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Abstract

We introduce a general theory of epistemic random fuzzy sets for reasoning with fuzzy or crisp evidence. This framework
generalizes both the Dempster-Shafer theory of belief functions, and possibility theory. Independent epistemic random fuzzy sets
are combined by the generalized product-intersection rule, which extends both Dempster’s rule for combining belief functions, and
the product conjunctive combination of possibility distributions. We introduce Gaussian random fuzzy numbers and their multi-
dimensional extensions, Gaussian random fuzzy vectors, as practical models for quantifying uncertainty about scalar or vector
quantities. Closed-form expressions for the combination, projection and vacuous extension of Gaussian random fuzzy numbers
and vectors are derived.
© 2022 Elsevier B.V. All rights reserved.
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1. Introduction

The Dempster-Shafer (DS) theory of belief functions [29] and possibility theory [38] were introduced indepen-
dently in the late 1970’s as non-probabilistic frameworks for reasoning with uncertainty [11,10]. The former approach
is based on the idea of representing elementary pieces of evidence as completely monotone capacities, or belief func-
tions, and combining them using an operator known as the product-intersection rule or Dempster’s rule. As probability
measures are special belief functions, and Dempster’s rule extends Bayesian conditioning, DS can be seen as an exten-
sion of Bayesian probability theory, particularly suitable to reasoning with severe uncertainty. There is also a strong
relation between DS theory and the theory of random sets [23]: specifically, any random set induces a belief function
and, conversely, any belief function can be seen as being induced by some random set [26]. In DS theory, a random set
underlying a belief function does not represent a random mechanism for generating sets of outcomes, but the impre-
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cise meanings of a piece of evidence under different interpretations with known probabilities [30]. To avoid confusion,
we use the term epistemic random set for random sets representing evidence in DS theory.

In contrast, possibility theory originates from the theory of fuzzy sets [36]. In this approach, a fuzzy statement about
the variable of interest, seen as a flexible constraint on its precise but unknown value in some domain ®, induces a
possibility measure and a dual necessity measure on ®. Interestingly, a necessity measure is a belief function, and the
dual possibility measure is the corresponding plausibility function, but the converse is not true (a belief function is
not, in general, a necessity measure). For this reason, possibility theory has sometimes been presented as “a special
branch of evidence theory” (another name for DS theory) [21, page 187]. However, combining two necessity measures
by Dempster’s rule yields a belief function that is no longer a necessity measure: this combination rule is, thus, not
compatible with possibilistic reasoning. In contrast, possibility theory has its own conjunctive combination operators
based on triangular norms (or t-norms) [16]. Possibility and DS theory are, thus, two distinct models of uncertain
reasoning based on related knowledge representation languages but different information processing mechanisms.

In a companion paper [9], we have revisited Zadeh’s notion of “evidence of the second kind”, defined as a pair
(X, I1(y|x)) in which X is a discrete random variable on a set 2 and I1(y|x) a collection of conditional possibility
distributions of a variable Y given X = x, for all x € Q. If random variable X is constant, we get a unique possibil-
ity distribution for variable Y'; if the conditional possibility distributions I(y|x) take values in {0, 1}, then the pair
(X, I(y|x)) defines a random set equivalent to a DS mass function. The mappings associating, to each event, its ex-
pected necessity and its expected possibility are, respectively, belief and plausibility functions. In this framework, a
possibility distribution thus represents certain but fuzzy evidence, while a DS mass function is a model of uncertain
and crisp evidence. In general, a pair (X, I1(y|x)) defines an epistemic random fuzzy set, allowing us to describe evi-
dence that is both uncertain and fuzzy. (The term “epistemic” emphasizes the distinction between this interpretation
and that of random fuzzy sets as mechanisms for generating fuzzy data considered, for instance in [28,17]). In [9], we
have proposed a family of combination rules for epistemic random fuzzy sets in the finite setting, generalizing both
Dempster’s rule and the conjunctive combination rules of possibility theory. One of these rules, based on the product
t-norm, is associative and arguably well suited for combining independent evidence. Equipped with this combination
rule (called here the generalized product-intersection rule), the theory of epistemic random fuzzy sets can be seen
as an extension of both DS theory and possibility theory, making it possible to combine evidence of various types,
including expert assessments (possibly expressed in natural language), sensor information, and statistical evidence
about a model parameter.

In this paper, drawing from mathematical results presented by Couso and Sanchez in [2], we give a more general
exposition of the theory of epistemic fuzzy sets, considering arbitrary probability and measurable spaces. We define
combination, marginalization and vacuous extension operations of random fuzzy sets in this general setting, laying
the foundations of a wide-ranging theory of uncertainty encompassing DS and possibility theories as special cases.
Finally, for the important case where the frame of discernment is R”, we propose Gaussian random fuzzy numbers and
vectors as a practical model, generalizing both Gaussian random variables and vectors on the one hand, and Gaussian
possibility distributions on the other hand.

The rest of this paper is organized as follows. Classical models (including random sets, fuzzy sets and possibility
theory) are first recalled in Section 2. Epistemic random fuzzy sets are then introduced in a general setting in Section 3.
Finally, Gaussian random fuzzy numbers and vectors are studied, respectively, in Sections 4 and 5, and Section 6
concludes the paper.

2. Classical models

In this section, we recall the main definitions and results pertaining to the two models of uncertainty generalized
in this paper: random sets and belief functions on the one hand (Section 2.1), fuzzy sets and possibility theory on the
other hand (Section 2.2).

2.1. Random sets and belief functions

Whereas belief functions in the finite setting can be introduced without any reference to random sets [29], the
mathematical framework of random sets is useful to analyze belief functions in more general spaces, and to define the
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practical models needed, e.g., in statistical applications. Important references about the link between random sets and
belief functions include [26] and [2].

Let (2, 0q, P) be a probability space, (®, 0g) a measurable space, and X a mapping from Q to 2. The upper
and lower inverses of X are defined, respectively, as follows:

X'(B)=B*={weQ:X(w)NB#W) (1a)
X.«(B)=B.={0eQ:0#X(w) C B} (1b)
for all B C ©. It is easy to check that
B*N(B). =9
and
B*U(B)s={w e Q: X(w) # ¥} = O,

where B¢ denotes the complement of B in ®.

The mapping X is said to be oq — o strongly measurable [26] if, for all B € o, B* € oq (or, equivalently, if for
all B € 0, By € 0g). The tuple (2, 0q, P, 0, 0, Y) is called a random set. When there is no confusion about the
domain and co-domain, we will call the o — 0@ strongly measurable mapping X itself a random set.

In the special case where | X (w)| = 1 for all w € Q, we can define the mapping X : @ — © such that X (w) =
{X (w)} for all w € Q. We then have B* = B, = X! (B) for all B C ©, and X is 0q — 0 measurable. The notion of
random set thus extends that of random variable.

Belief and plausibility functions. From now on, we will assume, for simplicity, that P(®*) = 1. (If not verified, this
property can be enforced by conditioning P on ©*). Let P* and P, be the lower and upper probability measures
associated with random set X, defined as the mappings from og to [0, 1] such that

Py(B) = P(By) (2)

and
P*(B) = P(B*) =1— P«(B°), 3)

for all B € 0. Mapping Py is a completely monotone capacity, i.e., a belief function, and P* is the dual plausibility
Sfunction [26, Proposition 1]. In the following, they will be denoted, respectively, as Bel and Pl5. The corresponding
contour function is defined as the mapping pl from O to [0, 1] such that

plx(0) = Plx({6})
for all 6 € ©. The subsets X (w) € O, for all w € 2, are called the focal sets of Bely.

Interpretation. In DS theory, 2 represents a set of interpretations of a piece of evidence about a variable # taking
values in set © (called the frame of discernment). If interpretation w € € holds, we know that # € X (w), and nothing
more. For any A € o, P(A) is the (subjective) probability that the true interpretation lies in A. For any B € og,
the degree of belief Bely(B) is then a measure of support of the proposition “f € B” given the evidence, while the
degree of plausibility Pl5(B) is a measure of lack of support for the proposition “6 ¢ B”. Under this interpretation,
the random set X represents a state of knowledge: it can be said to be epistemic.

Vacuous random set. A constant random set (£2, oq, P, ®, g, Y) such that Y(a)) = 0 for all w € Q is said to be
vacuous. For such a random set, we have Belx(A) =0 forall A € op \ {®} and Pl5(A) =11orall A € 0p \ {#}. A
vacuous random set represents complete ignorance about 6.

Finite case. Assume that @ is finite, and 0@ = 2°. The Mébius inverse of Bels is the mapping my from 29 0 [0,1]
such that

myx(B) =Y (=1)"I"I% Beix(C),
CCB
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for all B C ©. It verifies m(B) > 0 for all B C Q, ZBgQ m(B) =1 and m(¥)) = 0. The belief and plausibility can be
computed from m;, respectively, as

Belx(B) = Z m%x(C) and Plz(B) = Z mz(C),
CCB CNB#)
forall B C ©.

Random closed intervals. Random closed intervals are particularly simple models allowing us to define belief func-
tions on the real line [4,34,6]. Let (2, 0q, P) be a probablllty space and X, Y two random variables 2 — R such
that P({w € Q: X(w) < Y(w)}) = 1. Then, the mapping X : Q@ — 2R defined by X(0) = [X (w), Y (w)] is 0q — BRr
strongly measurable, where SR is the Borel o-algebra on R (see a formal proof in [22]). This mapping defines a
random closed interval. For a random closed interval X = [X, Y], we have [4]

Bely([x, y) = P(X, Y] S [x,y) =P(X > x;Y <) (4a)
and

Plg(x,yD=P(X,YIN[x,y] #H) =1—-P(X >y) = P(Y <x), (4b)
for all (x,y) € R? such that x < y. In paricular, by letting x tend to —oo in (4), we obtain the lower and upper
cumulative distribution functions (cdf’s) of X as

Fi(y) = Belg((—00,y]) = P(Y <y) = Fy(y) (5a)

and

F*(y) = Plg((—=00, y]) = P(X < y) = Fx(y). (5b)
Lower and upper expectation. Let X be a random set from (2, o, P) to (R, Br). Following Dempster [3], we can

define its lower and upper expectations, respectively, as
+00
E.(X)= f xdF*(x)
—0oQ
and
+00
E*(X) = f xdFy(x),
—0oQ
where Fy (x) = Bely((—00, x]) and F*(x) = Ply((—00, x]) are the lower and upper cdf’s of X. When X is a random
closed interval [ X, Y1, it follows from (5) that E,(X) = E(X) and E*(X) = E(Y).
Dempster’s rule. Consider two pieces of evidence represented by random sets
(Q1,01, P1,0,00,X1) and (0,02, P2, 0,00, X2),

and the mapping X from € x €, to 2° defined by Xn(w1, w) = X1(w1) N Xa(w3). If interpretations w; € 2
and @, € Q5 both hold, we know that @ € Xn(wq, 2), provided that X1 (w)) N Xa(w2) # (). Assume that XA is
(01 ® 02) — 0 strongly measurable, where o1 ® 07 is the tensor product o -algebra over the Cartesian product €21 x €2;.
The two pieces of evidence are said to be independent if, for any A € o1 ® o2, the probability that A contains the true
interpretations of the two pieces of evidence is the conditional probability

(P1 x P)(ANO*)

Pa(A) = (P1 x P))(A|©7) = (Prx P)©@ (6)

where P; x P, is the product measure satisfying (P; X P2)(A; x Az) = P1(A1)P2(Ay) forall A| € o1, A € 02, and

O* = {(w1, m) € Q1 X 2 : Xn(w1, w2) # B}
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is the set of noncontradictory pairs of interpretations. The quantity
K =1— (P x P)(0%) = (P x P)({(w1, w2) € Q) x Qy: Xn(w1, @2) =0})

is called the degree of conflict between the two pieces of evidence. The combined random set
(Q1 x Q2,01 ® 02, P12, 0,00, Xn)

is called the orthogonal sum of the two pieces of evidence, and is denoted by X; @ X». This combination rule, first
introduced by Dempster in [3], is called the product-intersection rule, or Dempster’s rule of combination.

