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Abstract--The Dempster-Shafer theory provides a convenient framework for decision making based on very 
limited or weak information. Such situations typically arise in pattern recognition problems when patterns have 
to be classified based on a small number of training vectors, or when the training set does not contain samples 
from all classes. This paper examines different strategies that can be applied in this context to reach a decision 
(e.g. assignment to a class or rejection), provided the possible consequences of each action can be quantified. 
The corresponding decision rules are analysed under different assumptions concerning the completeness of the 
training set. These approaches are then demonstrated using real data. © 1997 Pattern Recognition Society. 
Published by Elsevier Science Ltd. 
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1. INTRODUCTION 

The main purpose of statistical pattern recognition is the 
design of decision rules whereby entities, represented by 
feature vectors, can be assigned to predefined groups of 
patterns, or classes. In the classical Bayesian approach, 0) 
one considers a finite set of actions d = {cq , . . . ,  c~a} 
and a finite set of classes [2 = {Wl , . . .  ,WM}. Typical 
actions are assignment to a class and pattern rejection. (2) 
If, upon consideration of input pattern x, we select action 
c~ i whereas the corresponding entity belongs to class wj, 
we incur a l o s s  /~(O~i[(a)j). If we denote by P(~ylx) the 
posterior probability of class wj given x, then the 
expected loss associated with the choice of action c~i is 

M 
R(c~dx ) = ~ A(c~il~j)P@ilx ). (l) 

j 1 

A decision rule D assigns an action D(x) to each feature 
vector x. Associated with it is an overall risk defined as 

R = f R(D(x)Ix)p(x) ax, (2) 

where p(x) denotes the mixture probability density of 
input vectors, and where the integral extends over the 
whole feature space. The decision rule with minimal 
overall risk is the Bayes decision rule, which prescribes 
the action entailing the smallest expected loss. 

In practical situations, the lack of knowledge of the 
exact posterior probabilities precludes application of the 
Bayes decision rule. Nevertheless, this rule can be ap- 
proximated by estimating the posterior probabilities from 
empirical data, using parametric or non-parametric meth- 
ods. In each case, the estimated expected losses are 
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assimilated to the real ones, and the action with the 
lowest estimated expected loss is selected. 

Whereas this scheme has proved quite efficient in a 
wide range of applications, it suffers from severe short- 
comings in some situations of practical interest. One such 
situation is the scarcity of training data. In that case, only 
poor estimates of the posterior probabilities and of the 
expected losses can usually be obtained, particularly 
when the pattern under consideration is very dissimilar 
from any recorded pattern with known classification. 
While in some circumstances it is still reasonable in that 
case to select the action with minimal estimated expected 
loss, it may sometimes be preferable to reject the pattern 
when the uncertainty is too high. Note that this type of 
reject differs essentially from the "ambiguity reject" 
proposed by Chow. (2) In one case (Chow's reject option), 
the pattern is rejected because the expected loss of 
assigning it to a class is higher than the expected loss 
of rejecting it. This situation is perfectly modeled within 
the framework of Bayes decision theory. In the other case 
that is emphasized here, uncertainty results from funda- 
mental ignorance regarding the true expected losses. This 
type of uncertainty is not easily handled within the 
framework of Bayes theory, which always assumes pre- 
cise determination of the posterior probabilities. (3) 

A second situation, closely linked to the previous one, 
is the absence of training data belonging to certain 
classes, or even the lack of knowledge regarding the 
exact number of classes. Such a situation is typically 
encountered in system diagnosis applications, because of 
the impossibility of gathering data corresponding to 
certain system states, or because the number of possible 
states is very high. (4) To solve this problem, Dubuisson 
has introduced the "distance reject option" which 
consists of postponing decision making when the pattern 
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is situated "far" from training samples. This approach 
has proved very efficient in many diagnosis applica- 
tionsJ 4) However, it requires the determination of dis- 
tance thresholds, which cannot easily be done without 
some underlying model of known and unknown states. 
Smyth (5) has developed a Bayesian approach based on 
the estimation of class-conditional densities and poster- 
ior probabilities of each class using two distinct pattern 
recognition models, but the necessity to postulate arbi- 
trarily a "non-informative" density function for the 
unknown class--e.g, a uniform density over a bounded 
space of feature values---can also be regarded as a short- 
coming of this approach. 

As an attempt to bring new answers to the above 
problems, a novel pattern classification method based 
on the Dempster-Shafer (D-S) theory of evidence (6) was 
recently introducedF ) This approach has some similarity 
with k-nearest neighbor (k-NN) rules, (8) in that classifi- 
cation of a feature vector is achieved by considering its 
nearest neighbors in a set of recorded patterns. However, 
an important difference resides in the way this evidence is 
represented and combined. In our approach--hereafter 
referred to as the evidence-theoretic k-NN rule--the 
information associated with each neighbor is represented 
in the form of a basic belief assignment (BBA), which 
assigns a positive "mass of belief" to each subset of the 
set of classes. The k BBAs resulting from the considera- 
tion of the k nearest neighbors are then combined to yield 
a posterior belief function that summarizes the available 
evidence and may be interpreted as defining posterior 
probability intervals for each class. 

