
i=1 i=1

=[] [¢(vii p. o) a1 — ) ==]
i=1
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Description

Derivation of function Q

o Complete-data log-likelihood:

(e(0) = zilog d(yii p1, 7) + (” - ZL’) logc+ > (zilogm + (1 — z)log(1 — 7))

i=1 i=1 i=1

o It is linear in the z;. Consequently, the @ function is simply

Q0,61 =" 2 log o (yii . 0) + ( - Zz,-(”) log c-+
i=1 i=1

Z (z,-(t) logm+ (1 — z,-(t)) log(1 — 7r))

i=1

with z,-(t) = Eq [Zilyi]-
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Description

EM algorithm

E-step: compute

2" = EgoZi | yil = Pl Zi = 1| yi]
O(yi; p, o))

o(yi; n®, ) a(®) 4 c(1 — =(0)

M-step: Maximize Q(6,0"). We get

n n (t) n (t)
At — 1 2 M(f+1) - dim1Z i ot+Hl) — iz (yi — plt)2

i ’
n n (t)
i=1 Y1
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Bayesian posterior mode

Consider a Bayesian estimation problem with likelihood L(8) and prior ().

Description

The posterior density if proportional to L(8)f(0). It can also be maximized by the EM algorithm.

The E-step requires

Q(8,0M) = Eg {£c(8) | y} + log £(6)
The addition of the log-prior often makes it more difficult to maximize @ during the M-step.

Some methods can be used to facilitate the M-step in difficult situations (see below).
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Analysis

Why does it work?

Ascent: Each M-step increases the log-likelihood.

Optimization transfer:

©8) > Q(6,6Y) + £(8W) — (8™, 81

G(8,60)

@ The last two terms in G(G,G(t)) do not depend on @, so @ and G are maximized at the same 6.

Further, G is tangent to ¢ at 0®), and lies everywhere below ¢. We say that G is a minorizing
function for ¢ (see next slide).

@ EM transfers optimization from £ to the surrogate function G, which is more convenient to
maximize.
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The nature of EM

@ One-dimensional illustration of EM algorithm
as a minorization or optimization transfer
strategy.

@ Each E step forms a minorizing function G,
and each M step maximizes it to provide an
uphill step.

1(0]x)
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EM algorithm [N

Proof

° We have P 9 _ f(y,z;0)  f(x;0) v 0) — f(x;0)
CO="e) o) O 2y

o Consequently,
(8) = log f(y: 0) = log f(x;0) —log f(z | y; 0)
——

£c(0)

@ Taking expectations on both sides wrt the conditional distribution of X given Y = y and using o)
for 6:

((6) = Q(0,6")) —Equlog f(Z | y; 0) | y] (@)

H(6,81)
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Analysis

Proof: 6() is a maximizer of H(6, ("))

@ Now, for all 8 € ©,

f(Z]y:0)
Az o) y]

f(zlyo) | .
F(Z [ y:00) 'y]( )

J s f(2lyi00)dz

< Iog/f(z |y; 0)dz =

| S —
1

(*): from the concavity of the log and Jensen's inequality.
o Hence, ) is a maximizer of H(8,0"))
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Analysis

Proof: () dominates G(-,6("))

Hence, for all 8 € ©,

Q(8M, 01 — ¢(6)) > Q(8,6) — ()
0(6) > Q(8,69) + £(81) — Q69,61 .

G(9,6)
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Analysis

Proof: G is tangent to ¢ at 6%

o As 8) maximizes H(0,0) = Q(,0)) — £(), we have
H’(970(t))\9:9(t> = Ql(eva(t))‘ezem - 5/(9)|9:9<f) =0,

SO
Q'(6.6)|g_gt0 = £'(8)|g—ge-

o Consequently, as G(6,0)) = Q(8,0") + cst,

G’(B,G(t))|9:9<t> = Q’(O,B(t))|9:9(t) = 51(9)|9:9<t>-
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Analysis

Proof: monotonicity

e From (2),

g(g(ﬂrl)) _ g(g(f)) — Q(g(fﬂ)7 g(f)) _ Q(g(f)7 g(f)) _ H(g(fﬂ)’ g(f)) _ H(g(t),g(t))

A B

o A >0 because 8" is a maximizer of Q(6,0")), and B < 0 because, from (3), ) is a
maximizer of H(8,6")).

@ Hence,

00y > (o)
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Faciitating the E-step
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Some variants Facilitating the E-step

Monte Carlo EM (MCEM)

@ Sometimes, the conditional expectation of £.(6) given y cannot be easily computed analytically in
the E step.