We can remark that Dempster’s rule is usually viewed as an operation to combine belief functions, whereas it is
defined here as an operation to combine random sets. This distinction is immaterial in the standard setting, as the
orthogonal sum of two belief functions does not depend on their particular random set representations and can be
defined without reference to the random set framework [32]. However, it becomes crucial when considering random
fuzzy sets as a model for generating belief functions, as done in this paper. We will come back to this important point
in Section 3.2.

Any vacuous random set is obviously a neutral element for Dempster’s rule. The following important proposition
states that pieces of evidence can be combined by Dempster’s rule in any order.

Proposition 1. Dempster’s rule is commutative and associative.
Proof. See Appendix A. O

Example 1. Let X| ~ N(u1, 612) and X, ~ N(u3, 022) be two independent normal random variables and consider the
random intervals X| = [X|, +-00) and X» = (—00, X,]. The degree of conflict between X| and X is

M1 — U2
1/012+022

where ® is the standard normal cdf. The orthogonal sum of X and X> is the random closed interval [ X, X é], where
(X!, X é) is the two-dimensional random vector with distribution equal the conditional distribution of (X1, X») given
X1 < X». Its density is

k=PX1>X)=PX2—X1<0)=9®

oy o (U5 ) ¢ (522 ) 1) = x0)

Ix; x, (1, x2) = ,
b M2 —H1
‘/012—&-522

where ¢ is the standard normal probability density function (pdf) and 7 (-) is the indicator function.

__ The following proposition states that the contour function of the orthogonal sum of two independent random sets
X1 and X3 is proportional to the product of the contour functions of X and X».

Proposition 2. Let X | and X» be two independent random sets on the same domain ©, with contour functions plyl
and plyz. Forany 6 € ©,

plx, 0) pl, (©)

1—«

; )

Plx,ex,0) =
where k is the degree of conflict between X and X».

Proof. We have

(P1 x PY)({(w1, 02) € Q1 x Q:0 € Xn(w1, 02)})
1—«

Plx ex, ) =
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_(PLx P)({w1 € Q1 :0 € X1 (01)} X {wr € 2 :6 € Xa(w2)))
o 1—«
_ Pi(fw1 € Q1:0 € X1(01)}) - P2({wn € Q2 :0 € Xa(w2)})

1—«

_ Plx, 0)plx, 0)
o 1—« '

Example 2. Let us consider again the two random intervals of Example 1. The contour functions of X and X are,
respectively,

plx1<x)=P<Xlsx)=d>(x_“l)

01

and

plx2<x)=P(Xzzx)=1—<I>(x_“2).

o)
Now, the contour function of X| & X is

Plx 0%, () = P(X| =x < X3)

X +00
Z/ /fX’I,X’z(xl,XZ)dXZdXI
-0 X
-1
x oo
_ i — Yo —
|| 2o //01_102_1¢<1 M1>¢<2 M)dxzdxl
2., 2 o o
Vo1 T3 oo X ! 2

ce(E) e ()] i (WPl ().

b M2— 41 -«
,/012+<722

Marginalization and vacuous extension. Let us now consider the case where we have two variables # and 0, with
domains ®; and ®;. (The case of n variables is not more difficult conceptually but it requires heavier notations). Let
0@, and o, be o-algebras defined, respectively, on ® and @>. Let O, = O x ©7 and 09, = 0@, ® 0@,. Let X2
be a random set from (2, oq, P) to (®12,00,,), and X the mapping from  to 2©1 that maps each w € Q to the
projection of X12(w) onto Oy:

Xi1(@) = X12(®) | ©1 = {61 € ©1:36: € ©2, (61, 62) € X12(w)}.
It is easy to see that X, isog — 06 , measurable: for any B € 0¢,,
X{(B)={weQ:X(w)N B #0)
={weQ: Xn(w) N (B x 0y) # )
=X1,(B x ©).
As B x O3 € 0@, and X3 is 0g — 0@, strongly measurable, it thus follows that X|(B) € 0. The random set X |
will be called the marginal of X1 on ©1.

Conversely, let X | be arandom set from (2, og) to (®1, 0@,) and let X +2 be the mapping from €2 to ®1; defined
by

Xi111,2) (@) = X1(®) x O.
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For any B € 0g,,,

X1101.2B) = {® e Q: X112(0) N B # )
={weQ: Xi(@)N(B | 6))#0}
=X\ (B | 0.
If for all B € 0g,,, X (B | ©)) € o, then X11(1,2) is 0q — 0@,, strongly measurable. It is said to be the vacuous
extension of X1 in ®1 x ©».

We say that a random set X1 from (2, o, P) to (@12, 0e,,) with marginals X and X, is non-interactive if it is
equal to the orthogonal sum of its marginals, i.e.,

le = YIT(LZ) EBYQT(LZ) denoted by Yl @Yz.

Example 3. Let (X, X») be a two dimensional random vector from (2, o, P) to (R?, Pr2) and consider the map-
ping X12 : @ — 2R defined as

X12(w) = (—00, X1 ()] x (—00, X2()].

This mapping defines a random set [23, page : 3]. Its marginals are the random closed intervals (—oo, X1] and
(—o00, X7]. If X1 and X are independent, then X2 = (—00, X1] @ (—o0, X»] and X |5 is non-interactive.

2.2. Fuzzy sets and possibility theory

A fuzzy subset of a set © is a pair F=O,u 7), where p is a mapping from © to [0, 1], called the membership
function of F. Each number u 7(0) is interpreted as a degree of membership of element 6 to the fuzzy set F.1In
the following, to simplify the notation, we will identify fuzzy sets to their membership functions and write F () for
1 (0). The height of fuzzy set F is defined as

hgt(F) = sup F ().
6e®

If hgt(I*N“) =1, F is said to be normal. For any « € [0, 1], the (weak) «-cut of F is the set

YF={0ec®: F@©®) > al.

Possibility and necessity measures. Let 8 be a variable taking values in ©. Assume that we receive a piece of evidence
telling us that “@ is F”, where F is a normal fuzzy subset of ®. This evidence induces a possibility measure I1g from
29 to [0, 1] defined by

[5(B) = sup F(0), ®
0eB
for all B € ©. The number I (B) is interpreted as the degree of possibility that § € B, given that  is F [38]. The
corresponding possibility distribution is the mapping from © to [0, 1] defined by

mE0) = E({0) = F ),
i.e., it is identical to the membership function F. The dual necessity measure is defined as

Nf(B) =1—TIF(B) = inf [1-F©®)]. 9)

It can easily be shown that mapping Nz : 28 5 [0, 1] is completely monotone, i.e., it is a belief function, and IT 7
is the dual plausibility function [15]. These belief and plausibility functions are formally induced by the random
set ([0, 11, Bjo,17, A, ©, 29 X), where Blo,1] is the Borel o- algebra on [0, 1], A is the uniform probability measure,
and X is the mapping [0, 1] — 29 defined by X («) = ® F'. However, as we will see in Section 3.2, it is important,
when combining evidence, to distinguish between possibility distributions induced by fuzzy sets, and consonant belief
functions induced by random sets.
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Conjunctive combination of possibility distributions. Assume that we receive two independent pieces of information
telling us that “@ is F” and “0 is G”, where F and G are two fuzzy subsets of ®. The conjunctive combination
of these two pieces of evidence requires some notion of intersection between fuzzy sets. As reviewed in [13], the
intersection operation can be extended to fuzzy sets using triangular norms (or t-norms for short). Given a t-norm T,
the T-intersection of two fuzzy subsets F' and G of the same domain ® can be defined as

(FNTG)©)=F(©)TG®)

for all & € ®. The most common choices for T are the minimum and product t-norms, as originally proposed by
Zadeh [36]; the corresponding operations are called, respectively, the minimum and product intersections. However,
the intersection of two normal fuzzy sets is generally not normal. To obtain a normal fuzzy set, as needed for the
definitions of possibility and necessity measures in (8)-(9), we define the normalized T -intersection as

~ m if hgt(F Nt G) > 0
(F N3 G)(O) =1 hgt(F N1 G)
0 otherwise.

The fuzzy set F N G is normal provided that hgt(f Nt G) > 0.In general, the normalized intersection N%- associated
with a t-norm T is not associative. A notable exception is the case where T is the product t-norm: the normalized
product intersection, denoted by ©®, is associative (see [16], and a simple proof in [9]). By abuse of notation, we
can use the same symbol to denote the conjunctive combination of possibility measures and the normalized product
intersection of fuzzy sets, and write

Nz 0Illg=Hzyg-
As noted by Dubois and Prade [16, page 352], product intersection has a reinforcement effect that is appropriate
when the information sources are assumed to be independent. The choice of the normalized product intersection for
combining possibility distributions makes possibility theory fit in the framework of valuation-based systems [33] and

allows for possibilistic reasoning with a large number of variables. The normalized product intersection operator also
has an interesting property with respect to Gaussian fuzzy numbers, as recalled in the next paragraph.

Gaussian fuzzy numbers. A fuzzy number (or fuzzy interval) can be defined as a normal and convex fuzzy subset of
the real line. In particular, a Gaussian fuzzy number (GFN) is a normal fuzzy subset of R with membership function

o(x;m, h) =exp (—g(x — m)2> ,

where m € R is the mode and % € [0, +o0] is the precision. Such a fuzzy number will be denoted by GFN(m, h).
If h=0, ¢(x;m,h) =1 for all x € R: GFN(m, 0) is then maximally imprecise and identical to the whole real line,
whatever the value of m. If h = 400, ¢(x;m, h) = [ (x =m), where I (-) is the indicator function; the fuzzy number
GFN(m, +00) is then maximally precise and equivalent to the real number m.