The last step---decision making--is  the main topic of 
this paper. Extensions of Bayes decision analysis will be 
proposed, allowing for decision making based on a belief 
function and an arbitrary loss matrix. Various decision 
strategies will be analyzed under the assumptions of 
complete or partial knowledge of possible states of 
nature. This approach will be demonstrated on a real 
example. 

This paper is organized as follows. Section 2 provides 
a brief overview of D-S theory and its application to 
pattern classification. Decision analysis is specifically 
addressed in Section 3, where the main results are pre- 
sented. The approach is illustrated using a concrete 
example in Section 4. Section 5 concludes the paper. 

2. BACKGROUND 

2.1. Dempster-Shafer theory 

In this section, only the main concepts of D-S theory 
will be recalled. A complete description can be found in 
Shafer's book. (6) A different but closely related approach 
(the Transferable Belief Model) has been proposed and 
justified axiomatically by Smets. (9"1°) 

Let O represent a finite set of hypotheses about some 
problem domain, called the frame of discernment. A 
piece of evidence that influences our belief concerning 
these hypotheses induces a basic belief assignment m, 

defined as a function from 2 ° to [0,1] verifying 

m(0) = 0, (3) 

Z m(A)= 1. (4) 
ac_o 

The number m(A) can be interpreted as the "mass of 
belief" that one is willing to commit exactly to hypoth- 
esis A (and to none of its subsets) given the available 
evidence. The subsets A of O such that re(A) > 0 are 
called the focal elements of m. The credibility Bel(A) and 
the plausibility PI(A) ofA C O can be computed from m 
using the following formula: 

Bel(A) = Z m(B), (5) 
BC_A 

PI(A) = Z m(B) = 1 - Bel(,4), (6) 
AnB#O 

with,4 = O\A. The quantity Bel(A) can be interpreted as 
a measure of the extent to which one believes in A, given 
the evidence pointing to that hypothesis either directly 
[through re(A)] or indirectly [through m(B), for all 
B C_ A]. The extent to which one doubts hypothesis A 
is based on the mass of belief committed to ,4 or its 
subsets, and is therefore represented by 1-PI(A). The 
belief and plausibility functions can be regarded as 
defining lower and upper bounds for a set cg of "com- 
patible" probability distributions: p • cg if 
Bel(a) _< P(A) <_ PI(A) for all A C_ O. 

An important aspect of D-S theory concerns the 
aggregation of evidence provided by different sources. 
If two BBAs ml and m2 induced by distinct items of 
evidence are such that ml(B) > 0 and m2(C) > 0 for 
some non-disjoint subsets B and C of O, then they are 
combinable by means of Dempster's rule. The orthogo- 
nal sum of ml and m2, denoted m = m 1 @ m2, is defined 
as  

m(0) = 0, (7) 

m(A) = ~-]~Bnc=A ml(B)m2(C) MA • O. (8) 
1 -- ZBnc=0 ml (B)m2(C) 

The orthogonal sum is commutative and associative. 
Consequently, the BBA resulting from the combination 
of several items of evidence does not depend on the order 
in which the available information is taken in considera- 
tion and combined. 

Given a function f : O ~ ~ and a probability dis- 
tribution P over O, the expectation of f relative to P is 

E(f, P) = Zf(O)P(O). (9) 
0co 

The concepts of lower and upper probabilities lead to the 
definition of upper and lower expectation as: (11) 

E,(f)  = min E(f, P), (10) 
PEP 

E* (f) = max E(f, P). (11) 
PEP 
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It can be shown that: (12) 

E,(f) = Z m(A) min f(O), 
AC_O 

(12) 

decreasing function of the distance a ¢ between x and 
x s in feature space: 

mS( {&q} ) = oL~)q(dS), (15) 

E*(f) = Z m(A) max f(O). (13)  
ACO 

In the context of decision theory, we can define fl(O) 
[respectively, f2(0)] as the loss incurred if some action 6~1 
(respectively, a2) is taken while hypothesis 0 is true. If 
uncertainty is represented by a BBA, then expected 
losses in the classical sense cannot be uniquely assigned 
to actions a~ and a2. However, decision strategies can 
still be based on the minimization of the lower or the 
upper expected loss. O) 

Alternatively, Smets (1°'~3) has proposed to invoke the 
"Insufficient Reason Principle" to choose in cg a parti- 
cular probability distribution allowing for the calculation 
of probabilistic expectations. It can be argued that, given 
a lack of information, the mass of belief m(A) should be 
equally distributed among the elements of A, for all 
A C_ O. Application of this principle leads to the concept 
ofpignistic I probability distribution BetP defined for all 
0 E O a s  