@ Approach: randomly generate sets of missing values according to the conditional distribution
f(zly; O(t)), and replace the expectation by an average over generated data sets.

o=
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Some variants Facilitating the E-step

Monte Carlo EM (MCEM)

@ Replace the t-th E step with
© Draw missing datasets Z\", .. .,Z(mt()t) i.i.d. from f(z|y; 8)). Each ZJ(»t) is a vector of all the missing
values needed to complete the observed dataset, so XJ(-t) = (y, ZJ(-t)) denotes a completed dataset

where the missing values have been replaced by ZJ(-t).
@ Calculate

Q (t+1) (0 B(t

il

e Then Q(+1)(0,6) is a Monte Carlo estimate of Q(0,0 t)).
e The M step is modified to maximize Q(**1)(8,8(")).
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Some variants Facilitating the E-step

Remarks

o It is advised to increase m(*) as iterations progress to reduce the Monte Carlo variability of Q.

o MCEM will not converge in the same sense as ordinary EM, rather values of 09 will bounce
around the true maximum, with a precision that depends on m(?).

R
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Faciitaing the M-step
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Facilitating the M-step

Generalized EM (GEM) algorithm

@ In the original EM algorithm, 0 is 3 maximizer of Q(0,0(t)), i.e.,
Q61 ,919) > (6,61

for all 6.

@ However, to ensure convergence, we only need that
Q(g(tﬂ)’g(t)) > Q(g(f)’g(t))

@ Any algorithm that chooses 01 at each iteration to guarantee the above condition (without
maximizing Q(0,0)) is called a Generalized EM (GEM) algorithm.
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Some variants Facilitating the M-step

EM gradient algorithm

@ Replace the M step with a single step of Newton’s method, thereby approximating the maximum
without actually solving for it exactly.

@ Instead of maximizing, choose:

p(ttD) — p(t) _ Q//(e,e(t))—l‘ Q'(6,6)

6=01 0=0(1)
— o _ Q'/(g’g(t))—l‘g " (6

@ Ascent is ensured for canonical parameters in exponential families. Backtracking can ensure ascent
in other cases; inflating steps can speed up convergence.

&

R
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Application to Reg

Overview

© Application to Regression models
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Application to Reg [ CLEEN Mixture of regressions

Overview

© Application to Regression models
@ Mixture of regressions
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Introductory example
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Application to Regression models Mixture of regressions

Introductory example (continued)

@ The data in the previous slide do not show any clear linear trend.

@ However, there seem to be several groups for which a linear model would be a reasonable
approximation.

@ How to identify those groups and the corresponding linear models?
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Application to Regression models Mixture of regressions

Model

@ Model: the response variable Y depends on the input variable X in different ways, depending on a
latent variable Z. (Beware: we have switched back to the classical notation for regression models!)

@ This model is called mixture of regressions or switching regressions. It has been widely studied in
the econometrics literature.

o Model:
BITX—i—ehele(O,al) if Z=1,

Y: .
ﬁ;X—f—EK, €K NN(QJK) if Z=K,

with X = (1,Xy,...,X,) and Z ~ M(1,m1,...,7k), so

K
FyIX =x) =Y mo(y: B x, 04)

k=1 e

,,,,,,,,,

EM algorithm August 2026 34 /50

Thierry Denceux (UTC)



Mixture of regressions

Observed and complete-data likelihoods

@ Observed-data likelihood:

n K

L(0) = H Fyilxi 0) = T D med(vis B xi, o)

i=1 k=1

@ Complete-data likelihood:

n
L.(0) :Hf Vi, Zi|xi; 0) Hf yilxi, zi; 0)p(zi |7)

i=1

=2

K
z, z,
H y,,ﬂkx,,ak i k'ky

i=1k

with zy = 1 if zz = k and z; = 0 otherwise.
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Mixture of regressions

Derivation of function Q

@ Complete-data log-likelihood:

n

K N K
£c(0) = ZZZH( log &(yi; ﬁkTXi, ok) + Z Zz,k log 7y
i=1 k=1

i=1 k=1

@ It is linear in the zy. Consequently, the @ function is simply

n K
Q6,0 = ZZz(t) log é(yi; BY xiy ok) +ZZz,k log 7k
i=1 k=1 i=1 k=1
with Z’(kt) = E@(t) [Z,k|y,] = IP)9(1) [ZI = k‘yl]
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Mixture of regressions

EM algorithm

@ E-step: compute

20 =Py [Z: = Klyi]

(i Bkt)TXn (71(<t)) ®

- Zl 1¢()/nﬁe Xi, O ))Wét)

o M-step: Maximize Q(6,6()). As before, we get

b

(ery N
=

with N = 37 2.
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Mixture of regressions

M-step: update of the 5 and oy

e In Q(G,H(t)), the term depending on fy is
n
SSi=3_ 20 (i — B x:)%
i=1

@ Minimizing SSk w.r.t. Sk is a weighted least-squares (WLS) problem. In matrix form,
Sk = (y = XBi) " Wily — XB)

with Wy = diag(Zl(,t(), e ,Zﬁ?)-
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Mixture of regressions

M-step: update of the 5 and o (continued)