It can easily be shown that the family of GFN’s is closed under the normalized product intersection (see, e.g., [1]).
More precisely, we have the following proposition, proved in [1].

Proposition 3. For any x e R,

hiha(my — ma)?

x;mia, h12),
TS )90( 12, h12)

@(x;my, hy) - @(x;ma, hy) =exp <—

with
himy + hamo
mi2 i+ o an 12 1+ ho

Consequently,
GFN(m1, h1) © GFN(m3, hy) = GFN(m12, h12),
and

hihy(my —mz)z) (10)

hgt{GFN(m 1, hy) - GFN(m3, h2)] = exp <_ 2(h1 + o)

8
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Marginalization and cylindrical extension. Let us now assume that we have two variables 6 and 6, jointly constrained
by a possibility distribution 7z, where F is a fuzzy subset of ©12 = ®1 x ©3. As aresult of (8), variable 6 alone is
constrained by the possibility distribution

71(01) = TI({01) X ©2) = sup 7z (61,62) = sup F(0y,02) = (F | ©1)(61),
6,0, 0,€0,

where F J ©1 is the projection of F on ©. We say that 7y is the marginal of m on ®;. Conversely, given a
possibility distribution 77 , where Fy is a fuzzy subset of ©, its cylindrical extension in © x O is the possibility
distribution 7 , ¢, defined as

TF o, 01, 62) = (61)

for all (61, 62) € ®1 x ©2. We say that the joint possibility distribution 7 on ®13 is non-interactive with respect to
the product intersection if it is the product of its marginals:

”f(ela 0r) = TF |0, ©1) - 7Ti5¢(-)2(92)~
Example 4. Let 771, be the possibility distribution on R? defined by

h h
m2(x1, X2) = €xp (—71()& —m)* — 72(162 - m2)2>

h h
=exp (—71()61 — ml)z) exp <—72(xz — m2)2> .

Its marginals are
hy 2
mi(xr) = r%aX7Tl2(x] , X2) = exp —7(261 —mj)
2
and
hy 2
ma(x2) = I%aXTFIZ(x] , X2) = exp —?(xz —m)”|.
1
Consequently, 717 is non-interactive with respect to the product intersection.
3. Epistemic random fuzzy sets

The proposed epistemic random fuzzy set model is introduced in this section. The main definitions are first given
in Section 3.1, and the generalized product-intersection rule is introduced in Section 3.2. Marginalization and vac-
uous extension are then addressed in Section 3.3, and an application to statistical inference is briefly discussed in
Section 3.4.

3.1. General definitions
As before, let (£2, o, P) be a probability space and let (©, 0g) be a measurable space. Let X by a mapping from
Q to the set [0, 1]© of fuzzy subsets of ®. For any « € [0, 1], let *X be the mapping from 2 to 2 defined as
“X() =X (@),

where "‘[)? (w)] is the weak a-cut of X (w). If for any o € [0, 1], *X is oq — 0 strongly measurable, the tuple
(RQ,0q, P,0, 00, X) is said to be a random fuzzy set (also called a fuzzy random variable) [2]. It is clear that the class
of random fuzzy sets includes that of random sets, just as the class of fuzzy sets includes that of classical (crisp) sets.

Example i Let M be a Gaussian random variable from (2, og, P) to (R, Br), with mean u and standard deviation
o, and let X be the mapping from €2 to [0, 1R that maps each o € Q to the triangular fuzzy number with mode M (w)
and support [M(w) —a, M (w) + al:
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a—lx—M@| ey
)?(w)(x):{ = if Ix — M(w)| <a

0 otherwise.

for some a > 0. For any « € [0, 1], the «-cut of i(a)) is
“g(w) =[Mw) —a(l —a), M(w)+a(l —a)].

The random set X :w— *X(w) is og — Br strongly measurable (it is a random closed interval). Consequently,
X is a random fuzzy set. In the following, such random fuzzy sets with domain [0, 1R will be called random fuzzy
numbers.

Interpretation. Here, as in [9], we use random fuzzy sets as a model of unreliable and fuzzy evidence. In this model,
we see 2 as a set of interpretations of a piece of evidence about a variable 6 taking values in ®. If interpretation w € Q2
holds, we know that “0 is X (w)”, i.e., 8 is constrained by the possibility distribution 7% ,, . We qualify such random
fuzzy sets as epistemic, because they encode a state of knowledge about some variable @. It should be noted that
this semantics of random fuzzy sets is different from those reviewed in [2]. The conditional possibility interpretation
developed in [2] is the closest to ours, since we also see the fuzzy sets X (w) as defining conditional possibility
measures. However, in [2], the authors use the random fuzzy set formalism to model a situation in which we have two
random experiments, one of which is completely determined; the family of possibility distributions {rz,, : @ € £}
then models our knowledge about the relationship between the outcomes w of the first experiment and the possible
outcomes of the second one. This formalism allows the authors of [2] to compute lower and upper bounds on the
probability of any event related to the second experiment. In contrast, our model does not rely on the notion of random
experiment. In particular, we do not postulate the existence of an objective probability measure on ®, and the belief
and plausibility measures introduced below are not interpreted as lower and upper bounds on “true” probabilities.

Belief and plausibility. We say that random fuzzy set X is normalized if it verifies the following conditions:

1. Forall w € SE, )?(w) is either the empty set, or a normal fuzzy set, i.e., hgt()?(a))) € {0, 1}.
2. Ploe: X(w)=0})=0.

These conditions will be assumed in the rest of this section. For any w € €2, let [T (- | w) be the possibility measure
on ® induced by X (w):

Mz (B | w) =;ng(a))(9), (11

and let N3 (- | w) be the dual necessity measure:

1 — (B¢ if X 7]
Nz (B|w)= x(BTle) X 7
0 otherwise.
Let Bely and Ply be the mappings from og to [0, 1] defined as
Belg(B) = f N(B | w)dP(w) (12)
Q
and
Plgz(B) = / (B | @)dP(w). (13)
Q

Function Bely is a belief function, and P! is the dual plausibili_ty functiori As shown in [2, Lemma 6.2], they are
induced by the random set (22 x [0, 1], 0 ® Bjo,1], P ® A, ©®, 0@, X), where X : Q x [0, 1] — 2€ is the multi-valued
mapping defined as

X(w,a) =X (o). (14)

As a consequence, Bely(B) and Pl3(B) can also be written as follows:

10
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1

Belg(B):/Belag(B)da (15a)
0
and
1
Pl;(B):/Play((B)doz. (15b)
0

Lower and upper expectations of a random fuzzy number. Let X be a random fuzzy number (i.e., a random fuzzy
set with domain [0, 11R), and let X be the corresponding random set defined by (14). We define the lower and upper
expectations of X as the lower and upper expectations of X, ie., E, (X ) =E,(X) and IE*(X )y = E*(X). It follows
from (15) that

1 1
E.(X) =/1E*(“5(')da and E*(X) =/]E*(“3(’)da. (16)
0 0
Example 6. Let us consider again the random fuzzy number of Example 5. Its lower and upper cdf’s are, respectively,

the mappings x — Belg((—00, x]) and x — Pl ((—00, x]). Let us illustrate the calculation of the upper cdf first,
using two methods.

Method 1. From (11),

1 if M(w) <x
I ((—00, x]| @) = sup X (w)(x) = § ZM@ta it ¢ « M(w) <x+a
x'<x .
= 0 otherwise.

Using (13), we get

Plg((—00,x) = P(M <x) x 1 + P(x < M < x + @)E |:X_M+a

a
o2 ) (5 ),
o o o a

Now, using a well-known result about the truncated normal distribution,

B () g (et
® () o ()

g

|x<M§x~|—a:|

EM|x<M<x+4al=pn+o

After rearranging the terms, we finally obtain

= (7)o () () (5)s

Method 2. Let us now use (15b). We have

1
Pl (—00, x]) = / POM — a(l — &) < x)da

0
1

:/q)(w)da.
o

0



T. Denceux Fuzzy Sets and Systems 453 (2023) 1-36

0.6 0.8 1.0

CDF

0.4
|

Fig. 1. Lower and upper cdf’s for the random fuzzy numbers studied in Examples 5 and 6, with 4 =0, 0 =1, and a = 0.5 (blue curves) ora = 1.5
(red curves). The Gaussian cdf corresponding to a = 0 is shown as a broken line. (For interpretation of the colors in the figure, the reader is referred
to the web version of this article.)

Using the formula

/fb(u + vx)dx = % [(u+vx)P(u+vx)+dp(u—+vx)]+C,

we get the same result as (17). Using any of the two methods demonstrated above, we obtain the following expression
for the lower cdf:

= (52 (52) (o ()

It can easily be checked that, when a = 0,

Belg((—00, x]) = Plg((—00, x]) = ® (x - “) .
o
Examples of functions Bely((—o0, x]) and Pj}((—oo, x]) for different values of a are shown in Fig. 1.
Now, the lower and upper expectations of X can be computed from (16) as

1
E.(%) =/E*(“J?>da - f[u ~a(l—a)lda=p -3,
0 0
and
1

~ ~ a
E*(X) =/]E*(“X)doz = /[u +a(l—a))dae=pn+ 3
0
3.2. Generalized product-intersection rule

Dempster’s rule and the possibilistic product intersection rule recalled, respectively, in Sections 2.1 and
2.2 can be generalized to combine epistemic random fuzzy sets. Consider two epistemic random fuzzy sets
(RQ1,01, P1,0,00, X1) and (27,07, P>, 0, 0g, Xz) encoding independent pieces of evidence. The independence

12
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assumption means here that the relevant probability measure on the joint measurable space (21 X 22, 01 ® 02) is the
product measure P; x P>.

If interpretations w1 € 1 and w; € 2 both hold, we know that “@ is yl(wl)” and “0 is 352(0)2)”. It is then natural
to combine the fuzzy sets X 1(w1) and )N(Z(a)z) by an intersection operator. As discussed in Section 2.2, normalized
product intersection is a good candidate as it suitable for combining fuzzy information from independent sources and
it is associative. We will thus consider the mapping i@ (w1, wn) = il (1) © )N(Z (w7), which we will assume to be
01 ® 02-0p strongly measurable.