BetP(0) = ~ "  m(A) [a] ' (14) 

where ]A[ denotes the cardinality of A C_ O. Note that 
there is no contradiction between the choice of D-S 
theory to represent uncertainty and the introduction of 
a probability distribution to allow decision making, if one 
distinguishes two levels: a credal level at which evidence 
is taken in consideration and combined, and a decision 
level which can still be based on probabilistic reasoning 
and minimization of the expected loss. (1°) 

2.2. Application to pattern classification 

Assume that some feature vector x has to be classified 
in one of M classes based on a set of training vectors with 
known classification 2. Different solutions to this problem 
based on D-S theory have been proposed. (7'14'~5) In the 
basic approach, (7) the presence of a training pattern x ~ of 
class a;q among the k nearest neighbors of a pattern x to be 
classified is considered as a piece of evidence that 
influences our belief concerning the class membership 
of the entity under consideration. This information is 
represented by a BBA m s over the set ~2 of classes. A 
fraction of the unit mass is assigned by m s to the singleton 

{~q}, and the rest is assigned to the whole frame of 
discernment ~. The mass mS({wq}) is defined as a 

IThe word pignistic was coined by Smets from the Latin 
pignus = a bet. °°) In the Transferable Belief Model, this term 
is used to designate the probability function constructed from a 
belief function in the context of forced decisions (or bets). (~) 

2In the following, we shall assume for simplicity the class of 
each training vector to be known with certainty. The more 
general situation in which the training set is only imperfectly 
labeled has been studied elsewhere. (7) 

mS(f~) = 1 - aq)q(d~), (16) 

where 0 < a < 1 is a constant, and q~q is a monotonically 
decreasing function verifying ~bq(0)= 1 and 
lima~o~q~q(d) = 0. An exponential form can be postu- 
lated (7) for q~q: 

~q(d s) = exp[-Tq(dS)2], (17) 

")'q being a positive parameter associated to class ~Vq. 
The k nearest neighbors of x can be regarded as k 

independent sources of information, each one repre- 
sented by a BBA. This multiple evidence can be pooled 
by means of Dempster's rule of combination, resulting in 
a BBA m representing our belief concerning the class 
membership of x, following the consideration of its k 
nearest neighbors in the training set. The focal elements 
of m are singletons of f~, and f~ itself. Note that the 
calculation of m involves the combination of k simple 
BBAs, (6) and can therefore be performed in linear time 
with respect to the number M of classes. This evidence- 
theoretic k-NN rule was shown to have good classifica- 
tion accuracy as compared to the voting and distance- 
weighted rules. (7) A learning algorithm was proposed by 
Zouhal and Denoeux (~5) for determining the parameters 
7q in equation (17) by optimizing an error criterion; this 
improvement was shown to yield further reduction of 
classification error in most cases. 

To reduce computing time, input patterns can also be 
classified according their distances to a limited number 
of reference patterns or prototypes. (14) For each proto- 
type, a BBA is computed using an expression similar to 
equation (17). The corresponding BBAs are then com- 
bined using Dempster's rule. This rule can be implemen- 
ted in a multilayer neural network with specific 
architecture comprising one input layer, two hidden 
layers and one output layer. The weight vector, the 
receptive field and the class membership of each proto- 
type are then determined by gradient descent of an error 
function. 

Once a BBA m has been computed, the credibility 
Bel({~q}), the plausibility Pl({wq}) and the pignistic 
probability BetP({wq}) of each class ~X)q are respectively 
equal to 

Bel({~Vq}) = m({Wq}), (18) 

Pl({~Vq}) = m({~q}) + m(Q), (19) 

m(Q) (20) BetP({~q}) = m({wq}) -~ M 

In the case of {0,1} losses [where A(ail~vj) = 1 -6 i j ]  
and in the absence of any reject option, it is well known 
that the Bayes rule leads to selecting the class with 
maximum posterior probability. (~) Similar strategies 
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within the framework of D-S theory can be shown to 
consist of maximizing the credibility, the plausibility or 
the pignistic probability. These strategies will be exam- 
ined in greater detail in the following section. 

3. DECISION ANALYSIS 

3.1. General formulation 

In the following development, we assume as usual the 
finite set ~ to contain all possible states of nature, with 
I~1 = M. Upon consideration of input feature x, we 
contemplate taking one action among a finite set. Our 
decision takes into account the losses A(slw) for all 
(5, w) E ~¢ × f~, and a BBA m over f~ obtained from 
a training set using one of the methods mentioned in the 
former section. 