@ The solution is the WLS estimate of S:
B — (XTW, X)X W,y

o The value of o, maximizing Q(6,6(?) is the weighted average of the residuals,

n

1
ol = 5 3@ i - B )

N =
1
= 5l = XA Wiy - XxpY)
VG
k
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IR NEEEEINEEEN  Mixture of regressions

Mixture of regressions using flexmix

library(mixtools); library(flexmix)
data("C02data")
fitl <- flexmix(C02 ~ GNP,data = C02data,k = 1)
loglik_best <- -Inf
for(i in 1:10){
fit2 <- flexmix(CO2 ~ GNP,data = C02data,k = 2)
if (logLik(£it2)>loglik_best){
loglik_best<-logLik(fit2)
fit2best<-fit2
}
}
fit2<-fit2best
AIC(fit1, fit2)
> AIC(fit1, fit2)
df AIC
fitl 3 161.9675
fit2 7 147.9675
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Application to

Best solution in 10 runs

parl<-parameters(fit1)
par <- parameters(fit2)
cl <- clusters(fit2)

plot(C02data$GNP, CO02data$C02,col = cl,pch = 19,
cex = 0.8,xlab = "C02",ylab = "GNP")

abline(a = par["coef.(Intercept)", 1],
b = par["coef.GNP", 1],col = 1,1lwd = 3)

abline(a = par["coef.(Intercept)", 2],
b = par["coef.GNP", 2],col = 2, 1lwd = 3)

abline(a = pari["coef.(Intercept)", 11,

b = pari["coef.GNP", 1],
col = 3,1lwd = 3, lty=2)
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Application to Reg [ CEEER Mixture of experts

Overview

© Application to Regression models

@ Mixture of experts
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Application to Regression models [VIRENERIESOILEN

Making the mixing proportions predictor-dependent

An interesting extension of the previous model is to assume the proportions 7, to be partially
explained by a vector of concomitant variables W.

If W = X, we can approximate the regression function by different linear functions in different
regions of the predictor space.
In ML, this method is referred to as the mixture of experts methods.

A useful parametric form for m that ensures 7, > 0 and Zszl mx = 1 is the multinomial logit
model
exp(af w)

m(w,a) = ———————
> exp(a] w)

with a = (aq,...,ak) and a; = 0.
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Application to Regression models Mixture of experts

EM algorithm

@ The Q function is the same as before, except that the 7, now depend on the w; and parameter a:

9(’-’) ZZZ(,()Iog(b y,,ﬁkx,,ak +ZZZ log 7y (w;, )

i=1 k=1 i=1 k=1

@ In the M-step, the update formula for Sx and o, are unchanged.

@ No closed-form expression for

a:argmaxg g z Iogﬂk w;, o)

i=1 k=1

o GEM algorithm: perform a single step of Newton's algorithm. Backtracking can be used to ensure
ascent. =
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Application CEEER Mixture of experts

Example: motorcycle data

Motorcycle data

° %
3 o 8)0 o
[eXe} 8 ®
[¢]
® o © o %oo0 o 0o
library("MASS") S © 1 ® owsd o o o % o® o g
] k= 0 o o goo ®© o
x<-mcycle$times s g S© °
<-mcycle$accel 2 g ®° 0o o
y y S P & ° % o
plot (X,y) Qo >
%o ©
= o
o _| o o]
7 %50
[¢] [e]
&g
10 20 30 40 50
time
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Application to Regression models [VIFIERIEE

Mixture of experts using flexmix

library(flexmix)

K<-5
res <- flexmix(y ~ x,k=K,model=FLXMRglm(family="gaussian"),
concomitant=FLXPmultinom(formula="x))

beta <- parameters(res)[1:2,]
alpha <- res@concomitant@coef
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Application to Regression models Mixture of experts

Plotting the posterior probabilities

xt <- seq(0,60,0.1)
Nt <- length(xt)
plot(x,y)

pit <- matrix(0,Nt,K)
for(k in 1:XK) pit[,k] <- exp(alpha[1l,k]+alphal2,k]*xt)
pit <- pit/rowSums(pit)

plot(xt,pit[,1],type="1",col=1)
for(k in 2:K) lines(xt,pit[,k],col=k)
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Application to Regressic Mixture of experts

Posterior probabilities

<
—

Motorcycle data — posterior probabilities
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Application to Regression models [VIFIERIEE

Plotting the predictions

yhat <- rep(0,Nt)
for(k in 1:K) yhat <- yhat+pit[,k]*(betal[l,k]+beta[2,k]*xt)

plot(x,y,main="Motorcycle data",xlab="time",ylab="acceleration")

for(k in 1:XK) abline(beta[1:2,k],lty=2)
lines(xt,yhat,col="red’,lwd=2)
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Application tc CUNNCEEIENN Mixture of experts

Regression lines and predictions

Motorcycle data
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