As in the crisp case recalled in Section 2.1, 1f hgt(X 1 (wl)Xz(wz)) = 0, the two interpretations w; and w, are
1ncons1stent and they must be discarded. If hgt(X 1 (a)l)X 2(wy)) = 1, the two interpretations are fully consistent. If
0< hgt(X 1(a)1)X2(a)2)) < 1, w1 and wy are partially consistent. As proposed in [9], instead of simply discarding
only fully inconsistent pairs (w1, w2), it makes sense to give all pairs (w1, w2) a weight proportional to the degree
of consistency between X 1(w1) and Xz(a)z) This can be achieved by conditioning P; x P> on the fuzzy set O* of
consistent pairs of interpretations, with membership function

O* (w1, w2) = hgt (X1 (@1) - X2(w2)) .-
Using Zadeh’s definition of a fuzzy event [37], we get the following expression for the conditional probability measure
Py =(P; x Po)(- | ®*), forany B € 01 ® 03:
(Pyx P)(BN®*)  fo, Ja, B, @)hgt (X1 (@1) - X2(w2)) d Pa(@2)d Pi (1)
(P x PO fo, Jo,hat (XKi(@1) - Xa(@2) dPa(@2)d Pi(w1)
where B(-,-) denotes the indicator function of B. This conditioning operation, called soft normalization was first

proposed in [35] in the finite case and with a different justification.
The combined random fuzzy set

Pia(B) =

(Q1 X 2,01 ® 02, P12, 0, 00, Xp)

is called the orthogonal sum of the two pieces of evidence. This operation generalizes both Dempster’s rule and the
normalized product of possibility distribution. We will refer to it as the generalized product-intersection rule, and it
will be denoted by the same symbol & as Dempster’s rule. It is clear that X & Xo=X for any random fuzzy set X
and any vacuous random set X on the same domain ©. The degree of conflict between two random fuzzy sets X
and X is naturally defined as

k=1 (P x P)@)=1- / / hat (X1 (1) X2 (@2)) d Pa(@2)d Py (@), (19)
Q1 Q2

The associativity of & was proved in [9] in the finite case; we give a similar proof in the general case.
Proposition 4. The generalized product-intersection rule @ for random fuzzy sets is commutative and associative.
Proof. See Appendix B. O

The following proposition states that a counterpart of Proposition 2 is still valid when combining independent
random fuzzy sets, i.e., the combined contour function is still proportional to the product of the contour functions.

Proposition 5. Let X\ and X be two random fuzzy sets on the same domain ©, with contour functions plg and plg,
and with degree of conflict k defined by (19). The contour function plg &%, of il @ )~(2 verifies

plz 0)plx, ()

I—« 20

(Plz,0%,)0) =

forall 6 € ©.
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Fig. 2. (a): Two Gaussian possibility distributions (black solid curves) with their normalized product intersection (red broken curve) and the contour
function of the combined random set (blue solid curve). (b): Lower and upper cdf’s of the combined possibility distribution (red broken curves)
and of the combined random set (blue solid curves). (For interpretation of the colors in the figures, the reader is referred to the web version of this
article.)

Proof. We have

Jay Jo, hat (X1(@1) - X2(@2)) Xo (@1, ©2)(0)d Pr(w2)d Py (1)
1—«

Sy Ja, et (X () - Xa(w)) SERHTSER T d Pa@2)d Pr (1)

B 1—«

(Jo, K@) ®dPi(@D) (fo, Xa@2)©)d P2(2))

1—«

(Plz,6%,)0) =

plz, @) plz,©)
N 1—« '

As remarked in Section 2.2, a belief function induced by a random fuzzy set is also induced by a random (crisp) set.
However, combining random fuzzy sets or random crisp sets does not result in the same belief function in general. In
particular, it is well-known that Dempster’s rule does not preserve consonance. To combine two belief functions, we
must, therefore, examine the evidence on which they are based, not only to determine whether the bodies of evidence

are independent or not, but also to determine whether the evidence is fuzzy or crisp. This point is illustrated by the
following example.

Example 7. Consider the following two mappings from R to [0, 1] represented in Fig. 2a:
m1(x) =GFN(0,0.3), m2(x) =GFN(1,0.5).

If these two mappings are possibility distributions encoding fully reliable but fuzzy evidence, they correspond to

“constant random fuzzy sets”, i.e., mappings X 1(w) =m and X2 (w) = mr with P({w}) = 1. The combined random
fuzzy set X1 @ X3 is then defined by (X 16 X 2)(w) = w1 © mp. From Proposition 3, the normalized product of two
GFN’s is a GFN. Here, we get the combined possibility distribution plotted as a red broken curve in Fig. 2a:

(11 ® 72)(x) = GFN(0.625, 0.8).

The corresponding lower and upper cumulative distribution functions (cdf’s) are, respectively

14
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Bl (—o0.x]) 0 if x <0.625
ely ~%v ((—oo,x]) = .
X19X2 1 —exp (—0.4(x —0.625)%) if x > 0.625

and

exp (—0.4(x —0.625)%) if x < 0.625

Pls v ((—00, x]) =
%1%, (700, 1) {1 if x > 0.625.

These two functions are plotted as red broken curves in Fig. 2b. Alternatively, as explained in Section 2.1, we may
see 1 and 1y as encoding crisp but partially reliable evidence, in which case they define two independent consonant
random intervals X (1) = %71 and X (a2) = %275, where (1, o) has a uniform distribution on [0, 1]2. These two
random intervals can be combined numerically using Monte-Carlo simulation, as explained in [20]. The contour
function and the lower and upper cdf’s are plotted as solid blue lines in Figs. 2a and 2b, respectively. We notice that
the contour functions are proportional, as a consequence of Proposition 2.

3.3. Marginalization and vacuous extension

Let us_now consider again the case where we have two variables 1 and 0, with respective domains ®; and
®,. Let X 12 be a random fuzzy set from a probability space (2, oq, P) to the measurable space (®12, o 2) with
B1; =01 x O, and 0p,, =09, ® 0e,, Where o, and og, are o-algebras on ©; and ©,, respectively. Let X1 be the
mapping from Q to [0, 1]°! defined by

X1(w) =X (o) | 61,

where, as before, | denotes fuzzy set projection. If, for all « € [0, 1], the mapping «X 1 is og — 0@, strongly measur-
able, then the random fuzzy set X 118 called the marginal of X 12 0n O.

Conversely, given a random fuzzy set X 1 from (2, oq, P) to (®1,00,), let X 14(1,2) be the mapping from €2 to
[0, 11912 that maps each w € € to the cylindrical extension of X 1(w) in O

X1¢(1,2)(w) =X (o) x Oy,
i.e., for all (01, 6») € Oq2,

X14(1.2) (@) (61, 62) = X1 (@) ().

If the mappin~g X 11(1,2) 18 0q — 0@,, strongly measurable, then the random fuzzy set X 11(1,2) s called the vacuous
extension of X1 in ©15.

We say that a joint random fuzzy set is non-interactive if it is equal to the orthogonal sum of the vacuous extensions
of its projections:

)?12 = )?lT(l,Z) ) iZT(],Z) denoted as %1 (&) %2.

A particular kind of non-interactive random fuzzy sets will be studied in Section 5.3.
3.4. Application to statistical inference

Epistemic random fuzzy sets naturally arise in the context of statistical inference. As proposed by Shafer [29] and
formally justified in [7][8], the information conveyed by the likelihood function in statistical inference problems can
be represented by a consonant belief function, whose contour function is equal to the relative likelihood function. For
a statistical model f(x, 6), where x € X is the observation and 6 € © is the unknown parameter, the likelihood-based
belief function Bel(-, x) on ® after observing x is, thus, consonant and defined by the contour function

LO;x
plo:x) = — D 1)
Supyce L(9'; x)
where L(-,x):0 — f(x;0) is the likelihood function, and it is assumed that the denominator in (21) is finite. The
corresponding plausibility function is, thus, defined by
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PI(A; x) =sup pl(6; x)
feA

for any A C O, i.e., it is a possibility measure. However, as noticed by Shafer in [29] and [31], and also discussed
in [7], this construction is not compatible with Dempster’s rule: if we consider two independent observations x and
x', the belief function Bel(-; x, x) is not equal to the orthogonal sum Bel(-; x) @ Bel(-; x"), which is not consonant.
As argued in [9], this problem disappears if we do not consider the likelihood-based belief function to be induced
by a consonant random crisp set, but by a constant random fuzzy set 6, with membership function 0, (0) = pl6; x).
We can interpret Gy as the fuzzy set of likely values of 6 after observing x. Combining the contour functions (21) by
the normalized product intersection rule then yields the correct result, i.e., the constant random fuzzy set 5,(, ¥/ With
membership function 8y ,(6) = 6y (6) ® Gy ().

Now, consider a prediction problem, where we want to predict the value of a random variable ¥ whose distribution
also depends on 6. We can always write Y in the form Y = ¢(6, U), where U is a pivotal random variable with known
distribution [19,20]. After observing the data x, our knowledge of 6 is represented by the fuzzy set Oy Conditionally
on U = u, our knowledge of Y is, thus, represented by the fuzzy set Y (u) = go(gx, u), with membership function

Ya)(y)= sup G(0).
0:0(0,u)=y

The mapping Y :u — Y (u) is, then, a random fuzzy set representing statistical evidence about Y.

Example 8. Let X = (X1, ..., X;) be an independent and identically distributed (iid) Gaussian sample with parent
distribution N (0, 1), and let Y ~ N (0, 1). After observing a realization x of X, the likelihood function is

L®;x)=(27) "% exp (—% > i - 9)2) .

i=1
Denoting by 0 the sample mean, the fuzzy set 6y of likely values of 6 after observing x is the relative likelihood
L©O;x)
L@:x)

~ n ~2

7. (0) = exp<—§(9—9) )-

It is the Gaussian fuzzy number GFN(é\, n) with mode 9 and precision n. Now, Y can be written as Y =6 + U, with
U ~ N(0, 1). Consequently, the conditional possibility distribution on Y given U = u is the Gaussian fuzzy number
§x +u= GFN(§+ u,n), and our knowledge of Y is described by the random fuzzy set U — GFN(§+ U, n), with
U ~ N(0, 1). This is a Gaussian fuzzy number with fixed precision 4 = n and normal random mode M = 0+U~
N (9\, 1). This important class of random fuzzy sets will be studied in the next section.

4. Gaussian random fuzzy numbers

In this section, we introduce Gaussian random fuzzy numbers (GRFN’s) as a practical model for representing
uncertainty on a real variable. As we will see, this model encompasses Gaussian random variables and Gaussian fuzzy
numbers as special cases. A GRFN can be seen, equivalently, as a Gaussian random variable with fuzzy mean, or as a
Gaussian fuzzy number with random mode. The definition and main properties will first be presented in Section 4.1.
The expression of the orthogonal sum of two GRFN’s will then be derived in Section 4.2. Finally, arithmetic operations
on GRFN’s will be addressed in Section 4.3.