For an arbitrary BBA m, application of equations (12) 
and (13) yields the following expressions for the lower 
and upper expected loss associated with each possible 
action c~ E ~¢: 

R,(slx)  = Zm(A)  min A(slw), (21) 
AC~ 

R*(slx) = Z m ( a )  max A(slw). (22) 
wGA 

AC~ 

The risk with respect to the pignistic probability dis- 
tribution BetP derived from m is 

R~,(51x) = ~ A(slw)BetP({w}) (23) 
wE~ 

m(A) (24) 
= ~ , \ ( 5 1 c o ) ~  IAI 

wCf~ Ag~ 

=a~c m(a)~Al~ A(slw). (25) 

equations (21), (22) and (25) show that the three ex- 
pectations are linked by the following inequalities: 

R.(5lx) < Rbet(sIx ) < R*(sIx ). (26) 

When m is such that m(A) > 0 ¢¢, A = f~ or IAI = 1, 
equations (21), (22) and (25) take the following simpler 
form: 

R*(sIx) = Z A(sl~)m({w}) + m(f~) min ~(51~), 
~vEf~ 

~Ef~ 

(27) 

R*(51x ) = ~ A(51w)m({w}) + m(f~) max A(5[w), 
wEf~ 

(28) 

(29) 

In the above expressions, the only difference resides in 
the term associated to the uncommitted mass m(f~) in the 
weighted sum, which is respectively equal to the lowest, 

the highest and the average loss corresponding to the 
choice of action 5. 

In general, application of the principle of expected loss 
minimization leads to three distinct decision strategies: 

• minimization of the lower expected loss, yielding a 
decision rule D, defined by 

D,(x) = c~. with R,(5 , )  = min R.(c~lx); (30) 
~Eza/ 

• minimization of the upper expected loss, resulting in 
decision rule D*: 

D*(x) = 5* with R*(5*) = min R*(slx); (31) 
oeG,~ 

• minimization of the expected loss relative to BetP (or 
pignistic expected loss), resulting in decision rule Dbet: 

Obet (X)  = 5be  t with g b e t ( 5 b e t )  = min Rb~t(c~lx). 
c~G~ 

(32) 

Obviously, these three decision strategies are not equiva- 
lent. For example, let us consider the situation of com- 
plete ignorance. The unit mass of belief is then 
concentrated on [2 (m(gt)=l), leading to the following 
decisions: 

D,(x) = arg min min A(5lw), (33) 

D*(x) = arg min min A(c~lw), (34) 

Obet (X ) = arg min 1 ~ A(5lw). (35) 
oLE.s¢ M 

Assuming f~={Wl,W2,w3}, d={cq,52,53} and, say, the 
following loss matrix: 

5 1  5 2  5 3  

wl 0.5 2 3 
w2 2 1 1.1 
w3 3 2.5 1 

we see that D. (x)=al  whereas D*(x)=c~2 and 

Dbet(X)=O~ 3. 
Given the fact that these different strategies may lead 

to different decisions, one may wonder which one best 
applies to a given pattern recognition task. This important 
point is examined in the sequel. 

3.2. Decision based on a complete learning set 

In this section, we shall assume the learning set to be 
complete, i.e. to contain patterns from all classes. Situa- 
tions of this kind typically arise in well-structured do- 
mains such as character recognition, in which the classes 
are all known in advance and instances from each class 
are easily obtained. If we assume ~ to be composed of M 
classes Wl,...,wM, typical actions are then assigned to 
each class wi, noted as 5i, i E { 1 , . . . ,  M} and rejection 
50. To simplify the discussion, the losses will be assumed 
to be equal to 1 for misclassification, 0 for correct 
classification and Ao>0 for rejection. 
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For arbitrary m, application of equations (21), (22) and 
(25) yields in that case: 

R , ( a i l x )  : Z m(a) min A(a i lw)  
wCA 

AC[2 

= 1 - Z m(A) 
A~wi 

= 1 -- PI({wi}), 

R*(ailx ) = Z m ( A )  max A(ailw) 
wEA ACf~ 

= 1 - m({wi}) 

---- 1 -- Bel({wi}), 

M 

Rbet(OLilx) = Z )~(OLi[k)j)BetP({wj}) 
j~l 

= Z BetP({wj}) 
j¢i  

= 1 - BetV({wi}), 

for all i C { 1 . . . .  , M}, and 

e,(aolX) = e*(aolX) = ebet(a01 x) = A0. (45) 

In the special case where the set of focal elements of m is 
reduced to singletons and the whole frame of discern- 
ment, we have: 

R , ( a i l x )  = 1 - m ( { w i }  ) - m(f2), (46) 

R*(a i ]X)  = 1 - m ( { ~ i } ) ,  (47) 

Rbet(C~ilX ) = 1 -- m({wi}) m(Q) (48) 
M 

In that case, R,(ai) ,  R*(ai) and Rbet(ai) differ only by a 
constant additive term for i = 1 , . . . , M ;  consequently, 
these three expectations induce the same ranking of 
actions 41 . . . . .  aM. However, the conditions for pattern 
rejection are different: 

D,(x)  = a0 ¢:~ max Pl({wj}) < 1 - Ao, (49) 
j=l,...,M 

D*(x) = a 0  ¢~ max Bel({wj}) < l - A 0 ,  (50) 
j=I,...,M 

Dbet(x) = a0 ¢:~ max BetP({wj}) < 1 - A0. (51) 
j=l,...,M 

Since Bel({wj}) < BetP({wj}) _< Pl({wj}) for all 
j E { 1 , . . . , M } ,  we have, 

O , ( x )  z o~ 0 ~ Obet(X ) z O~ 0 =~ O * ( x ) =  o~ 0. (52) 

Deeper understanding of these rules can be gained by 
visualizing the different types of decision (classification 
or reject) for all possible values of #1 = m(~2) and 
#2 = maxj=l,...,M m({wj}), as shown in Fig. 1. Since 

M 

Z m ( { w i } )  = 1 -- m(g t ) ,  (53) 
i-1 

the joint values of #1 and #2 are constrained by the 
following inequalities: 

1 - # 1  
(36) m _<#2_< l - # l .  (54) 

Graphically, all points (#b#2) are therefore situated in- 
(37) side the triangle defined by the points of coordinates 

(1,0), (0,l/M) and (0,1) (Fig. 1). The conditions for 
rejection by D,, D* and/)bet can be expressed in terms 

(38) of #l and #2 in the following way: 

(39) D*(x) = a0 ¢:> #2 < 1 - A0, (55) 

(40) D,(x)  = O~ 0 ~ #1 -~- [Z2 < 1 - A0, (56) 

(41)  Dbet(X ) z OL 0 ¢ff ~ -b #2 < 1 - A0. (57)  

(42) These conditions are given a graphical representation in 
Fig. 1. It is easy to see that rejection by D, and Dbet is 
possible if and only if A0 _< 1 - ( l /M) ,  whereas rejec- 

(43) tion by D* requires only the weaker condition A0 _< 1. 
Figure 2 shows that the three decision rules altogether 

(44) can be seen as partitioning the feature space into four 
distinct regions with regard to classification and rejection 
(a finer partition would be obtained by considering the 
assignment to each individual class). A different view of 
these regions in feature space will be shown in Section 4 
for a particular example. 

3.3. Decision based on an incomplete learning set 

In some applications, it is difficult or even impossible 
to build an exhaustive learning set, for one of the 
following reasons: 

1. some classes have very small prior probabilities; 
2. collecting samples from some classes would be either 

too dangerous or too costly; 
3. the number of classes is very high; 
4. an exhaustive list of all possible states of nature is not 

available. 

A typical application domain in which such problems 
arise concerns the diagnosis of complex technological or 
natural systems. (4) In such contexts, the set f~ can be 
partitioned into a subset K of known classes, and a subset 
U containing those classes which are not represented in 
the training set. If U is assumed to contain only unknown 
states of nature, then there is no reason to make a 
distinction between different elements of U, which can 
then be considered as a singleton: U = {Wu}. For sim- 
plicity, we shall adopt this convention in the rest of the 
discussion. Nevertheless, the analysis can easily be ex- 
tended to an arbitrary cardinality of U. We therefore 
assume ~ to be composed of M + I  elements 
f~ = {Wl,. . .  ,WM, W u}. As before, the possible actions 
are assignment to one (known or unknown) class, and 

rejection: ~ = {a0, c~l . . . .  , aM, Ctu}. 
Since by definition the training set does not contain 

any example from class wu, there can be no evidence 
supporting directly the hypothesis that a pattern x might 
belong to that class, and consequently we always have 
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la2 

1- ~0 

1/M 

~2 
1 

tt 2 

I/M 

1 

0 1- ~'o 1 

1- ~o 

1/M 

0 
1 M(1- ko)  Pq 

Fig. 1. Describes by D* (up), D. (middle) and Dbe t (down) based on the exhaustive learning set, as a function 
of #1=re(Q) and #2=max m({~i}): Acceptance ({~i}) and reject (C~o). 

112 

I 

1- k o 

1/M - - . . . .  

1- X o 1 M(1- X o) pq 

Fig. 2. Various decision regions. I: acceptance by D,, D* and Dbet; II: acceptance b~, D, and Dbet, reject by 
D*; III: acceptance by D,, reject by Dbet and D*; IV: reject by D,, D-and  Dbet. 
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~t2 

1 

1- )q 

1- X o 

1/M 

(0~ i} 

1- k o 1 

~t2 

gt~ 

1- J~O 

1- ~q 

I/M 

1- 3, 0 /k  I 1- ~o 1 gtx 

Fig. 3. Decisions by D. based on an incomplete learning set, as 
a function of #l:m(~) and #2=max m({o)i}), for At<Ao (up) 

and Ax>Ao (down). 

BBA m has singletons of f~ as only focal elements, in 
addition to f~ itself. 