4.1. Definition and main properties

Definition 1. Let (€2, o, P) be a probability space and let M : 2 — R be a Gaussian random variable with mean
and variance o 2. The random fuzzy set X : @ — [0, 1]]R defined as

X (w) = GFN(M (), h)

iE cal}gd a Gaussian random fuzzy number (GRFN) with mean u, variance o2 and precision A, which we write
X ~N(u, o2 h).
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In the definition of a GRFN, y is a location parameter, while parameters 4 and o> correspond, respectively, to
possibilistic and probabilistic uncertainty. If 7 = 0, imprecision is maximal whatever the values of 1 and o?: the
GRFN X then induces the vacuous belief function on R, in which case Bel z(A)=0forall ACR,and Plg(A)=1
for all A € R such that A # §J; such a GRFN will be said to be vacuous and will be denoted by X~N (0 1,0).
If h = +o00, each fuzzy number GFN(M (a)), h) is reduced to a point: the GRFN X is then equivalent to a Gaussian
random variable with mean w and variance o2, which we can write: N (w, 02, +00) = N(u,o?). Another special case
of interest is that where o> = 0, in which case M is a constant random variable taking value 1, and Xisa possibilistic
variable with possibility distribution GFN(u, h).

The following proposition gives the expression of the contour functions pl3(x) associated to X.

Proposition 6. The contour function of GRFN X~N (w, 02, h)is

() = ——— (—ﬂil@i) 22)
P = e P\ 2+ ho?) )

Proof. See Appendix C. O

A shown by Proposition 6, the contour function pl§ is constant in two cases: if h =0, X is vacuous, and pl 7)) =1
for all x € R; if h = 400, X is a random variable, and ply(x) =0 for all x € R. We also note that, if 02 =0, ply
is equal to the possibility distribution GFN(u, #). When 02— 400 and h > 0, plz(x) — O for all x. The next
proposition gives the expressions of the belief and plausibility of any real interval.

Pr0p051tlon 7. For any real interval [x, y], the degrees of belief and plausibility of [x, y] induced by the GRFN
X~N (u, o2, h) are, respectively,

Bdﬂth=®(1:ﬁ>_¢<x_M>_
o o
(x+y)/2 u) < X—H )]
I~ | —— | - —— ) | -
pX(x)|: (6 hol? + 1 ovho?+1
y—i (X+Y)/2_M>]
lN q) v - _d) D — ’ 23
N —o (2 TH Y (XM - L

pixeon=e (128 ) o (58 ) +xeoe (s )+

y—u
e |1—o( —2=£ )|, (4
pX(y)[ (a«/h02+1)} &9

and

Proof. See Appendix D. O

Corollary 1. The lower and upper cdf’s of the GRFN X~N (u, o2, h) are, respectively

_ _ y— K ~ y— MK
Belz((—00,y]) =@ (T) —plz(y)® (T«/ﬁ) (25)

and

- _ Y- K - Y- K
Pt =o (S28) o [1—o (o) | 0

Proof. Immediate from Proposition 7 by letting x tend to —oo in (23) and (24) O

17
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We can easily check from (23) and (24) that Belg([x, y]) and Plg([x, y]) both tend to & (=) — & (*=2) when
h — oo, which is consistent with the fact that a GRFN with infinite precision is equivalent to a Gaussian random
variable. Finally, the following proposition gives the expressions of the lower and upper expectations of a GRFN.

Proposition 8. Let X~N (w, o2, h) be a GRFN with h > 0. Its lower and upper expectations are, respectively,

~ T ~ T
Ei(X)=p— 7 and ]E*(X):;LJF,/E. (27)

Proof. See Appendix E. O

As expected, we can see from (27) that the lower and upper expectations boil down to the usual expectation u
when i = 4-00.

4.2. Orthogonal sum of Gaussian fuzzy random numbers

In this section, we derive the expression of the orthogonal sum X 1D X > of two GRFN’s X 1 and X 2. We start with
the following lemma.

Lemma 1. Let M1 ~ N(u1, 012) and My ~ N (3, 022) be two independent Gaussian random variables, and let F be
the fuzzy subset of R? with membership function

~ hih —mp)?
F(m1, ma) = hgt(GFNGm1, h1) - GFN(ma, h2)) = exp (—M>

2(h1 + ho)

The conditional probability distribution of (M1, M») given F is two-dimensional Gaussian with mean vector ji =
(1, 12)T and covariance matrix

~2 ~ o~
$_( Oi 00107
P07 022 ’

with
-~ wi(l+hoi) + psrho?
o= — (28a)
1+ h(o] +03)
~ ma(l +hod)+ pihod (28b)
1+h(o? +03)
52_M (28¢)
1= (2 2
1+ h(of +03)
2 )
- o5 (1 4+ hoy)
022: AS - 12 (28d)
1+ h(of +03)
h
p= Rl — (28¢)
\/(1+h012)(1+h022)
where
— hihy
h= . 28
hi+hy (280

Furthermore, the degree of conflict between two independent GRFN’s )~(1 ~ ]F\V](,ul, 012, h1) and iz ~ ]V(,uz, 022, hy)
is
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K=1—f f(my, ma)F(my, my)dmidmy =

~ ~ 2 2 ~ ~

0102 Ling | 1 ul 5 M1k
1—-——=/1—p2exp]—= | =+ + +—— —— |t

0102 “ p{ 2 |:012 i| 2(1—-p?) 55 P 0102

where f(m1, my) is the pdf of random vector (M1, M>).

Proof. See Appendix F. O

Proposition 9. Let )~(1 ~ ]V(,ul , 012, hy) and )N(Q ~ ﬁ(,uz, 022, h2) be two independent GRFN'’s, and assume that h1 > 0
or hy > 0. We have

X1 ® X~ N(fi12, 5%, ha),

with
hi2 =h1 + hy, (29)
- hijiy + hapts
== 30
12 I T (30)
and

2~2 2~2 ~ ~
=2 _ hio{ + h505 +2ph1h0102 31
2 (h1 +h2)? ’

where [L1, 12, 01, 62 and p are given by (28) in Lemma 1.

Proof. Let M and M> be the Gau551an random varlables from (21, o'l, Py) and (227, 07, P>) to (R, ,BR) correspond-
ing, respectively, to GRFN’s X] N(m , O ,h]) and X2 ~ N(,uz, 02 , h2). The orthogonal sum of X] and X2 is the
random fuzzy set (21 x Q22,01 ® 02, P12, R, BRr, X@) where X@ is the mapping

Xo @ (w1, w2) = GFN(Mpa (o1, @2), hi + ha),
with
hiMy(w1) + ha Mo (w2)
hi1+hy '

Mz (w1, ) =

and 1312 is the probability measure on €21 x €2, obtained by conditioning P; x P, on the fuzzy set @*(a)l, w) =
hgt (GFN(M1(w1), h1), GFN(M3(w3), h2)). From Lemma 1, the pushforward measure of 512 by the random vector
(M1, M>) is the two-dimensional Gaussian distribution with parameters (i1, il2, 01, 02, p). Consequently, M3 is a
Gaussian random variable with mean

MEM)) +hE(M2) — hijiy + haoi

E(Mip) = =
(M) i+ s i+ ho

and variance
h3Var(M) + h3Var(Ma) + 2hh,Cov(My, M»)
(h1 + hy)?
_ h%&'lz h%&g + 2,0h1h25152
(h1 + hy)?

Var(M3) =

Let us now consider some special cases in which one of two GRFN’s is a Gaussian random variable. The next
proposition states that the orthogonal sum of a Gaussian random variable and an arbitrary GRFN with finite precision
is a Gaussian random variable.
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Proposition 10. Let X1 ~ N(u1, 012) be a Gaussian random variable and )~(2 ~ ﬁ(,ug, 022, h2) a GRFN with finite
precision hy < +00. Their orthogonal sum is a Gaussian random variable X1 ® X2 ~ N (112, 5122) with

~ _ m(L+haoy) + pohof

Mmi2 = (32)
1—1—/12(012 +022)
~ o2(1 +hyo})
G = ——a 25, (33)

1+ 112(012 + 022)
and the probability density of X1 ® X, is proportional to the product of the pdf of X1 and the contour function of X>.
Proof. See Appendix G. O
The following corollary addresses the special case where Xyisa possibilistic GRFN.
Corollary 2. Let X -N (1, 012) be a Gaussian random variable and )~(2 ~ ﬁ(,u,z, 0, hy) a possibilistic GRFN. Their
orthogonal sum X1 @ X, is a Gaussian random variable and its distribution is the conditional distribution of X1 given

the fuzzy event GFN(u2, h»).

Proof. From Proposition 10, X| & X, ~ ﬁ(ﬁlz, 5122) with

~ w1 + pohro? - o2
T S S
1+ ho; 1 + haoj

Now, we know from Proposition 10 that the density of X & X, is proportional to the product of the density of X
and the contour function of X5, which is ¢(x; w3, h2). Consequently, we have

1 1) _haGr—p)?
a2 P ( o7 ) cxp ( 2(1+h2022)>
leee)?z(X): : P )2 ot )2 5
1 _1Ga-m _ G-
o2 XP ( 2752 ) exp ( 2(1+h2022)> dx

which is the conditional density fx, (x|GFN(u2, h2)). O

Finally, another special case of interest is when both GRFN’s are Gaussian random variables. This case is addressed
by the following corollary.

Corollary 3. Let X1 ~ N(u1, 012) and X, ~ N(ua, 022) be two Gaussian random variables. We have X @ X, ~
N (12, oty) with

2 2 2.2

~ Q105 + 1o ~2 010,
Hi2=—"3">3" and o, = 2 2
op +03 o +0;3

Proof. Immediate from Proposition 10 by letting /5 tend to 400 in (32) and (33). O
4.3. Arithmetic operations on GRFN'’s

Arithmetic operations can be extended to fuzzy numbers using Zadeh’s extension principles [14,12]. More pre-
cisely, let A and B be two fuzzy numbers, and let * be a binary operation on reals. Then the fuzzy number C=AxB
is defined as

C(c) = sup min(A(a), B(b)).

c=ax*b

The membership function c is equal to the possibility distribution on ¢ = a xb, if a and b are constrained, respectively,
by possibility distributions A and B. Unary or n-ary operations can be extended from real to fuzzy numbers in the

20
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same way. For a certain class of fuzzy number called LR-fuzzy numbers [14, page 54], closed-form expressions exist
for the addition, subtraction and scalar multiplication of fuzzy numbers. In particular, Gaussian fuzzy numbers with
positive precision are LR fuzzy numbers and they verify the following equalities [25]:

-1/2

GFN(m1, h) + GFN(ma, k) = GFN(my +ma, (h] /2 + 1y %) 72)
GFN(my, hy) — GFN(ma, ha) = GFN(m; —ma, (h "> + 15 %) 72)
A-GFN(m, h) = GFN(um, h/A%), VA1 eR.