Decisions according to D.: 
We have, 

R*(ailx) = Z m( {wj} ) = 1 -PI({wi}) 
j4i 

R, (0/0 Ix) = Ao, 

M 

R.(0/ulX) = A 1 Z m ( { w j } )  = )q(1 -- m(f~)). 
j=l 

As before, the decisions made by D.  can be represented 
in a diagram as a function of #1 =m(f~)  and 
#2 = maxi=l,...,m m( {@ } ). Assignment to one of the 
known classes is decided if the two inequalities are 
verified: 

~1 + ~2 ~ 1 - A0, (61) 

#1 + #2 _> 1 - AI(1 - #1). (62) 

Action Cto is preferred over au if 

Ao 
- - - ,  (63)  #1 _< 1 AI 

which requires Ao_<Al. The decision regions are repre- 
sented in the two situations (Ao_<A1 and Ao>A0 in Fig. 3. 
Note that for actions 0/u and ao to be possible we must 
have respectively A1 _< 1 - ( l / M )  and Ao _< 1 - ( l /M) .  
The actions that can be taken for different values of Ao 
and AI are represented graphically in Fig. 4. 

for i = l , . . . , M ,  

(58) 

(59) 

(60) 

m({wu}) = 0. However, it is possible to define certain 
contexts in which action au will be selected by one of the 
above decision rules, as will now be explained. 

As before, the losses will be defined as 0 when the 
pattern under consideration has been correctly classified, 
1 when it has been wrongly assigned to one of the known 
classes, and Ao in case of rejection. The consequences of 
wrongly assigning a pattern to the unknown class w, will 
be assumed to be characterized by a loss A1 _> 0. This 
assumption can be interpreted by considering the assign- 
ment to wu as a particular kind of rejection, the con- 
sequences of which are not necessarily equivalent to 
other misclassification errors. The loss matrix is then 

0/0 0/1 0/2 "'" 0/M 1 0/M 0/u 

031 /~0 0 1 '"  1 1 A1 
w2 Ao 1 0 ... 1 1 A1 

O.)M- 1 •0 1 1 ... 0 1 .~1 
WM /~0 1 1 ... 1 0 "~1 
wu Ao 1 1 ... 1 1 0 

Let us now express the different expected values of the 
losses induced by each possible action, and the corre- 
sponding decision rules. For clarity of presentation, only 
the simplest case will again be considered, in which the 

Decisions according to D* 
The upper expected losses are 

R*(0/i]x) : Z m( {wj} ) + m(~) 
j#i 

= 1 - B e l ( { w i } )  for i =  1 , . . . , M ,  (64) 

R* (a01 x) = A0, (65) 

M 

R*(aulX) = A 1 Z m ( { w j } )  + Alm(f~) = Al. (66) 
j=l 

In this case, we find that the risk associated to of au does 
not depend on m. Assignment to one of the known 
classes is therefore decided by D* whenever 
#2 > max(1 - A0, 1 - A1). The shape of the decision 
regions in the (#x,#z) graph is the same as in Fig. 1, 
with #u replacing ao if AI_<Ao. The possible actions for 
different values of Ao and A1 are represented graphically 
in Fig. 4. 

Decisions according to Dbet 
The expected losses relative to the pignistic probability 

distribution BetP are 

M 
R~t(o~ilx) = ~-'~ m({wj}) + m(f~) 

M + I  j#i 

= 1 - BetP({wi}) for i = 1 , . . . , M ,  (67) 
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Fig. 4. Possible actions by D, (up-left), D* (up-right) and Dbet (down) based on an incomplete learning set, 
as a function of Ao and AI. 

R~t(ao[ x) = A0, (68) 
M 

Rbet(au[X) = A1 Z m({wj}) + m(~) M MA1 (69) 
j=l + 1 

[ = )~1 1 -- M + 1J = A, [1 - BetP({wu})]. 

(70) 

Assignment to the known class with highest pignistic 
probability is therefore decided by Dbet if  

1 - # 2  - - -  

#1 
#2 - - < A o ,  (71) 

M + I  

M + I  <A1 1 -  . (72) 

P2 

1 A 

..C 

. . . . . . . . . . . .  G H Pl 

(M+l)( 1- ~ o / ~ l  ) 1 0VI+I)(  1- XO ) M + I  

Fig. 5. Decisions by /)be t based on an incomplete learning set, as a function of /zl=m(f~ ) and 
#2=max m( { wi } ). 

1- JL 0 
l- ~'l 

1/M 
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Graphically, this condition is satisfied if the point (#1,/z2) 
is situated above the lines BG and CH in Fig. 5. 

Rejection is preferred over assignment to the unknown 
class if 

)~0<)~1 l - ~  ¢=~ # I _ < ( M + I )  l - - ~ l  • 

(73) 

The analysis of the necessary conditions for each action 
to be possible is slightly more complex than in previous 
cases• Graphically, the set of values of (#1,#2) for which 
c~, is selected is represented in Fig. 5 by the intersecting 
region of triangles (AFD) and (ZEH). This intersection is 
non-empty if AI_<I and 

( A 0 )  Ao > _ M + I .  (74) ( M + I )  1 - ~  _<l *~ 

The set of values of (#1,#2) for which c~ o is decided is 
represented by the intersection of triangle (AFD) and the 
polygon (BZEO). By simple geometrical reasoning, it is 
straightforward to show that this area is non-empty if the 
following three conditions are simultaneously satisfied: 

Ao _< A~, (75) 

M 
Ao _< M + 1' (76) 

Ao 
A1 _> M(1 - Ao~' (77) 

These conditions are represented graphically in Fig. 4. 
The region where all M + I  decisions are possible is 
delimited by the lines A~=Ao and A1 = (M + 1)Ao/M, 
and by the curve of equation A~ = Ao/[M(1 - Ao)]. 