As addition of fuzzy numbers is associative, we can express the linear combination of n GFN’s as

-2
n n n
> ki GFNGmi hi) =GEN | > aim;, <Z|x,~|hi‘”z> . (34)
i=1 i=1 i=1

Now, let us consider n independent GRFN’s X ; from probability spaces (2;, a;, P;) to [0, 1]R defined by
X;(w) = GFN(M; (). ;)

for all w € Q2;, where M; is a Gaussian random variable with mean w; and standard deviation o;, and &; > 0. Let
n
X = Z X
i=1
be the random fuzzy set from (2] X ... X 2,,01Q...®0,, P{ X ... x P,) to [0, 1]]R defined by

X(@i.....00) =Y _ A - GFN(M; (), hy).

i=1

If each GRFN X; represents our knowledge about the value of some quantity X;, X represents our knowledge about
X =3/_ % X;. From (34), X ~ N (i, 0, h) with

-2
n n n
—-1/2
=S 0 =3 K0P, and h:(ZMAhi /) |
i=1 i=1 i=1

5. Gaussian random fuzzy vectors

In this section, we introduce Gaussian random fuzzy vectors (GRFV’s), an extension of the model presented in
Section 4 allowing us to describe knowledge about multidimensional quantities. The main definitions and properties
are first introduced in Section 5.1. The expression of the orthogonal sum of two GRFV’s is then given in Section 5.2,
after which the marginalization and vacuous extension of GRFV’s are described in Section 5.3. Finally, our model is
compared to Dempster’s normal belief function model in Section 5.4.

5.1. Definition and main properties

We consider a p-dimensional variable # taking values in R”. Knowledge about # may be encoded as a p-
dimensional Gaussian fuzzy vector, defined as follows.

Definition 2. We define the p-dimensional Gaussian fuzzy vector (GFV) with center m € R? and p x p symmetric
and positive semidefinite precision matrix H as the normalized fuzzy subset of R” with membership function

1
o(x;m, H) =exp (—E(x — m)TH(x — m)> ,
denoted as GFV(m, H).

21



T. Denceux Fuzzy Sets and Systems 453 (2023) 1-36

As shown in [27], the normalized product of two GFV’s is still a GFV. The following proposition generalizes
Proposition 3.

Proposition 11. Let GFV(m, H1) and GFV(m,, H;) be two p-dimensional GFV’s with positive definite precision
matrices H| and H,. We have

o(;my, Hy) - o(x;mo, Hy) = g(x; mio, Hiz) X exp (—%(ml —my)" (H' + Hy Y™ m —mz)>,
with

miy=(Hy+ H)""(Hiym\ + Hym;) and Hy=H;+ H».
Consequently, the following equation holds:

GFV(m, Hy) © GFV(my, Hy) = GFV(m 12, H13),
and the height of the product intersection between GFV(m1, H1) and GFV(m, H>) is

hgt(GFV(m, H), GFV(m, Hy)) = max o(x; my, H)p(x; m2, H») (35a)
X
_ l T -1 —1y—1
=exp —2(m1—m2) (H{ +H,) (m —my) ). (35b)

Equipped with the notion of GFV, we can now introduce a model of random fuzzy set that can be seen as a GFV
whose mode is a multidimensional Gaussian random variable. This model is defined formally as follows.

Definition 3. Let (2, oq, P) be a probability space, M : 2 — R” a p-dimensional Gaussian random vector with
mean g and variance matrix X, and H a p x p symmetric and positive semidefinite real matrix. The random fuzzy
set X : 2 — [0, I]RP defined as

X(w) = GFV(M (»), H)
is called a Gaussian random fuzzy vector (GRFV), which we denote as X~N (n, X, H).

The following proposition generalizes Proposition 6.

Proposition 12. The contour function of GRFV X~N (p, X, H) with positive definite precision matrix H is
Pl = - exp (2~ (H + ) x -,
I, +ZH|/? 2

where I, is the p-dimensional identity matrix.
Proof. See Appendix H. O
5.2. Orthogonal sum of Gaussian random fuzzy vectors

The practical interest of GRFV’s arises from the fact that they can be easily combined by the generalized product-
intersection rule. The following lemma and proposition, which generalize, respectively, Lemma 1 and Proposition 9,
give us the expression of the orthogonal sum of two GRFV’s.
Lemma 2. Let M ~ N (juy, £1) and M ~ N (it,, ) be two independent Gaussian p-dimensional random vectors

and let Hy and H, be two symmetric and positive definite p X p matrices. Let F be the fuzzy subset of R?P with
membership function

F(my, my) = hgt(GFV(my, H1) - GFV(ma, Hy))
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and let M be the 2p-dimensional vector (M1, M>). The conditional probability distribution of M given F is 2p-
dimensional Gaussian with mean vector i and covariance matrix X defined as follows:

s_(='+H -H_\"
“\ -B x'+H) ~
H's 41 ~I E s 0
~ 1 p p 1 13 36)
n ——1 -1 1l —1 ’ (
-1, H'3'+1, 0 H 'z')\m

with
H=H'"+HH "
Furthermore, the degree of conflict between two GRFV'’s )~(1 ~ ﬁ([l,l, ¥, Hy) and %2 ~ ﬁ(uz, Yo, H)) is

K=1—ff(ml,mz)l;(ml,mz)dmldm2=
R2p
|§| { 1 Ts—1 Ts—1 ~Te— 1~
1—,/——exp ——[;LZ M1+ 2 my— X /L] .
\ AN 5 [Hr & 249 M2

Proposition 13. Let }?1 ~ ﬁ(ul, Y, Hy) and )~(2 ~ ﬁ(ﬂz, ¥s, H») be two independent GRFV'’s. We have

Proof. See Appendix [ O

X1 ® X2~ N(jiyp, 212, H2)

with
Hp;=H,+ H»,
R = AL,

and
Tn=A3AT,

where A is the constant p X 2p matrix defined as

A=H) (H H)).

Proof. Let M| and M, be the Gau551an random vector from (Ql, o1, P1) and (22, 02, P2) to (R?, Brr) correspond-
ing, respectively, to GRFV’s X1 N(ﬂl, Y, H) and X2 ~ N(;Lz, ¥», Hj). The orthogonal sum of X1 and X2 is
defined by the mapping

Xo @ (w1, 02) = GFV(M12(w1, w2), Hi + Hy)
with
-1 M,
Mp=(H|+H)” (HM+HM>)=A M, )
where A is the p x 2p matrix

A=(H|+Hy) " (H, H)),

and the probability measure Flz on 1 x €2, obtained by conditioning P; x P, on the iuzzy set @)*(wl, wy) =
hgt (GFV(M 1 (w1), H1), GFV(M>(w2), H3)). From Lemma 2, the pushforward measure of Pj» by the random vector
(M, M>) is the p-dimensional Gaussian distribution with parameters (i, E). Consequently, M1, is a Gaussian
random vector with mean
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E(Mp) = AR
and variance

Var(M5) = AZAT. O
5.3. Marginalization and vacuous extension

In this section, we consider the marginalization and vacuous extension (defined in Section 3.3) of a GRFV. We
assume that variable @ taking values in R” is decomposed as § = (8, 0,) with 8, € © = R and 0, € ©®, = R¥
for0 <k < p.

Marginalization. We start with the following lemma.

Lemma 3. Let F = GFV(m, H) be a p-dimensional Gaussian fuzzy vector with mode m = (m, my), where m| €
©1 =R? % and m> € ©, =R for 0 < k < p, and precision matrix H with block decomposition

H,, Hj
H = .
<H21 H22>

Assume that Hyy is nonsingular. The projection of F on ©,, denoted as F J ©1 is the Gaussian fuzzy vector
GFV(my, H'|) with

H/ll =H,| - H12H2_21H21.
Proof. See AppendixJ. O

Let us now consider a p-dimensional GRFV X~N (m, X, H) representing partial knowledge about 8 = (61, 0>).
The marginal RFS for 8 is given by the following proposition, which follows directly from Lemma 3.

Proposition 14. Let X~N (m, X, H) by a p-dimensional GRFV taking values in 29 with © = ®1 X Oy, where

O1=RP* and ©, =R for 0 <k < p. Let p = (my, my) with py € ®1 and p, € Oy, and consider the block
decompositions

i X2 H,, Hjp
Y= and H = .
<)321 Ezz) <H21 H22)
Assume that H > is nonsingular. The marginal of)? on Oy is the GRFV f] ~ ﬁ(ul, Y1, H/”) with
H\ =H — H12H2_21H21-

Vacuous extension. We now consider a Gaussian fuzzy vector GFV(m1, H11) in ©1 = RP~* for 0 < k < p. Its cylin-
drical extension in ® = ®| X O,, with @, = R¥ has the following membership function

1
@(x) =exp <_§(xl —m) Hyi(x) — m1)> ;
which can be written as
1 T
p)=exp(—5(x—m) Hx—m)],
where m is the p-dimensional vector
_ (™
= (%)
and H is the p x p matrix
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_ H11 0
H= ( A 0) . (37)
Given a GRFV X 1~ N (my, 211, Hqp) taking values in 201 it follows immediately that its vacuous extension in

® =0 X 0, is the GRFV

ilT(I,Z) ~N(u, %, H)
with

_ (M _(Hu 0
-(3) =% 1)
where I is the k x k identity matrix, and H given by (37).
Noninteractivity. In Section 3.3, we defined the notion of noninteractive random fuzzy vector. The following proposi-
tion gives a necessary and sufficient condition for a GRFV to be noninteractive.

Proposition 15. A p-dimensional GRFV X~ ﬁ([L, Y, H) is non-interactive iff matrices ¥ and H are diagonal.

Proof. Let )?1, e, )?p be the marginals of X on each of the p coordinates. Let 012, R O’I% and hy,...,h, be the

diagonal elements of, respectively, X and H. Let 2 be the set of departure of X. Let X it(1:p) denote the vacuous
extension of X; in R”, defined by

~ h
Xit(1:p) (@) (x) = exp <—§(Xi - M, (w))2>

with M; ~ N (u;, oiz). The orthogonal sum

X'=Xirap @ @ Xpraip)

is given by
v/ L h 2 1 / T ¢y’ /
X'(@)(x) =] Jexp <—5<x,- — M;(@)) ) = exp (‘5(" —M' (@) Hx-M (w))) :
i=1

where H' is the diagonal matrix with diagonal elements A1, ..., A p> and M L is aNrandom vector with mean g and
diagonal covariance matrix X’ with diagonal elements 012, ce, a[%. Wehave X =X'iff H=H and X =Y/, i.e., if
both H and X are diagonal. O

5.4. Comparison with Dempster’s normal belief functions

In [5], Dempster introduced another class of continuous belief functions in R?, called normal belief functions.' Itis
interesting to compare Dempster’s model with ours, as both models generalize the multivariate Gaussian distribution.
A normal belief function Bel on R? as defined in [5] is specified by the following components:

e An n-dimensional subspace S of R?;

e A g-dimensional partition IT of S into parallel n — g dimensional subspaces; (If ¢ =0, IT = {S});

e A full-rank g-dimensional Gaussian distribution N (u, ) on IT if ¢ > 0, or the discrete probability measure with
mass function m(S) =1if ¢ =0.

Belief function Bel is then induced by a random set from I1, equipped with the normal distribution N (i, ¥) if ¢ > 0

or probability mass function m if ¢ = 0, to the corresponding family of parallel » — ¢ dimensional subspaces of S.
The following special cases are of interest:

I Ref. [5] was actually available as a working paper from the Statistical Department of Harvard University since 1990, but it only appeared as a
book chapter in 2001.
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If p =n =gq, Bel is a Gaussian probability distribution on R?;

If p > n =q, Bel is a Gaussian probability distribution limited to an n-dimensional subspace of R?;

If p=nand g =0, Bel is vacuous;

If g =0 while p > n > 0, Bel is logical with S as its only focal set; it is then equivalent to specifying p — n linear
equations;

5. If n =g =0, the true point in R” is known with certainty.

e

Like GRFV’s, Dempster’s normal belief functions thus include the vacuous belief function, Gaussian probability dis-
tributions, as well as vacuous extensions of marginal Gaussian distributions. However, the two models are clearly
distinct. Dempster’s model is based on the combination of Gaussian probability distributions and linear equations,
and is specially useful in relation with linear statistical models such as the Kalman filter [5] or linear regression [24].
In contrast, in the GRFV model, focal sets are fuzzy subsets of R" (n < p) with Gaussian membership functions,
or cylindrical extensions of such fuzzy subsets. This model allows us to represent not only probabilistic and logical
evidence, but also fuzzy information. In particular, it includes Gaussian probability distribution and Gaussian possi-
bility distributions as special cases. We could attempt to design an even more general model that would contain both
Dempster’s normal belief functions and belief functions induced by GRFV’s as special cases. Such a model would al-
low us to reason with Gaussian probability and possibility distributions as well as with linear equations. The rigorous
development of such a model is left for further research.

6. Conclusions

In this paper, continuing a study started in [9] with the finite case, we have introduced a theory of epistemic random
fuzzy sets in a general setting. An epistemic random fuzzy set represents a piece of evidence, which may be crisp or
fuzzy. This framework generalizes both epistemic random sets as considered in the Dempster-Shafer theory of belief
functions, and possibility distributions considered in possibility theory. Independent epistemic random fuzzy sets
are combined by the generalized product-intersection rule, which extends both Dempster’s rule for combining belief
functions and the product intersection rule for combining possibility distributions.

In addition, we have also introduced Gaussian random fuzzy numbers (GRFN’s) and their multidimensional ex-
tensions, Gaussian random fuzzy vectors (GRFV’s) as practical models of random fuzzy subsets of, respectively, R
and R? with p > 2. A GRFN is described by three parameters: its mode m, its variance o2 and its precision 4. In this
setting, a Gaussian random variable can be seen as an infinitely precise GRFN (4 = 4-00), while a Gaussian possibil-
ity distribution is a constant GREFN (o2 = 0). A maximally imprecise GRFN such that 4 = 0 is said to be vacuous: it
represents complete ignorance. In GRFV’s, the mode becomes a p-dimensional vector, while the variance and preci-
sion become positive semi-definite p x p square matrices. The practical convenience of GRFN’s and GRFV’s arises
from the fact that they can easily be combined by the generalized product-intersection rule. Also, formulas for the
projection and marginal extension of GRFV’s have been derived.

This work opens up several perspectives. Using random fuzzy sets and, in particular, GRFN’s to represent expert
knowledge about numerical quantities will require the development of adequate elicitation procedures. We also con-
sider using this framework in machine learning, to quantify prediction uncertainty in regression problems. Finally, the
extension of the model introduced in this paper to take into account linear equations, as well as the development of
computational procedures for reasoning with GRFV’s over many variables are promising avenues for further research.
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Appendix A. Proof of Proposition 1

Commutativity is obvious. To prove associativity, let us consider three random sets (L2;, 0;, P;, ©, 0@, X)), i=
1, 2, 3. Consider the combined random set

(Q1 x Q0 x Q3,01 ® 02 ® 03, P23, O, 00, X11213), (A.1)
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where

Ximns (@1, w2, w3) = X1 (w1) N X2(w2) N X3(w3),
P13 = (P1 x Py x P3)(-| ©]53),

and

Oy = (01, 2, w3) € Q1 x Q2 x Qa2 : X1p3(w1, @2, 03) # B}

We will show that we get the same result by combining X| with X, first, and then combining the result with X3.

Combining the first two random sets, we get
(Q1 X Q2,01 ® 02, P12, 0,00, X1m),

with X 12 (@1, @2) = X1(@1) N X2(@2), P12 = (P1 X P2)(- | ©7F,) and
O, = {(o1, ) € Q1 x Q2 : Xim (w1, @) # 0}

Combining it with X3 we get

(Q1 x Q x Q3,01 ® 02 ® 03, P12)3, ©, 00, X1m203).

(A2)

with P(12)3 = (P12 X P3)(- | @’1‘23). Comparing (A.1) and (A.2), we see that we only need to show that P(j2)3 = Pi23.
For any event C C ®T23 and any w3 € Q3, let Cy, = {(w1, w2) € Q1 x Q2 : (w1, w2, w3) € C}. By definition of the

product measure Py x P3 (see [18, page 144]), we have

(P2 x P3)(C) 1

P13 (C) = =
(123(C) (P12 x P3)(®Ty;) (P12 x P3)(O]

) / P12(Cpy)d P3(w3)
23

Now, as C € ©%,,, for any (w1, w2) € Cay, X1(w1) N X2(w2) # V. Consequently, C,y € OF,, 50
(P1 X P2)(Cwy)

(P1 x P))(©7,)

From (A.3) and (A.4), we get

P12(Cyy) =

1
P, C)= P P)(C,.)dP
(12)3(C) (Pr2 x P3)(©5,)(P1 x P)(©7y) /( 1 X P2)(Cwy)d P3(w3)
_ (P1 x P, x P3)(C)
(P12 X P3)(O753)(P1 x P)(©7,)
Now,
Pos(C) = (P1 x P, x P3)(C)

(P1 x Py x P3)(@T23).
As P12)3(O7,3) = P123(©7,3) = 1, the denominators in (A.5b) and (A.6) are equal, and P(12)3 = P23.

Appendix B. Proof of Proposition 4

Commutativity is obvious. To prove associativity, consider three random fuzzy sets
(Q, 0, Pi,©,00,X;), i=1,2,3.
Let @Tz be the fuzzy subset of €21 x Q2 with membership function
B (@1, @2) =hgt (X1 (@) X2(@2))
and let (:52‘12)3 and @’1"23 be the fuzzy subsets of 2] x 5 x Q3 defined, respectively, as

6:)>(k12)3(w17 an, w3) = hgt ([gl(a)l) ©) §2(601)] )?3(503))

27
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and
Ol (@1, w2, w3) = hgt (X1 (0 X2 (@2) X3(3)) -

Let Pip = (Py x Py)(- | ©%,), Paays = (P12 x P3)(-| @;‘12)3), and P23 = (P X Py x P3)(-| ©%,3). We only need to
show that P(j2)3 = Pj23. For any B € 01 ® 02 ® 03, we have

P12)3(B) o / /B(wl,wz,w3)hgt([?~(1(w1)®?N(z(wl)]§3(w3))dP3(w3)d1312(w1,wz)
Q1 x2 2

OC///B(wl,wz,w3)h9t([)~(1(w1)G)N(z(wl)] )?3(603)) X
Q2 Q23

hgt (X1 (01)X2(@2)) d P3(w3)d P2 (w2)d Pi (7).

Now,

Xi(@)X2(@1)

= = X3(w3)

Nhgt(X1£a)1)X2£w2))

_ hgt(X 1 (w1) X2 (w2) X3(w3))
hgt(X1(w1) X2(w1))

hgt ([X1(@1) © X2(w1)] X3(w3)) = hgt (

Hence,

5(12)3(3)d///B(wl,wz,w3)h9t(il(wl)gz(wz)%(wﬁ)dP3(w3)dP2(w2)dP1(w1),
Q) Q2 Q3

which proves that 13(12)3 = ﬁ123, and the associativity of ®.

Appendix C. Proof of Proposition 6

We have
plz(x) =Emle(x; M, h)] (C.1)
+00
=/<0(x;m,h)¢(m;/x70)dm (C2)
) | +00 " ( )2
— N2 _m—pu
= / exp( 2(x m) )exp( 752 )dm. (C.3)

From Proposition 3, the integrand can be written as

oo [ =10 (_ h(x—u)z)
P 207 P\T205hoty )

with
B xh+ p/o? . xho?+
 h+1/62  ho?41
and
1 o
oo = 5= .
h+1/0% 1+ ho?
Consequently,
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+00
ey ] h(x — p)? (m — 110)*
plz(x) _U«/E exp (— T haz))_/ exp <_T02> dm (C4)
o021
_ 1 h(x — u)z
T Vixhor (‘ 201+ ha%) ‘ (€

Appendix D. Proof of Proposition 7

If h =0, we have, trivially, Bel3([x, y]) =0 and Pl3([x, y]) =1 for all x < y. Let us assume that 2 > 0. We have

Plz([x, y]) =P(M < x)E[p(x; M, h) | M < x]+
Px<M<y)x14+PWM=>yE[p(y; M,h) | M >y], (D.1)

which can be written as

Plz([x.y) = ® (’C(:—“) Elp(x; M, h) | M < x]+

o() e (50)

[1 —® (%)} Elg(y; M.h) | M >y]. (D.2)

Conditionally on M < x, M has a truncated normal distribution on (—oo, x] with pdf

_ 2
exp( (r;tazu) )

= j .
f(m) o o (E) (—o0,x] (M)
Consequently,
1 17 h (m — )2
IE[(p(x;M,h)lex]zU\/E(D(xgu)_/ exp (—E(x—m)2) exp <—7) dm, (D.3)

ao«/ﬂ:b(“”)exp(— (x—p)? )

0 20— 1462)
SO
L ppme (22t
Y EDLe (wm)

o

Elp(x; M, h) | M <x]=

Using similar calculations, we find

1 y— i
Elp(y; M,h) | M > yl = —————=plg() |1 = @ | ——=—= ) |,
lo(y; M. h) | M > y] I_Q(u)px(y)[ Qmﬂ

o
which concludes the proof of (24).
Now, let us consider (23). We have

Belz([x,y]) =1 — Plz((—o0, x]U [y, +00)),

and

Plz((—o00,x]U [y, 400)) =P(M < x) x 1+
Px <M< (x+y)/2Elpkx; M, h) |x <M < (x+y)/2]+
P((x+y)/2<M < y)E[px; M, h) | (x+y)/2 <M <y]+P(M>y)x1, (D.4)
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which can be written as
X —
Plz((—00,x]U[y, +00)) = @ > +

[CD (W) _ (x;M>:|E[¢(x;M,h) |x <M < (x+y)/2]+

o

[¢<L:ﬁ>_¢(912¥31ﬁ)}mmxnam|u+wv2<MsyH

o
1—® <u) . (D5)

o

Conditionally on x < M < (x + y)/2, M has a truncated normal distribution on (x, (x 4+ y)/2] with pdf

)
| exp( (r;lazu) )

- 1 , .