4. EXAMPLE 

The decision rules described above will now be de- 
monstrated on a real-world pattern recognition problem. 
The data consist of daily measurements of water quality 
parameters (pH, temperature, NO3 and NH4 concentra- 
tions) performed in the river Seine during two years. The 
sampling point was located upstream from a drinking 
water production plant. A monitoring system under 
development will process continuous measurements of 
the same parameters to make a real-time diagnosis of 
overall water quality. The data considered here have been 
used for prototyping of the system. 

The basic approach consists of assigning measurement 
vectors to classes corresponding to different states of the 
river system. A clustering procedure was used to define 
four distinct classes in the available data. However, a 
requirement for the final system will be the ability to 
detect atypical situations and create new classes accord- 
ingly• 

For better visualization of the results, the data dimen- 
sion was reduced to 2 by principal component analysis 
(Fig. 6). Our evidence-theoretic neural network mod- 
el (14) was trained on the 731 input samples with 10 
prototypes. In this model, the optimized parameters 
for each prototype i are a vector of coordinates pi, degrees 
of membership Ul, i  . . . ,  UMi to the M classes (with 

4 

3 o ° ° °~  o o 
o o 

× ~  ×eo~ 
2 X~x o @ ° °  o o 

x 
xX~xX xxX~ o o o o 

x x o o 

1 x ~ x. o o2~ °6'o o ° >¢<X 
X . 00¢~)0 00~0 ¢~0 O+ + 

. ." : .  • • o o  ~+ + • • . • j '. . ~ + + ++ 
0 , . . ;  ...,,.~.~ + +4~ Z + ~ .. ¢. : . + 

:" '~ ~'.*, ;. } : :t ¢. J-:~ ÷ +++ + 
• ;'.'..:~,,'~" "-'4~,-~ . 

- I  ' : - " ' . :  -""  ' , ~ + ~  + +~+ ' t *+  + 
• • :. ~, ,I-P ~-++" 

-ff~++ + ++ + 

f i i i 
--26 - 4  - 2  0 2 4 

Fig. 6. The water quality data. The axes are the first two 
principal components extracted from the original features. The 
four classes were determined by a clustering procedure applied 

to the original features. 

~-]~1 uj = 1), and a positive parameter 7 i defining the 
region of influence of prototype i. For an arbitrary input 
pattern x, the consideration of prototype i induces a BBA 
rn i defined as 

mi({OJq})  = o~ulq exp[-"yi(di) 2] Vq C { l , . . .  ,M}, 

(78) 

mi(f~) = 1 - o %  exp[-Ti(di)2],  (79) 

where c~ is a parameter and d i is the Euclidean distance 
between vectors x and pi. The n BBAs ml,. . . ,m" are then 
combined using Dempster's rule to yield a final BBA m 
with focal elements {w~ } , . . . ,  {~M}, and f~. The trained 
neural network therefore implements a mapping P from 
the feature space on to a (M+l)-dimensional space 
defined by 

I ~ : x ~ (m({a)l}), . . .  ,m({aJM}),m(~))) .  (80) 

Contour plots of each component of this mapping are 
shown in Figs 7-11. Given a loss matrix, the output BBA 

m(w l )  
' ' 

0.2 

0.1 
0 

@ o 
~,>,~. ~ ~ ~ ° 0 ° 0  
~ ~.~ O~ooO 
.g... oo % ~ . . ~ . . . , .  g+ ~+ ++ 

Fig. 7. Contours of basic belief number m({wl}) in feature 
space, as learnt from the data by the neural network model. The 

prototypes are represented by * 
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Fig. 1 l. Contours of basic belief number m(f~) in feature space, 
as learnt from the data by the neural network model. The 

prototypes are represented by * 
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Fig. 9. Contours of basic belief number m({w3} ) in feature 
space, as learnt from the data by the neural network model. The 

prototypes are represented by * 
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Fig. 10. Contours of basic belief number m({w4}) in feature 
space, as learnt from the data by the neural network model. The 

prototypes are represented by * 

for an arbitrary input pattern x provides the basis for 
making decisions according to the rules presented in the 
previous sections. 

To illustrate these rules, we successively place our- 
selves under two different assumptions. 

Assumption 1: Completeness of the training set 
First, we assume the four classes found in the 

initial training data to be representative of all fiver 
states to be encountered. The reference set is then 

= {~1,0.)2,0-)3, CO4}, and the set of actions is defined 
as ~¢ = (c~0, C~l, a2, a3, c~4}. The loss matrix is defined 
as in Section 3.2. Decisions rules D., D* and Dbet are 
then defined according to equations (30)-(32), with R., 
R* and gbet given by equations (46)-(48). 