T = o ((X+>')/27M) g (azmy O o

o o

Consequently,

Elp(i M, ) | x < M < (x+)/2] = — !

x; M, x<M<(x = X
Y Y= (o) o (52
o (o2
(x+y)/2 i )
exp (—E(x — m)2> exp <—%) dm, (D.6)

Uo@[@(m>f®(ﬂ>] exp(f (X*M)z )

90 ) 2(h—1402)

or

Elp(x; M, h) [x <M < (x+y)/2] =

1 pls (x) |:q> (W) —_® (i)} (D.7)
® ((x+y(>7/2w) Co (o) ovha? + 1 ovho? + 1
Similarly, we find

Elp(y; M,h) | (x+y)/2 <M <y]=
1 y— 1 (x+y)/2—u)]
I3 | — ) — — ). (D.8
q)(%)_q)(%)p"(y)[ (a\/haz—i—l) (a\/haerl (D)

The expressions of Plg((—o0, x]U [y, +00)) and Belg([x, y]) follow.

Appendix E. Proof of Proposition 8

Let X (w) = GFN(M (), h) be the image of w € Q by X, with M ~ N(u, 02). For any « € (0, 1], its alpha-cut is
the random interval

—2Ina —2Ina
h h ’

X (w) = |:M(a)) - —— M)+

Consequently, from (16), the lower and upper expectation of X are

1
~ —2Ina
IE*(X)=M—/ b da,
0
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1
- 21
E*(X)=M+// hn“da.
0

By the change of variable 8 = /—2(Inw)/ h, we get

and

0
Now, the second-order moment of the normal distribution N (0, 1/h) is

e hp> 1
2
- _F Yag=_=
zn/ﬂeXp< 2)/3 L
—00
from which we get

+00
2o (BN 14 .1\/3_\/2
h/ﬂeXp< 2>dﬂ_h wV2n Vo
0

Appendix F. Proof of Lemma 1

The conditional density of (M1, M>) is
(F.D)

f(my, my)F(my, my)

b f = T ’
f(my,my| F) [[ fmy,ma)F(my, my)dmidms

The numerator on the right-hand side of (F.1) is
mz—uz)z:H { E(ml—mZ)z}
—_— eXp -

1 1 —ur\?
exp{__ [(u) +<
2 o1 (ep)

27‘[0]02
1 U o1 -\ 2mp w?
1 1 1
1 — 2m 2 _
m? (—2 +h> Rl —2hm1m2j| } . (F2)
) p) )

Now, the two-dimensional Gaussian density with parameters ({1, [L2, 01, 02, p) equals

1 my — [ 2—2,0 my— i\ (m2— 2 N my — '\ (E3)
51 51 52 52 ) .

1
— exp | —
2w 51004/ 1 — p? { 2(1—p)?

Equating the second and first-order terms inside the exponentials in (F.2) and (F.3) gives us

-1
o ! ! +h (F4a)
5 = — 4a
—1
~ 1 1 T (E.4b)
oo=—7\|— :
T2 o3
h
g1 (F4c)

p:
JA+Red) (1 +703)
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- Gt G102
P1=—5+ph2—> (F4d)
o [og
1 2
- 20y 0102
H2 = 2 PHI—>-
0'2 o

(F.4e)
1
Replacing p by its expression (F.4c) in (F.4a) and (F.4b) yields (28¢c) and (28d). Replacing p, o| and o7 by their
expressions in (F.4d) and (F.4e) gives (282) and (28b). - ~
Finally, the degree of conflict between GRFN’s X1 ~ N (u1, 012, h1) and Xp ~ N (u2, 022, hy) is
k=1—(P1x P)(©",
with
(P x @) = [[ £ Fm ma)dmdms
Taking the ratio of (F.2) to (F.3), we get

// f(my, ma)F(my, my)dmidmy =

515y ﬁ_pzexpi_[ﬂ &] [
0102 2

~2 ~ o~
1% w M2
oh 0, 0102

01 02 2(1 - 102)
From (29), h1» = +00 and the combined GRFN ﬁ(ﬁlz, 5122, h1>) is probabilistic. From (30) and (31),

Appendix G. Proof of Proposition 10

| A+ 2
= m _— = s
H12 N % Hi
and
~2 M~ s ~
o; + h—%az +2pﬁ0102
h1—+o0 1+ ﬁ)Z
From (28f),
— h
R=li 2 =
hi—+o0 | 4 72
From (28a) and (28c¢),
- wi(l+h03) + pahyo}
1 =
1+ hz(al2 + 022)
and
=2 _ o2 (1 +hyo3)
it +od)

Now, using Proposition 3, the product of the probability density of X and the contour function of X, can be written
as

1 — 2 h _ 2
fx, (X)plg, (x) ocexp (—5()607’2“)) exp <_M)
1

2(1 + hy03)
1 2
xexp —20—2()6—#12) )
2
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with

11 ha 1+ hy(o? +03)
- =5T ) 2
012 01 1 + h202 01 (1 + h202)

and

ha

el + T1hyol M2 _w(d + h203) + pohyof

M12 =
L hy 1+ hy(o? + o2
012 1+h2<722 + 2( 1 + 2)

We can check that @12 = 11 and 0122 = 8'12.

Appendix H. Proof of Proposition 12

We have
ply(x) =Emlo(x; M, H)] (H.1)
=f¢>(x;m,H)¢(m;u, Y)dm (H.2)
RP
1 1 r
:W/exp(—i(x—m) H(x —m) | x (H.3)
RP
exp (—%(m — ) Y — [L)) dm. (H.4)

From Proposition 3, the integrand can be written as

1 Ts—1 1 T —1 —1
eXP(—E(m—uo) %, (m—uo))eXp(—E(x—u) (H™ + %) (x—u)>,

with
po=H+ZTH "(Hx+3X'p)
and
To=(H+TH
Consequently,
plz(x) = L exp (—1(x —w)' H '+ 3 (x - u)) x (H.5)
Qm)r/2|z|1/2 2
/ exp <—%(m — ) Zg ! (m — u0)> dm (H.6)
RP

@m)P/2|Eg|1/2

|Zol /2 ! -1 4 5]
1 1 T g1 -1
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Appendix I. Proof of Lemma 2

The conditional density of M = (M|, M») is

f(my, my)F(my, my)

fmy,my| F)= % . (L1)
Jrop fmy,mo)F(my, my)dmdm;
The numerator on the right-hand side of (I.1) is
~ 1 —
fmy,my)F(my,my) =¢(my; wy, T1)p(ma; ny, o) X exp {_E(ml —my)" H(m, —mz)} , (L2)

which can be written as

~ 1 V4
my,m)F(my,m)=————-—7>¢€ _=
f( 1 2) ( 1 2) (27T)1’|2122|1/2 Xp( 2)
with
Z=ml '+ Wym +mI(Z' + Hymy —2mTHmy —2mT 27—
pIVYD S NSRRI S TN TED Sy TP | )
Now, the 2 p-dimensional Gaussian density with mean @ and covariance matrix T equals

~ = 1 ~—
¢(m; i, %) —E(m—/u)TZ 1(m—llt)}- 1.4)

1
= —— = €X
o2 P {
Decomposing vector ft as i = (fL, i), with fL 1, i, € R, and T as
<1 A B
='-(3 ¢)
where A, B and C are p x p matrices, we can rewrite (I.4) as

- 1 1
m Y= ——~—expi—=2'
e I p{ 2 }
with
7' =m? Amy —2mT Ay + 5T Ay + m) Cmy — 2mY Cly + Y O+
2ml Bmy —2mY Bu, —2mT Bp, +2uf By, (15)
Equating the second-order terms in (I.3) and (1.5), we get
A=3'+H, C=%,'+H B=-H.
Equating the first-order terms, we get
2wy = ARy + Bii, = (57 + H)ity — Hily, (I.6a)
%5 o = Bty + Cliy = —HJiy + (25" + H)jiy. (L6b)
Multiplying both sides of (1.6a) and (1.6b) by H ', we get
— 1 ~ ~ — 1
H '+ 1)k —fi,=H 2'p (L7)
~ — 1 ~ — 1
i+ H S 1)k =H 3 'u, (L.8)

which can be written in matrix form

=1 ~ =1
H Z11‘|'Ip o ]—Ip (’NLI>= H ):11 - ? <IL1>
-1, H ' +1,)\I2 0 H 3!\

from which we obtain (36).

34



T. Denceux Fuzzy Sets and Systems 453 (2023) 1-36

Finally, the degree of conflict between GRFV’s fl ~ ﬁ(ul, Y, H;) and fz ~ ﬁ(;ﬂ,z, Y,,Hjp)is

K=1— (P x P)(@O%)=1- f fOmy, my)F(my, my)dmdm.
R2p
Taking the ratio of (I.2) to (I.4), we get

~ 3| 1 _ _ reel~
/f(ml,mz)F(ml,mz)dmldm2= mexp —E[u{211u1+u5221u2—;ﬂ2 u] .
R2p

Appendix J. Proof of Lemma 3

The membership function of the projection of fuzzy vector GFV(m, H) on ® is

1 1
@(x1) = maxexp ——(x—m)TH(x—m) =exp|—zminZ ), J.1)
X2 2 2 x2
with Z = (x — m)T H(x — m). Now,
e _ Hy Hpp\ (x1—m
Z=(x1—my,x) mz)<H21 sz) (xz—m2> (J.2a)
=@ —m) Hy(xy —my) + (x2 —mo)" Hyp(xy —my)+ (J.2b)

(1 —m)T Hip(x2 —m2) + (x2 —m2)" Hy(x2 —my).
Using Hy1 = H 1T2, the gradient of Z with respect to x, can be written as

0Z
— =2H1(x1 —m) +2H2» (x, —my).
0x2

Setting % =0, and assuming H; to be nonsingular, we get

(x2 —my) = —Hy) Hy (x) —my). J.3)
Replacing (x, — m>) by its expression (J.3) in (J.2) and using (J.1), we finally get

1
@(x1) =exp (-5(361 —m) H) (x1 — m1)> ,
with

/ —1
nw=Hn—-HpH,, Hy.
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