The data points and the decision regions in feature 
space are represented in Figs 12 and 13 for At=0.3 and 
.~0=0.4, respectively. As can be seen in these figures, 
decision rule D. rejects those patterns which are situated 
in the neighborhood of class boundaries, which corre- 
sponds to the notion of "ambiguity reject" in the termi- 
nology introduced Dubuisson. (4) The same patterns are 
also rejected by D* and Dbet, which additionally reject 
feature vectors located "far" from training samples. 
These rules therefore combine the notions of "ambigu- 
ity" and "distance" reject. The regions I - IV of Fig. 2 
are represented in feature space for this example in 
Fig. 14. 

Assumption 2: Incompleteness of the training set 
In practice, there is no guarantee in this application 

that the clusters identified in the training set correspond 
to all possible states of the fiver. New clusters may appear 
due to accidental pollution or different weather condi- 
tions. A better formalization of the decision problem 
thus consists of assuming the existence of an additional 
class w, corresponding to all possible states of 
nature, excluding those already represented in the 
training set. Possible actions are then contained in 
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Fig. 13. Decision regions for the water quality data, with 
assumption of completeness of the learning set: results with D, 

(up), D* (middle) and D b e  t (down), for )~o=0.4. 

d~ ¢ = {O~0, Oq,O~2,Ol3,OL4, OLu}. The loss matrix is now 
defined as in Section 3.3. 

The various decision regions for D, and Dbe t are 

represented in Figs 15 and 16 for Ao=0.3 and two 
different values of Al- Since AI>AO, the decision regions 
for D* are exactly identical in that case to those depicted 
in Fig. 12. With these new assumptions, we can see that 
patterns in the vicinity of class boundaries are still 

rejected by D, when they are close to training patterns, 
but are now assigned to the unknown class when they are 
very dissimilar from previously observed feature vectors. 
In contrast, decision rule D~t assigns to class ~ all 
"atypical" patterns, and rejects those situated in regions 
of ambiguity between or around data clusters. Note that 
the different shapes of the reject region for Dbet in Figs 15 
and 16 can be explained by looking at Fig. 5. Consider a 
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Fig. 15. Decision regions for the water quality data, with 
assumption of incompleteness of the learning set: results with 

D, (up) and/)bet (down), for Ao=0.3 and A1:0.315. 

point moving from the center of data cluster away from 
the training set. Its representation in Fig. 5 moves along a 
straight line from point A to point F (#1 increases while 
#2 remains at its maximum value). This point crosses the 
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Fig. 16. Decision regions for the water quality data, with 
assumption of incompleteness of the learning set: results with 

D. (up) and Dbet (down), for Ao=0.3 and A1=0.345. 

reject region if 

1 - ( M + I ) ~ < A o  - 1  e:~ AI>M_A--- ~ .  

(81) 

With Ao=0.3, we must therefore have A1>0.3243, which 
is the case in Fig. 16 but not in Fig. 15. 

5. CONCLUSIONS 

The Dempster-Shafer theory of evidence offers a 
convenient framework for dealing with uncertainty in 
situations where the available information is limited or 
weak. Situations of this kind typically arise in pattern 
recognition when classification of feature vectors must 
be done based on a small number of training samples, or 
when the training set does not contain examples from all 
classes. In this paper, various decision strategies for 
pattern classification in the context of D~S have been 
presented. These strategies have been successively ana- 
lyzed under the assumptions of completeness, and in- 
completeness of the learning set. When samples from all 
classes are available, possible actions are assignment to a 
class and rejection. As expected, patterns situated close 
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to class boundaries tend to be rejected according to the 
three decision rules studied. Additionally, the more 
conservative strategies of upper and pignistic expected 
loss minimization also lead to the rejection of "atypical" 
patterns situated far from training samples in feature 
space. When the training set is not complete, the avail- 
able options are assignment to one of the known classes, 
assignment to the unknown class, and rejection. By 
imposing some restrictions on the loss matrix, we have 
shown that various configurations of the decision regions 
can be induced by varying only two parameters corre- 
sponding to the costs of rejection and misclassification in 
the unknown class, respectively. 

In practice, these theoretical considerations leave the 
designer of a pattern recognition system with many 
alternatives. In general, a "liberal" approach would 
logically lead to considering the lower expected loss 
of each possible action, while a more "cautious" ap- 
proach would give more importance to pignistic or upper 
expected losses. Which strategy should be preferred 
obviously depends on the application domain. An inter- 
esting possibility to be explored in the context of inter- 
active systems would involve leaving the final decision to 
the user in case of conflict between different decision 
rules. The integration of the decision rules described in 
this paper with unsupervised procedures for detecting 
new classes based on the analysis of rejected patterns will 
also be subject to further research. 
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